TECHNICAL UNIVERSITY MUNICH 2019

LECTURES ON

MATHEMATICAL
CONTINUUM MECHANICS

Pror. Dr. H.W. ALT

Version: 20190223 Last major change: 31.05.2018

Copyright (©) 2011-2019 Prof. Dr. H'W. Alt

Die Verteilung dieses Dokuments in elektronischer oder gedruckter Form ist
gestattet, solange die Autoren- und Copyright-Angabe, sowie dieser Text
unverandert bleiben und exakt in allen Versionen dieses Dokuments wieder-
gegeben werden, die Verteilung ferner kostenlos erfolgt — abgesehen von
einer Gebiihr fiir den Datentrager, den Kopiervorgang usw. — und dafiir
Sorge getragen wird, dass jeder, an den dieses Dokument verteilt wird, die
hier spezifizierten Rechte seinerseits wahrnehmen kann.

This is the english version of the script, so far it is only partly translated.
The script will be further developed parallel to the lecture. This version is
preliminary, it is subject to corrections.



To my parents



Contents

I Mass and momentum

N O U W N

Conservation laws . . . . . . . . . ... o
Distributions . . . . . . . . ...
Conservation of momentum . . . . . . . . .. ... ... ...
Interfaces . . . . . . . . ...
Change of coordinates . . . . . ... ... ... .. ......
Reference coordinates . . . . . . ... ...
Exercises . . . . . . e

IT Objectivity

N O U e W N

Classical observers transformations . . . . . . ... ... ...
Lorentz transformations . . . . .. .. ... ... .......
Objectivity of balance laws . . . . . .. .. ... ... ....
Constitutive relations . . . . . . . .. ... ... ... ...,
Objectivity in reference coordinates . . . . . . . . . ... ...
Angular momentum . . . ... ...
Exercises . . . . .o

IIT Energy and entropy

[

Entropy inequality . . . . .. .. ..o
Energy equation . . ... ... oo 0oL
Mixtures . . . . . . . Lo
Lagrange multipliers . . . . . . . ... ... ... ... ....
Dissipation inequality . . . . . .. ... ... . ...
Distributional entropy . . . . . . . . ... .. ... ...
Exercises . . . .. .

IV Various applications

1
2
3
4
5

Tidal period . . . . . . . . .. ...
Fluids and gases . . . . . .. . . . ... ... ... ...,
Navier-Stokes equation . . . . . . . . . . . ... ... ... ..
Euler'sequation . . ... ... ... .. ... .. ... ...
Nonlinear elasticity . . . . . . . ... .. o0

11
24
46
72
84
98
108

114
117
123
134
153
171
175
186

191
196
206
215
221
225
230
238



15
16
17
18

Tissue growth . . . . . . . . . ...
Sound waves . . ... ... e e
vr-Vortices . . . . ..o L
Fractionation . . . . . ... ... ... ... . ..
Unsteady mixtures . . . . . . .. ... Lo
Reaction-diffusion systems . . . . . . .. ... ..o
Temperature dependent diffusion . . . . . .. ... ... ...
Chemical reactions . . . . . . . .. ... .. ... ... ...,
Reactions in biology . . . . . . ... ..o oL
Prandtl’s boundary layer . . . . . . . ... ... ... .....
Self-gravitation . . . . . ... ... L L oo
LiquidCrystals . . . . .. ..
Exercises . . . . ...

V Higher moments

1

2
3
4

Cattaneo’s 8-Momente Gleichung . . . . . .. ... ... ...
Boltzmann Gleichung . . . . . .. ... .. ...
Die Chapman-Enskog Hierarchie . . .. ... ... ......
Grad’s 13-Momente Gleichung . . . . . . . .. ... ... ...

VI Speed of light

1

O U = W N

Observer transformations . . . . . .. ... ... .. .....
Maxwell equations . . . . .. ... ... ... .. ... ...
Moving charges . . . . . . . ... L Lo o
The limit towards MHD . . . . ... ... ... ........
Ohm’slaw . . . . . . . . . . .

Exercises . . . . ... e

316
321
340
359
381
388
410
421
437
444
451
474
475

476
477
484
492
501

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



Introduction

Die Naturwissenschaft beschreibt und erkldrt

die Natur nicht einfach, sie ist Teil des Wechselspiels
zwischen der Natur und uns selbst.

Werner Heisenberg (1901-1976)

Die mathematische Modellierung physikalischer Phénomene fithrt zu Er-
haltungsgleichungen, die von allen Beobachtern gleich formuliert werden
miissen. Daher stellen wir in der Vorlesung folgende Prinzipien auf:

e die Formulierung mit Erhaltungssatzen,
e die Objektivitat bei Beobachtertransformationen,
e das Entropieprinzip bzw. die freie Energieungleichung,

wobei das Entropieprinzip ausdriickt, dass wir es mit irreversiblen Prozessen
zu tun haben. Diese Prinzipien haben Auswirkungen auf die Behandlung
physikalischer Effekte, sie haben Konsequenzen was die mathematische Ex-
istenztheorie betrifft, als auch fiir die Entwicklung von numerischen Algo-
rithmen. Es soll in dieser Vorlesung dargestellt werden, wie diese Prinzipien
in Standardsituationen aussehen und welche Konsequenzen zu ziehen sind.
Die abstrakten Formulierungen als partielle Differentialgleichung werden so
in Zusammenhang mit alltdglichen Gleichungen gebracht. Die Idee zu dieser
Vorlesung ist aus meiner Verdffentlichung [19] entstanden und ich hoffe sehr,
dass dieses Skript dazu beitrégt zu verstehen, wie die physikalische Theorie
auf ein einfaches System von Axiomen aufgebaut ist.

Es sei bemerkt, dass die allgemeinen Prinzipien in einem strengen Sinne zu
verstehen sind, obwohl das im Text nicht immer so zum Ausdruck kommt.
Das gilt in Standardsituationen als auch bei speziellen Theorien, sie sind all-
gemeine physikalische Prinzipien. Dies bestimmt im wesentlichen den Auf-
bau des Skriptes. Im ersten Abschnitt werden Erhaltungssitze vorgestellt,
und zwar geben wir diese in der iiblichen Differentialschreibweise an. Eine
Formulierung mit Hilfe von Testvolumina wird als Einfiihrung in das Kapi-
tel I angegeben. Da viele physikalische Vorgidnge nichtklassische Losungen
beinhalten, wird danach, also moglichst friith, der Begriff der Distribution
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eingefiihrt. Nichtklassische Losungen sind etwa bei der Selbstgravitation
und bei der Temperaturmessung der Standardfall. Es werden in dieser Vor-
lesung jedoch nur solche Beweise iiber Distributionslosungen gebracht, bei
denen keine Groflen auf der Flache auftreten, obwohl dies haufig der Fall
wéare. Das heifit, der Gaufi’sche Satz im Raum ist hinreichend fiir die Be-
weise, bei denen die Flachen von der Zeit nicht abhingen. Das Kapitel I
enthélt auch die Darstellung der Erhaltungssatze in Lagrange Koordinaten.
Dazu wird eine allgemeine Transformationsformel bewiesen, die auch spéater
bei der Beobachterunabhéngigkeit sowohl im klassischen Newton’schen Fall,
als auch bei den Lorentztransformationen benutzt wird. Damit sind in
diesem Kapitel I alle mathematischen Hilfsmittel zusammengestellt.

Das Kapitel II enthélt alle Aussagen tiber die Objektivitat, wobei bei diesem
Begriff gemeint ist, dass physikalische Aussagen unabhéngig vom Beobachter
getroffen werden miissen. Dies ist notwendig, da sonst eine Kommunikation
zwischen beteiligten Wissenschaftlern unnétig verkompliziert wird, bzw. eine
phsikalische Beschreibung in Biichern bzw. elektronisch unmoglich wird.
Grofle Teile dieses Skripts basieren auf klassischen Newton Transformatio-
nen, die in Abschnitt II.1 behandelt werden. Um die Abhéngigkeit der
Theorie von den Transformationen zu verdeutlichen, geben wir in diesem
Kapitel auch Lorentz Transformationen an, die allerdings erst im Kapitel
VI bendtigt werden.

Das nachste Kapitel III handelt von der Energie und Entropie. Es ist eines
der herausragenden Ergebnisse des 19. und 20. Jahrhunderts, die Irre-
versibilitdt von Prozessen mit einem Anstieg der Entropiedichte und des
Entropieflusses in Verbindung zu setzen. Dabei wird hier der Standpunkt
vertreten, dass diese Groflen an sich von vornherein unbekannt sind. Erst
durch die Anwendung des Prinzips wird deutlich, welche Bedingungen das
Entropieprinzip an die konstitutiven Funktionen stellt. Die Aufgabe besteht
also darin, das Entropieprinzip mit zu beriicksichtigen und so zu einem
tragfahigen Modell zu kommen.

Das ist nun Aufgabe des Kapitels IV, in dem aus den verschiedensten Bere-
ichen Modellgleichungen dargestellt werden, und zwar unter Benutzung des
Entropieprinzips bzw. der Energieungleichung. Es wird klar, dass alle in den
Beispielgleichungen gemachten Ungleichungen auf dieses Prinzip zuriickzu-
fihren sind.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



Hinweise fiir die Lehrenden

Die Anwendung der Distributionstheorie ist wesentlich fiir dieses Skript, und
wird gleich im zweiten Paragraphen eingefiihrt, wobei es zur Darstellung der
Punktmechanik gebraucht wird. In den weiteren Kapiteln werden sie auf
eindimensionalen Kurven und zweidimensionalen Flachen im R" angewandst.
Es wird, bei gleicher Definition, auch zwischen Distributionen in D’(R™) und
Distributionen in D’(R™ x R™) unterschieden, in dieser Vorlesung ist jede
Dimension vertreten.

Die erste Vorlesung wurde ein Semester im Umfang von 4Std/Woche gehal-
ten (im Wintersemester 2011). Dies umfasste die grundlegenden Kapitel I-
III, und insgesamt fiinf Abschnitte aus Kapitel IV. Die Wahl der Abschnitte
kann nach der besonderen Situation der Universitat oder nach den speziellen
Wiinschen des Lehrenden gewahlt werden.

Im Skript wurden oft mehrere Beweise gegeben, obwohl in der Vorlesung
jeweils nur ein Beweis dargestellt wurde. Zum Teil sind auch Beweise
aufgeschrieben, die in der Vorlesung garnicht gebracht wurden. Dies ist
bei der Auswahl des Stoffes zu beriicksichtigen.

Der Text ist z.Z. noch im Entwicklungsstadium und wird stdndig verbessert
und erweitert. Die vorhandenen Paragraphen werden aber mit Sicherheit
bleiben.
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I Mass and momentum

The equations of continuum physics are based on systems of conservation
laws. In this chapter we focus on the simplest such system, namely the
conservation of mass and momentum. Mathematically, we will introduce
conservation laws and distributions. These are the main tools of this chapter.

o
p e .O}ﬁo‘
O.—-
Ow =0 \O

Fig. 1: Gas and solid

For engineers, the conservation laws are introduced with the help of test
volumes V C R", where n < 3 in the physical case. One writes the change
of a physical quantity, whose density is u, as '

i/vu(t,x) dx:/avq(t,x)ouv(x) dH”_1+/Vr(t,a:)dx.

Here ¢ is the flux across the boundary of the test volume V', which is inde-
pendent of time and where vy is the outer normal, and r is the rate at which
the quantity w in the volume is changed. The fact that no other terms occur
is the characteristic of continuum physics. Another equivalent formulation
of conservation laws is the version as differential equation for C'-functions

Oiu + divg =r. (I0.1)

"'Wir verwenden die Bezeichnung H™ fiir das m-dimensionale Hausdorffmaf in jedem
R™ mit n > m und L" fiir das n-dimensionale Lebesguemaf} im R"™.

8



I. Mass and momentum 9

This follows from the formulation for test volumes using the Gauss’s theo-
rem, as one can see from the following calculation:

/Vﬁtu(t,m) dx:(i/vu(t,x) dz
_ /8 altz)onn () 4 o) + / r(t, ) de

\%

= / (—divg(t,z) + r(t,x)) dz,
|4

consequently,
/ (Opu(t, z) + divg(t,x) —r(t,x))dx = 0.
\%4

Since the test domain V is arbitrary, we obtain the differential equation
(10.1). It should be mentioned that the formulation with test volumes follows
from the strong differential equation just by reversing the above conclusions.

Es hat seinen besonderen Grund, dass in der Kontinuumsphysik die For-
mulierung mit Differentialgleichungen gewéhlt wird, und es beriihrt iiber-
haupt nicht die Struktur der Materie im Kleinen. So ist in Fig. 1 auf der
linken Seite dargestellt, wie sich die Atome irregular bewegen, so dass man
nicht mehr weifl, ob und wie die Atome im Moment zuvor angeordnet waren.
Wahrenddessen ist auf der rechten Seite die Situation in einem Festkorper
dargestellt. Hier bewegen sich die Atome nach denselben Gesetzen, aber
sie bleiben fast immer in derselben Anordnung. Das liegt daran, dass die
auf die Atome wirkenden Kréfte ihr Vorzeichen &ndern, bevor sie selbst ihre
Ordnung zu verlieren drohen. Also kommen wir zu dem folgenden Schluss:
Wir miissen (¢, x) als einen “Punkt” interpretieren, der viele Atome mitsamt
ihren lokalen Gesetzen beinhaltet, und die makroskopischen Erhaltungsgle-
ichungen sind zu verstehen als eine Methode, diese lokalen Gesetze von Ort
zu Ort zu “vermitteln”. Nichtsdestotrotz geben diese makroskopischen Gle-
ichungen das Verhalten der Materie in der Natur wieder, wir werden dies bei
der Massen- und Impulserhaltung im einzelnen sehen. Die spéter eingefiihrte
Temperatur ist dann wie eine “Verschliisselung” der lokalen Bewegung der
Atome.

However, many important functions are not classical solutions of the differ-
ential equation, for example, the Earth’s gravitational field at the Earth’s
surface. In this case, the formulation with test volumes becomes more com-
plex. Therefore, we use test functions instead of test volumes. On the space
of test functions

P2U) :={¢ € C*U); ¢ has compact support in U},
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1. Mass and momentum 10

L. Schwarta’s theory of distributions had two important effects in
mathematical analysis, First of all, it provided a rigorous justification
for & number of formal manipulations that had become quite common in
the technical literature. The second and more important effect was
that it opened up a new area of mathematical research, which in turn
provided an impetus in the development of a number of mathematical
disciplines, such as ordinary and partial differential equations, opera-
tional enleulus, transformation theory, and functional analysis,. How-
ever, the subject has remained pretty much in the realm of advanced
mathematics, and only a few aspects of it have found their way into the
technical liternture,

To be sure, a certain type of distribution (in particular, the delta
funetion and its derivatives) had been used in the physical and engineer-
ing sciences for quite some time before the advent of distribution theory.
Indeed, the delta function dates back to the nineteenth century. A
summary of its history is given by Van der Pol and Bremmer (see Van
der Pol and Bremmer [1], pp. 62-66, in the bibliography, Appendix D).
On the other hand, distribution theory appears to have first been formu-
lated in 1936 by 8. L. Soboleff (see Soboleff [1]) and then developed in
a symmetric and thorough way by L. Schwartz (see Behwartz [1]), whose
books appeared in 1950 and 1951, A somewhat different version of this
theory was proposed by 8. Bochner around 1927 (see Bochner [1], chap.
V1), who used it to generalize the Fourier transformation for functions
J{f) that grow as some power of ¢ as || approaches infinity.

Fig. 2: Relevance of distributions (from [79])

where U4 C R x R" is an open set, we consider linear forms U, @), and R in
the dual space 2'(U) (see the section 2) so that

U+ divQ =R in 2'(U), (10.2)

where 2'(U) is called the space of distributions. This formulation instead
of (I0.1), see (I2.3), has the advantage that it is more general and much
easier. This becomes particularly clear when one goes to descriptions of
conservation laws on surfaces. Both representations are very common in
literature, the representation of conservation laws using test volumes can be
found usually in physics books. Both formulations are equivalent as one can
see if one replaces the characteristic functions &y (in the formulation with
test volumes) by smooth functions ¢ (in the formulation with test functions),
which can be made rigorous by an approximation argument, that is, by a
convolution of the characteristic function.
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1.1 Conservation laws 11

1 Conservation laws

We consider scalar conservation laws of the following form:

Conservation law:

Oww—+divg=r
u physical quantity, (I1.1)
q associated flux,
r source term.
So we have real-valued functions u, r, and ¢; for ¢ = 1,...,n. Here n is

the space dimension. In physical reality this is 3, but it may also be 1 and
2, when the quantities do not depend of the other space filling coordinates.
Mathematically, n can be arbitrary. The functions depend on the time t € R
and from the location x € R™, that is, (t,2) € U C R x R™ and U is the
considered region. This definition of a conservation law is only defined, if u
and g are differentiable and r is continuous. For a continuously differentiable
vector field ¢:R x R® — R" we write

q1
q= (qi)’izl,,,,7n = (qla ey qn) = 5
qn

so we identify vectors with column matrices.

1.1 Remark. Die Erhaltungsgleichung dyu + divg = r in ¢ und z kann
auch aufgefasst werden als Divergenzgleichung div(u,q) = r in (¢, z), wobei
div := (0, div).

For derivatives we have the following definitions.’

1.2 Definition of derivatives. For a function g:RY — RM and a vector

e € RN the directional derivative in direction e is given by

Deg(y) = Jim %(g(y + he) — g(y)) € RM.

Important: The same definition holds if e is replaced by a map y — e(y) €
RV that is, the directional derivative depends on the variable.
All other derivatives are based on this definition.

2 Bs ist RY die Menge der N-Vektoren (mit runden Klammern) und RV* die Menge
der N x M-Matrizen (mit eckigen Klammern). Die lineare Abbildung I:RY — RN*!
wird hier nicht geschrieben, d.h. RY und R¥*! werden “identifiziert”.

3Note: We do not always specify the exact mathematical assumptions, e.g. the
difference between differentiability and partial differentiability.
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1.1 Conservation laws 12

(1) If RY =R x R™, hence N = n + 1, we write for the variables y = (¢, z)
and for e = (0,€) € R x R"

deg(t,x) = 0z9(t,z) (as mapping on RY =R x R")
= 059(t,x) (as mapping g(t,«):R" - R) .

(2) On R™ we define fori =1,...,n
e, :=(0,...,0,1,0,...,0) € R" with a 1 on the i-th position. (11.2)
Then {ey,...,e,} is the standard orthonormal basis of R™.
(3) The following formulas hold for g:R x R" — R:
9(0,6,)9(t; ) as mapping on R x R",
Big(t, z) = Ou,g(t, z) := Je,9(t, x) as mapping g(t,+):R" — R,

1
}llli)I%) E(g(t, x + he;) —g(t,x)),

o1
Dugt,) i= D1 0yg(t, ) = lim o (gt + h,2) = g(t,2))

(4) For a mapping ¢g:R x R™ — R the gradient of g is given by
g
Vg = (8337,'9)1':17,_,,77, = )
Ong

that is, (t,x) — Vg(t,x) € R" is a vector field. Important: The notation V
as well as the following notation involves only the space variables.

(5) The (space) derivative of a vector field ¢ = (q1,...,qn) is

oqr - Ohqn

Dqg = (3xi%)k,i:1,...,n = :
81Qn Tt 8nQn

Remark: In literature sometimes the gradient Vq of the vector field ¢ is

used, and we define it as 4

a1q1 c aIQn

Vg = (8:riQk)i,k:1 n = (DQ)T =

ooy

anql T 8nQn

For n =1 this is in accordance with the gradient of a function.

4Throughout this book we use the following notation for matrices M: The transposed
matrix is M7, the symmetric part is M5 = %(M + MT), and the antisymmetric part or
skew symmetric part is M* = (M — M™).
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1.1 Conservation laws 13
(6) The divergence of q is given by the trace of Dgq

n
divq := ) 0s,q; = trace Dq.
i=1

(7) Fiir ein Vektorfeld ¢ und eine Richtung e:R" — R” gilt °
0eq = (eeV)q = Dqge fir alle e € R™.

Remark: 1t is divg = Veq where Ve := )" ;€;j¢0; in the world of the “nabla
operator”.

Please, keep these definitions in mind, we use them systematically in this
script. Certain identities for derivatives can be found in exercise 7.2.

1.3 Representation of the divergence operator. For a differentiable
vector field ¢ and orthonormal bases {e1(t,z),...,en(t, )} of the Euclidean
space R it holds

n n
divg= ) 0r,qi = ) €i®0e,q. (11.3)

i=1 i=1
Here the basis vectors can depend arbitrarily on (¢, x).

It should be noted that in general

divg # 3 Oc(cioq) = Y eisdg + (Y der )oa.
=1 =1 i=1
=divg general # 0

if e; are variable vectors. Remember that for the divergence operator prop-
erty (I1.3) is true. This fact includes the isotropy of the empty space.
Proof. The orthonormality of {ej,...,e,} means that
ejee; = 0;5 fir i,7 =1,...,n.
With ©
ei = (€ik)y—1. , therefore e = e ey
the orthonormality is

n

> €ikejk = 0ij
k=1

’The Euclidean scalar product is given by zey := Sorxiy for zy € R*. In
analogy we define the scalar product for matrices by R:S := ReS := 37" | Ri;S;; for
R, S € R**". Here R™*" stands for the set of real n x n-matrices.

Sfor e, see (11.2)
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1.1 Conservation laws 14

or

EET =1dif E = (ey,) (I1.4)

i,k=1,...,n °
Das besagt, dass ET die Rechtsinverse von E ist, was aber gleich der Linksin-
versen ist, eine Aussage fiir endliche Matrizen, denn

(ETE -1d)E" =FE"(EET —1d) =0,

und da EV injektiv ist (folgt aus (I1.4)), somit surjektiv ist, schliefen wir
ETE —1d =0, also
E'E=1d
und damit .
o = (E" E) =Y eaxer -
i=1

Dann ist wegen 1.2(7)

n n

> €90, = ) e;o(Dq)e;

i=1 i=1

n n

= . epe(Dg)e Z(@)(@)

fiel —— =1
= O1qx; =€ =€

n n n n
= > Ok Y eeir = y. Oqpdp = Y, Opqr =divg .
k=1 i=1 k=1 k=1

Now we give some examples for g in order to calculate divg.
1.4 Example. Let a matrix (¢,7) — A(¢,r) € R™*" be given and
a(t, 7) = A(t, o)z
(1) If A depends only on time ¢, then
div ¢ = trace A.

(2) For continously differentiable A we compute for z € R™ \ {0}

div ¢(t,z) = trace A(t, |z|) + ﬁ (200, A(t,|z])) .

(3) Let n =2 and a is continuous differentiable. If

Alt,r) = alt, ) {_01 é] ,

then
q(t,z) = a(t,|z|)iz with divg=0.

Proof. Siehe die Ubung 7.6. O
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1.1 Conservation laws 15

1.5 Plane polar coordinates. Let n = 2 and for z € R?\ {0} let”

. x . ir  (—x9,21)
e =¢()=—, e=¢(zr)=—=—""T"T—">" (I1.5)
o ] |z ]
Then {e,, ey} is an orthonormal system of R? and
. ,\ 1
8erer($) =0, 89937“(37) Weﬁ(x) )
. (I11.6)
Oe,€9(z) =0, 0Oey€p(x) = mé}(m)
€9
e,

Fig. 3: The orthonormal system {e,,ep} for = € R?\ {0}

Proof. On R? polar coordinates are given by
z=7(r,0) = re?

and then

607 =¢%, @yor =iel.

It holds for functions g
1
(Oe,g)oT = 0r(g0T),  (Fegg)oT = —p(goT),
due to

(0e,9)07)(r0) = lim =+ (g(re® + he'”) — g(re”))

h—0 h

— Tim = (g((r + R)e) — g(re®)) = By (gor),
h—0 h

"Here iz is the complex multiplication of two numbers i € C and x = x1 +ix2 € C. The
complex numbers C are identified with R?, hence i = (0,1). We recomment engineering
students the section [9, 6.1 General Principles]|, and mathematics students are refered to
the introductory lectures in mathematics.
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1.1 Conservation laws 16

((Oegg)oT)(r,0) = lim }l(g(rei‘) + hie'?) — g(rel?))

h—0 h
— lm (e (14 24) &) — g(re?))
N h—0 h g r g
e
=elr + O(h?)
1 01T ~ . 1
= lim —=(g(re'®™ + O(h?)) — g(re”)) = ~0y(goT).
h—0 1Th r
Then
(Do, &, )07 = O,(6,07) = 9, () =0,
1 1 . 1. . 1
(Oey,€r)oT = ;09(6,,07) = ;Og(elg) = ;iela = ;6907,
(8o, 89)0T = B,(€g07) = D,(1e'?) = 0,
(De,89)07 = ~0p(Sgor) = ~0p(ie?) = — 2 — _La
(@] — (@] = - = —— = —— O .
egGTTQOT 7’91 , rrT

We use this in order to calculate the divergence of a vector field ¢:R x R* — R2.

1.6 Plain divergence. Each vector field ¢:R x R? — R? has a unique representation in
R x (R*\ {0}):

q = s1er + s2€ep, where s; =qgee,, s2=qeeg,

with s1,s2:R x (R?\ {0}) — R. Here the orthonormal system is chosen as in 1.5. Then

in R x (R?\ {0})

S1 (t,x)
||

If the vector field ¢ is directed outward seen from the origin, then s; > 0 and s2 = 0. If
the vector field ¢ rotates around the origin, then s; = 0 and ss is arbitrary.

divq(t,x) = Oe,.51(t, x) +

+ Doy s2(t, ) -

Convention: We write e, instead of €, etc. because so the formulas become more hand-
some.

Proof 1. Version. Es ist nach 1.3

divg = €,00c,q + €y900e,q
= e,00e, (518, + 52€9) + €9®0c, (s1€ + 52€0)
= Oe, 51 + 098 S2

+51(er00e,.€ + €p00c,er) + 52(€/00c,.€0 + €9®0e,€p) .

Unter Benutzung der Regeln (I1.6) folgt mir r = |z|, dass dies
1
= 0e,. 51 + Ocys2 + —51,
r

also folgt die Behauptung. O

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1.1 Conservation laws 17

Proof 2. Version. Es ist nach 1.3

divg = €,00¢,q + €990c, ¢
= e, (€r®q) + Oc, (€99q) — (De, €1 + Dey€0)0q
= 09,‘ S1 + f)e“ S — (091,er + (")e(,en)oq .

Unter Benutzung der Regeln (11.6) folgt, dass dies
. . 1
= 0e, 51 + Oy 52 + —€r0q
’
1
= 0o, 51 + Ocy 52 + —51,
,
also folgt die Behauptung. O

The most famous example of a conservation law is the mass conservation,
that is, we write u = o, where ¢ > 0 is the “mass density”, which is the
mass per volume

mass [kg]

~ volume [m3]

And we set ¢ = pv 4+ J, where v denotes the “velocity” of the mass and J
the “mass diffusion” (we will derive this equation in detail in 11.3.4). Hence
we get the ©

General mass conservation:

oo+ divy(ov+J)=r

o0 > 0 mass density,

q = ov + J mass flux, (I1.7)
v = (vi);=y, , velocity,
J=(Ji)

r source term of the mass,

i=1,..n ass diffusion,

what we can also write as

0, di = r—divJ
o + div (ov) r — div

transport change of mass

The J-term has a twofold meaning. It can be written as — divJ on the right-
hand side of the equation, then it is an “external” term, or it can be written
as J as part of the flux, then it is an “internal” term (for more information
on J specially in systems see section 1V.13).

8 We write “div,” instead of “div” in order to focus on the variables (¢, z).
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Volume ratio = Molar

Components indry air i ;r:;h:a B :2':; Molar mass in air mzmﬁ
Name Formula [molmolyy] [vol®s] iig;‘n:g"] {g:;::i’] witz] [K] [*C] [°F]
Mitrogen Nz 0.78084 T8.084 28013  21.8739B3 | 7552 T74 1058 -320.4
Owygan Oz 020945 20.948 318398 67024509 23.14 902 -1B30 -297.3
Argan Ar 0.00834 0.934 39848 0.373114 128 873 -1858 -302.5
Sgﬂbg: C0, 000033 0.033 44010 0014877 0051 1947 -TBS -108.2
Maan Ma 0.00001818 0.001818 20180 0000367 | 0.0013 272 <2460 «410.7
Helium Ha 0.00000524  0.000524 4.003 0000021 0.00007 4.2 -269.0 «52.1
Methana CHy 0.00000178  0.000179 165042 0000028 | 000010 111.7 -161.5 -288.7
Kryptan Kr 0.0000010 0.0001 83708 0000084 0.00028 118.8 -153.4 -244.0
Hydrogen Hy 0.0000005 0.00005 2.018 0000001 0.000003 203 -25289 -423.1
¥anan ¥a 0.00000008  0.00000% 131.283 0000012 | 0.00004 1651 -108.1 -182.5
Average molar mass of air 28.9647

Fig. 4: Atmosphere of Earth: “Components in Dry Air” from [127]. See also
[Wikipedia: Atmosphere of Earth] [129] “Water vapor HoO strongly varies
locally 0.001% — 5%”. Here the mass of components in air are relevant.

If one considers a system of Gases, that is, if one is confronted with a total
mass, which is the mixture of several constituents, an example is given in
Fig. 4, one has

ko
0= > Ok (I1.8)
k=1
where p;, are the kg single masses and p is the total mass.

1.7 Theorem. Let masses g as in (I1.8) be given satifying the general
partial mass equation

8tgk + divx(gkv +Jk) =Ty fir k = 1, .. .,ko. (11.9)

We introduce the concentration of the component k by

ck::%, so pp=cro and 0>0.
0

Then if
ko ko
J=> Jr=0, r:=>r,=0
k=1 k=1

the system (I1.9) is equivalent to

oo + divg(ov) =0,

(11.10)
Q(atck + UOVCk) + divydg =rpfork=1,... ko.

Attention: Since ¢ + c2 + - -+ + ¢, = 1 the last kg equations in (I1.10) are
linearly dependent.
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Proof. Taking the sum of (11.9) we get

do+ divy(ov+ > I )= Yorp
k k
—— ~——
hence ;0 + divz(ov) = 0. The single equations of (I1.9) then become
ri — divyJr = Oor + dive(ekv) = O(cro) + divy(crov)
= (00 + divy(ov)) + Q(@tck + E ’Ujam(:k)
i=1
= g(@tck + vchk.) .
O

The mass conservation of the total mass is usually valid without the J and r
terms. Thus we assume that r = 0 and J = 0. Then the often used equation
reads

Conservation of mass:

Oro + divg(ov) =0

0 > 0 mass density, (I1.11)

q = ov mass flux,

v =(vi);=y, , velocity.

We consider now this differential equation.

1.8 Relativity of velocity. Assume (p,v) satisfies the mass conservation
(I1.11). We move the mass density with a constant velocity vy € R”, that
is, we define

0% (t,x) := o(t,x + tvy) .

Is there a v* such that for (o*,v*) the equation (I1.11) is satisfied? Yes, for
U*(tv 33‘) = U(t7 T+ tUO) — 0.

Remark: This is the Doppler effect for constant vg. We will study this
phenomenon in detail in section II.3.

So (o*,v*) and (p,v) fulfill the same equation, thus, solutions of (I1.11)
correspond to each other. The proof shows that this follows from a change
of coordinates.
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Proof. We ask, what the property
90" + divg(0™0*) =0 (11.12)

for v* means. We consider the transformation

" (M) - Lftvo] '

Then poY = p* and for any vector field ¢
div,(goY) = (divyq)oY, (11.13)

hence we compute

00" = 01(p0Y) = (00)oY + vpe(Vp)oY

= —(divg(ov)) oY + vge(Vo)oY (since do + divy(ov) = 0)

= —(divg(ov)) oY + (divg(ovg))oY (since vy is constant)

= —(divg(o(v — v9))) oY = —divy((o(v — v9))oY) (nach (I1.13))

= —diva(0*((v — w)oY)) .
Therefore the differential equation (I1.12) is satisfied, if

v* = (v—1p)oY =wvoY — g,

which was the guess in the assertion. O

In the following we consider a particle without mass in a fluid, or we think
about a flag which is assigned to a moving mass point.

1.9 Particle in a fluid. Let a fluid be modelled by a mass density o satis-
fying

Oro + div (ov) = 0. (I1.14)
We are moving with the fluid, i.e., at time ¢ we are somewhere, say, at the
point £(t) € R™, and we drift with the velocity v, i.e., £ is given by the
differential equation '

§(t) = v(t, &(1)) .-

Here is £ the time derivative of ¢ — &(t). Define g(t) := o(t,&(t)) the mass
density at the position we are at time ¢. Then

o(t) +a(t)o(t) =0, a(t) := (divo)(t,£(t)) .

This means that the rate at which the mass density at our position changes
is —a(t). Therefore one writes (11.14) as *

0+ odivo =0, g:=0d,0+veVp. (11.15)

9 1t is h := 9;h + veVh as “material derivative” for each function h defined and in

literature this is usually written as h = h.
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Proof. 1t is
0o + div (ov) = (0r0 + veVp) + pdivu,

which implies (I1.15). We then compute

B18) = 5 (t.E(0)) = (0u2) (. €) + 3- (Bui) (16BN )

-1
= (Oro +ve(Vo))(£,£(1)  (da &(t) = ’u,;(t,f(t)))
= —(odivv)(t,&(t)) = —(dive)(t,£(t))o(t) ,

which is the statement. O

If one considers polar coordinates (r, ) for n = 2, it can be understood as
the case that the space functions do not depend on x3. We now consider the
case n = 3 and describe cylindrical coordinates (r, 6, z) with z3 = z, and we
allow functions to depend on all variables.

1.10 Cylinder coordinates. In R x R3 we consider the transformation
(t,z) = (t,x1, 22, 23) = 7(t, 7,0, 2)

given by
t=ro(t,r0,2):=1,

x1 =m7(t,r 0,2 rcos@,

rsin 6,

x3 =T3(t,r, 0,2
I1.

}_l

)
T2 = TZ(t7 r, 07 Z) :
) :

We want to write the conservation law (

z.
)
8tu + divq =

in cylindrical coordinates. To this we decompose the flux vector ¢ with
respect to the cylindrical coordinates as

q = grer + qoeo + q-€e, , (1116)

where e, eg, e, € R3 (compare (I1.6) where e, and ey are considered in the
plane) with e, = €,(x), ey = €y(), e, = €,(x) are given by '*

e (x)

~ 1 1 . ~

ep(x) == (23 + 23)~ > x9,71,0), —79=(0,—sinf,cosh,0) = (0,epo7),
r

e, (x)

e (.%' = (0?07 1)> Try = (O>0’07 1) = (0,6207') s
{e,(z),€y(),e.(x)} for x # 0 is an orthonormal basis of R3.

)
= (22 +22) 2 (21,22,0), T = (0,co80,5in0,0) = (0,8,07),
(—

10 Notation for partial derivative: We denote partial derivatives also as “readjusted
derivative”, e.g. in the formula 7/.(¢, 7,0, 2) := 0-7(¢,7,0,2). We will use this mainly for
coefficient functions, this way the presentation of differential equations becomes better
readable.
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Further, if we define u = uor, r = ror, ¢ = gqo7 (and therefore ¢, = g0,
qo = q9°T, ¢ = qzo7) it follows that

1 1
O+ 0:¢: + Orgr + —gr + —Opp =r.
, : (11.17)
= ;&(r&)

Multiplying the equation by r, we obtain
Op(r-u) +0.(r-q) +0:-(r-q)+0pgg =71, (11.18)

which is an equation also of divergence structure (compare the result in 5.4).

Convention: We write e, instead of €, etc. because so the formulas become
more handsome.

Proof (1.Version). We compute using lemma 1.3

divg = €,00c,.q + €900c,q + €.00e.q
= Oe,(ereq) + Deq (epeq) + Oe. (e.0q)
_(aerer + aegeﬁ + &ezez).q

1
= Oe;0r + 0ey9 + Oe.0= + —ar
where r = /2% + 23, since
1
Oe,€r =0, Og,€9 = —en Oe.€, = 0 (see (11.6)).

Then, since for any function g

(Oe,g)oT = Or(goT),
1

(Oegg)oT = ;89(907)7

(Oe.g)oT = 05(goT) ,

we obtain
. 1 1
(divg)or = 0,(gro7) + ;39(%07) + 02(qz07) + 4o,

the assertion. O
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Proof (2.Version). We compute, since e, is constant, using lemma 1.3

divg = €,00s,q + €gede,q + €.00c_q
= e,90.,(q-er + qoeg + q:€;)
+egede, (qrer + qoes + q-€-)
+e.00e, (qre + qoeg + q.€.)
= e qr + Depqp + e
+¢r(€,00e, €, + €g00s, € + €,00,_€;)

+q9(eToaeTeg + egoaegeg + 82089269)

1
= aer(h + ae(,% + anQz + ;QT 5

since

1
aerer - O’ aeger = —€y, aezer - Oa
" 1 (see (I1.6)).
Oe,€0 =0, Oe,€9 = ——€;, 0o €9 = 0.
T
Then, since for any function g
(Oe,g)oT = Or(goT),
1
(8699)07— - ;89(907—) )
(Oe.g)oT = 0z(goT),
we obtain

1 1
(divg)or = 0.(groT) + ;8g(q907') + 0.(qzoT1) + ;quT,

the assertion. O
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2 Distributions
We multiply the scalar conservation law (I1.1) for C!-functions u, g;, r
Ou+divg=r inU CRxR" (I12.1)

with a test function ( € C§°(U) and obtain after integration by parts
0= / ¢(—du — divg +r)dL !
u
= / (0¢ - u+ VCoqg+ ¢ -r)dL" !
u

where the last integral exists, if the functions u, ¢; und r are in Ll (U).

Therefore the conservation law contains the following three contributions
CH/@t(-udL"Jrl,
u
¢ — / V¢eqdL™, (12.2)
u

C»—>/C-rdL"+1,
u

which are all linear in the test function {. These linear functions are, as we
shall see, distributions with N =n + 1.

Definition of Distributions

We start with the essential property of distributions.

2.1 Distributions. Let &/ € RY be an open set. We denote by
2U) = C5°U)
the space of test functions. We consider mappings
T:2(U) — R linear

and call them distributions with the notation T € 2'(U), if they satisfy
the estimate 2.4(1). We introduce the notation

(¢, T>9(u) =T(C),

which is motivated by the integral in (12.2). Often we simply write (¢, T') =
(¢, T) gy if the domain U is fixed.

There are two things which are important for a distribution, taking the
derivative and multiplying with a function.
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A physical varinble is customarily thought of as a function, ie., a
rule which assigns a number to each numerieal value of some independent
variable, TFor example, if the independent variable is time { and the
physical quantity is a foree f, then one would say that the force is known
if its value f(t) is specified at every instant of time {. However, it is
impossible to observe the instantaneous values of f(f). Any measuring
instrument would merely record the effect that f produces on it over some
nonvanishing interval of time.

As wo shall see, another way of deseribing a physieal variable is to
specify it as a funetional, i.e., as a rule which assigns a number to each
function in a set of so-called “testing functions.” We shall be exclusively
concerned with funetionals of a special type, namely, distributions. It
turns out that the distribution concept provides a better mechanism for
analyzing certain physical phenomena than does the function concept
because, for one reason, various entities, such as the delta function, which
arise naturally in several mathematical sciences can be correctly deseribed
as distributions but not as functions, Morcover, any physical quantity
that ean be adequately represented as a function ean also be characterized
as o digtribution and, indeed, there is an advantage in using the lattor
representation.  One eannot assign instantaneous values to a distribution,
and consequently the problem of physically interpreting such values does

RO e Fig. 5: Functions as functionals (see [79])

2.2 Operations on distributions.
(1) Derivative. For j € {1,..., N} alinear map 0;7: 2(U) — R is defined
by

(¢, ajT>@(u) = (=0;(, T>@(u) :
General: For higher derivatives see 2.6(1).
Definition in spacetime: Let N =n+ 1 withn > 1. Then Y C R x R"™ and
j runs from 0 to n. We then have dy = 0; and 0; = 0,, fori =1,...,n.
(2) Multiplication. Fora € C%.(U) alinear map aT: Z(U) — R is defined
by

(¢, aTl ) gy = (aC, T) g -

Both, 0;T and a7 are again distributions, since they still satisfy 2.4(1).

These are all definitions for distributions we need, and for our three terms
(I2.2) in the conservation law we have to define

2.3 Functions as distribution. Let us consider special mappings 7' = [g]
where g € L (U), defined for test functions ¢ € 2(U) by

loc
(¢ o = [ C-gal®.
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Remark: The Lebesgue-measurable function g can be reconstructed from its
distribution [g] (see exercise 7.9). Hint: See also the definition in 2.5.

The remark says that g can be recovered from its distribution almost every-
where (see also the text in Fig. 5). Similarly this follows for the derivative
di[g], provided this distribution is represented by a function. For example,
if g is a Lipschitz continuous function, it is 0;[g] = [g¢;] with a bounded
measurable function g; (see the definition in 2.6(2))

References: Zur Geschichte der Distributionen siehe [80]. Mathematische
Einfiihrungen werden fiir N = 1 in [79], fiir beliebiges N in [72, in Ab-
schnitt 3], [74, Kapitel I-11], [76, Kapitel 1-9], [78, Kapitel 1-2] gegeben. Ich
habe auch ein eigenes Skript [71] dazu angefertigt. Siehe auch die sehr gute
Darstellung in [Wikipedia: Distribution (Mathematik)].

We have yet to specify the full definition of distributions.

2.4 Estimate satified by distributions. Let 2/ C RY be an open set and consider the
space 2(U) = CG°(U). A distribution, that is an element in 2'(U), satifies by definition
one of the following equivalent properties:

(1) Amap T € 2'(U) is a linear mapping T: Z(U) — R which satisfies '
VUCCU: Tky e NU{0} and Cy >0
V(€ 2(U) withsupp¢ C U= [ ((, T>Q(u) < CU”C”Q’CU(U) :
(2) 2'(U) is the set of linear continuous mappings, in fact the dual space of Z(U), if
we assign Z(U) with the following topology T:
T:={VCcCrU);V¢eV:Je: (+Ve.CV}.
Thereby & = (¢;) ¢y and
Ve i= conv (| J{¢ € C2(); supp(¢) < U and p(¢) < ;1)
jEN
(Uj)jEN is an open covering of U with 7] C U compact,
p(¢):= > 27’6““'07)6(6) for supp (¢) C U, U compact in U .
=0 1+ IClerm)

Result: Hence 2(U) becomes a locally convex topoplogical vector space, see [72, 3.19] and
[71, section 6] where also the completeness of the dual space 2’ (i) is discussed.

Proof of equivalence: The statements (1) and (2) are equivalent. For example see [72, 3.21
Der Dualraum von Z(U)], but you can visit any book involving distributions.

Es ist effektiv mit der Eigenschaft 2.4(1) zu arbeiten, so wie das in [71] dargestellt wird.
Setzen wir in der Abschétzung 2.4(1) ky = 0 fur alle U CC U, so erhalten wir

2.5 Radon-measures as distribution. A Radon measure p on U is a linear map p :
C2U) — R, we write ¢ = (C, i) oy such that

vUcCcU: 3Cy>0:
V(e U) with supp( C U = [ (C, i) eoq | < CullCllcom -

U7 cc U means that U C U and U is compact in U, in words: U is relative compact
in Y.
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If g € Li,.(U) then obviously p := [g] is a Radon measure, see 2.3. Remark: For a
measure theoretical definition of Radon measures on the Borel sets of an open set ¢/ C RY
we identify )
uw(E) = / Xedpu = (Xg, :“'>(//(1/{) for Borel sets £ CC U .
Ju

Reference: This definition you find in Tartar [77, Definition 4.3]. For a measure theo-

retical definition see [75, Definition 2.2] and [Wikipedia: Radon measure].

The mathematical definition of distributions essentially shows that functions as distribu-
tions are dense in the set of distributions (siehe [71, End of section 2]). However, we
will not use this estimate (except in 2.10). Here some of the important properties which
distributions have.

2.6 Some properties of distributions.

(1) Higher derivatives. For all multi-indices s the distributional derivative 9°T is
the linear map 90°T : Z(U) — R defined by

(¢, 0°T) gy = (—1)1*1(8°¢C, Ty for ¢ € 2(U).

Es gilt
O°T = 9" (9™T) for all r1,r2 with 71 + 72 = s.

(2) Partial derivative. Fiir g € C'(U) gilt 0;[g] = [0;9] wegen der Regel der partiellen
Integration. Man definiert daher in Analogie dazu

WEPU) :=={g € L U); Yi: 3gi € LY (U): dlg] = [gi]} .

loc loc loc

Hierbei ist 1 < p < co. (Entsprechend ist W,"? (/) definiert.)

loc

(3) Vector valued distributions. Analog ist die Definition von [g] fiir vektorwertiges
g:U — RM es ist dann '? fiir ¢ € 2(U;RM) = C5° (U; RM)

(o) = /u CogdLY .

Wir schreiben dann [g] € 2'(U; RM) (siehe auch [71, 5.4]).

(4) Order of a distribution. A distribution T is of order k, if 2.4(1) is satisfied always
with the same ky = k. It holds: If T is a distribution of order k, then 0°T is a distribution
of order k + | s|.

(5) Eztended distributions. Ist T eine Distribution der Ordnung k, so kann T eindeutig
fortgesetzt werden zu einer linearen Abbildung auf C¥(U). Es ist also (¢, T') := T(¢) fiir
¢ € C§U) als Fortsetzung definiert. Es folgt, dass a7 als Distribution definiert ist fiir
a € C*(U), es ist (siehe auch [71, 4.1]).

(¢, aT')yq = (aq, T>C(’§<M) fur ¢ € 2(U).

What does it mean for our conservation law?

Back to the conservation law

We will now write conservation laws in the context of distributions, where
we set N =n+1,ie. it isd C R x R™ and the distributions, we consider,
live in spacetime:

12 With “e” we denote the scalar product of the Euclidic space.
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2.7 Distributions in spacetime.lLet N = n+4+ 1 with n > 1 and U C
R x R"™. Then for g € L (U) the distribution [g] € 2(U) satisfies

loc
(¢ lahauo = [ ¢-odtmt = [ [ ¢emiglta)doat,
u R JU;

where Uy == {x € R"; (t,x) € U}.
With these definitions we obtain for the law dyu + divg =r

0= / ¢(—0pu — div g + r) dL" !

u
— [ (@6 u+ Veaq+ ¢ xparn
u

:/@gmmﬁ+/vowm“+/c¢@“1
u u u

= (0, [u]) g TV d) gy + (¢ It g
= (¢, =0[u] —div[g] + [r]) gy -

where [u], [r], [¢;] (j = 1,...,n) are defined as in 2.3. Consequently the
conservation law (I2.1) now is for functions u,r,q; € L (U)

By[u] + divlg] = [r] in 2'(U), (12.3)

and for general distributions U, Q;, R: Z2(U) — R the equation becomes

Distributional conservation law:

oU + divQ = R in 2'(U), (12.4)

U,Qj,Re Z2'U) for j=1,...,n

This definition means that for ¢ € Z(U)

<@¢ U + (V¢ Qoo + (¢ Rhogy
(O >(u)+2<6ijQy‘>@(u (¢ R oy -
J

We now apply it to several examples.

Mass points

As first example we consider a trajectory ¢t — £(t) € R™.
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2.8 Trajectory as Distribution. Let a trajectory in time and space
t— (t,&(t) e RxR"
be given. This trajectory defines a distribution p, € 2'(R x R") by

<<7 He >@(R><]R”) = /RC(t,f(t))dt

(12.5)
= A<C(t, o) y 55(,5) >.@(R") dt for C S Q(R X Rn) .
Es ist p¢ ein Radon-Maf} wie in Definition 2.5.
Dirac Distribution: Fiir zy € R™ ist §,, € Z'(R") definiert durch

Our example now shows that the motion of a mass point is a solution of the
general distributional mass conservation. For this we take a variable mass
t — m(t) € R on the trajectory. If m is a bounded function then also mypke
is a Radon measure and the following holds.

2.9 Moving mass point. Let p, be the distribution defined in 2.8. Let two
differentiable maps ¢ — m(t) € R, and continuous maps ¢ — r(t) € R and
(t,z) — v(t,x) € R™ be given satisfying the distributional mass conservation
law with mass production

Or(mpg) + div (mopg) = rp (12.7)
in 2'(R x R™). This is satisfied if and only if
(t) = x(t) and o(t,€(8) = £(1), (1238)

as long as m(t) > 0.

Proof (12.8)=(12.7) in the case r = 0. Im Falle mm = r = 0 ist m = const,
also hat der Korper eine konstante Masse. Wir haben zu zeigen, dass

Op(mpse) + div (mope) = 0 in 7'(R x R").
Now for test functions ¢ € 2/'(R x R")
- < ¢, O(mpg) + div (mop,) >

:m<8tg,u§>+m;<aa:£7%‘,#§>

m [ (@O60) + 32000 wilt £(0) )
JR =1 | I—|

= &(t)
:méimwwm@zm
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because ¢ has compact support. O

Proof (12.8)=(12.7) in the general case. With test functions ¢ € 2'(R x R™)
we compute

(¢, —Ou(mpe) — div (mvpse) +Thg ) gz oy
= (O, Mg ) g my + (VC MUBE ) g gy + (€ The ) g om
= [ (m@ate.co) +moy .o V(t40) +CEEDND) de
)
= [ (mle) 5 (ctt.€0) + Cle. et
= [ i mocte @) de+ [ e —me ) =o.
=0
also —0, (mpe) — div (mope) + rpe = 0 in Z'(R x R™). O
Proof (12.7)=(12.8). Choose a test function ¢ € Z(R x R"). Then
0= (¢, —Or(mue) — div (muse) +The ) g gy
= (O, Mg ) g gy + (VC MUBe ) g gy + (6o The ) g m
= [ (m®0c(e.€0) + mOT(t.cO)e0(e. 60 + (e O dt,
For the first term we get

m(®OC(E (D)
= m(t) 5 (4 €00))) — m(OE)TC(E, (1)
jt< (1C(1E(1))) — ) E1) — mDEWTE(LE(D).
and integrating this

/m (t)OrC(t, &(t)) d(t)
=~ [ (0t €6 + m@OEDTELEED)) (0.
R

Plugging this in the above identity we obtain
0= (¢, —0i(mpg) — div (mupre) + e ) 5 gy

- /R (mOTCLE®)o(v(t £(1) = E®) + (L ED) (x(2) = (D)) ) de.
(12.9)
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This identity is true for all ¢ € C°(R x R™). We now choose special test
functions (. First we choose a function y € C*°(R x R™) with

x=1,Vx=0onT:={(t,&t)); t € R}

and x(¢,z) = 0 whenever the disteance of (¢,z) from I' is grater than 1.
Then let C( x) = n(t)x(t,z) with a function n € C>°(R). Taking this test
function in (12.9), we obtain, since V((t,£(t)) = 0 for all ¢,

0= / C(t, &) (x(t) —ra(t)) dt = / n(t)(r(t) — r(t)) dt.
R
Since this is true for any function n € C2°(R) we conclude
r(t) —m(t) =0.
Thus the first assertion is shown. With this the equation (12.9) reduces to
0= [ MOV @) ol 50) - &) d

for all ¢ € C2°(RxR™). Now we choose ((t,x) = x(t, z) xew(t) with a vector
function w € C°(R; R™). Then V((¢,£(t)) = w(t) for all ¢ and therefore

0= [ miu(te(ote.0)) - ) a
for all w € C°(R;R™). We conclude, if m(t) > 0,

w(t, &(t) — €(t) =0,
that is the second assertion. O

It follows from the distributional mass conservation that if r = 0 then the
mass has to be constant. This proves that the distributional conservation
law is the right thing to consider. In the context of momentum conservation
in the next section 3 we come back to this example. In [21, Flug eines
Asteroiden] we take this distributional problem and clarify in a “total mass
balance”, how the ejected material is distributed in the surrounding vacuum.

Gravitational law

As another example consider the gravity, the corresponding field equation
has a distributional solution, so it is not a smooth function in the general
case, because the characteristic function for the mass density has a jump.
It turns out that in this case the solution is not a C2-function. The field
equation is
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Newton’s gravitation:
div(=Vi¢]) = [d]

in entire R x R™ (physically n = 3), i.e. in Z'(R x R")

o total mass density (as a function), (12.10)

¢ gravitational field (is a function),
o(t,x) — 0 for |z| — oo (if n = 3),

G =6.67384-10"1! kglzg gravitational constant,

Oliterature = —4mG@ potential in the literature (n = 3).

One can imagine this equation also as conservation law
9,0 + div(=V[¢]) = [d],

thus is seems to be a general mass conservation without any mass. (But
this is misleading, since the 0 arises if the speed of light goes to co.) In
the literature the gravitational field is ¢yterature and therefore the equation
reads Adyterature = 4mGo. One can also write divV[p] = Alg], hence
—Al[p] = [o]. In general the gravitational field ¢ and the mass ¢ may be
distributions ¢ and R satisfying the equation

General gravitational law:

div(-=V®) = R in Z'(R x R")
(I2.11)
R the total mass as distribution,

® the gravity field as distribution.

In the law of gravitation the time ¢ occurs only as a parameter. There is no
explicit time derivative in the Newtonian physics considered here. Therefore,
the general gravity law is related to the distributional Poisson equation,
which is:

Distributional Poisson equation:
—A® =R in Z'(R")

R the source term as a distribution, (12.12)

® the solution as a distribution.

A the Laplace operator in R™.

In the following we apply the Poisson equation where n is the space dimension and where
the time is a parameter. We compare it with Newton’s law in spacetime R x R™ with
dimension n + 1.
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2.10 Remark. We assume that U, R € 9’(R”) for t € R are distributions of order k,
that is,
‘ <<: Ut >_@(Rn) | + | <Cv Rt >9(Rn) | S C(t)”C”Ck(Rn)

with an integrable function C' € L'(R). If they satisfy the Poisson equation
—divVU; = R; in 2'(R") for almost all ¢,

then (under the assumption of measurability on ¢ — Ry, t — Uy)

(¢ Ry 1= [ (€t Be o .

R
(€U Dy = [ Clt0) Uy
define distributions U, R € 2'(R x R") and they fulfill the general law of gravitation
—divVU = R in 7' (R x R™).

Attention: Not each distribution R € 2'(R x R™) can be represented as shown (see,
e.g. Exercise 7.13, but keep 2.11 in mind).

Proof. Both U and R are distributions, and it is
(¢, AU+ R) ypypny = (A U gmurny + (€5 B) g@unn)

- A <<AC(11')= Ut) gny + (¢t 0) s Rt ) gmn) ) dt

= / (C(t,0), AUt + Rt ) gy dt.

As an example we choose a moving mass point.

2.11 Example. If R € 2'(R x R") is a distribution that belongs to a mass point with
the trajectory {(¢,£(t)); t € R}, then the definition R = mp, implies that

<<7 R>9(]R><[Rn) = m/RC(t7€(t)) dt = /]R <C(tv ‘)7 Ry >_0}([Rn) dt7
where Ry = mé¢y, i.e.

(0, Rt)gmny = m-n(§(1)) for n € Z(R"),

hence R; is given by the Dirac distribution.

We are now focusing first on the Poisson equation. Here we can consider
in (12.12) as a special case R = 0., for zg € R", see 2.8 for the Dirac
distribution. Then the solution ® = [¢] to R = §, with ¢ € L{ (R") is the
fundamental solution for the negative Laplace operator:

2.12 Fundamental solution for the Laplace operator. Let n > 3. The
solution ¢ € Li. .(R") of the equation

—Alg] = dp in Z'(R"),
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with the boundary condition ¢(x) — 0 as |x| — oo, is given by

1 2—n
= f 0. .
o(x) oy Py |z or |z| > (12.13)
Remark: Tt is ¢ the fundamental solution for —A, that is, the negative
Laplace operator. Definition: It is o, := H"71(0B1(0)) = nk,, the surface
of the unit sphere in R", and k,, := L"(0B1(0)) the volume of the unit
ball in R™.

n|l 2 3 arbitrary
kn |2 w 3m L"(B41(0)) (12.14)
on |2 27 4x H"LY(0B1(0)) = nk,

Proof. 1t is for ( € Z(R")

(¢ =0le)) = (3¢, [0l = s [ o) i

1 dzx

= —— lim 0z,C(x
Un(n — 2) e—0 R”\B(0) ) ( )

= —lim I / C(w)ejovp () 7}_2 dH”_l(x)
<(0) <

C

‘x‘n—Q

1 1
—lim/ ()0, ——— dx
=0 op(n —2) R™\B.(0) (x) |2

1 ZT;
= — X
- Rn(( )\x!"

= (¢, [F])

dx

with
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hence —V[¢] = [F] in Z'(R™;R"™). Now

. 1 f x
(¢, div[F]) = (~VC,[F]) = —— [ V() da
On Jrn |z|
1 x
= —— lim/ V((m)-idm
oy €0 R™\B(0) |ZE’n
1 : ' x n—1
= — lim C(w) v o)(T)e dH"" " ()
Op 0, 9B(0) ‘IL‘”
~—_——
1
- En,fl
1 . T
+ lim — ((x) divi— dz (see 7.12)
e—0 0y, . R7\B(0) ‘:17|"
——
=0
= ((0)=(¢,00) ,
that is, F' is the fundamental solution of the divergence operator. O

In the case n = 1, 2 there are also fundamental solutions of the Laplace op-
erator, however they are physically only of interest in finite neighbourhoods
of the singularity. They are

1
——1 ifn=2
5 og |x| if n ,

oa)={
——|z| if n=1.
2
It is
~V[¢] = [F] in 2/ (R R")
F(gc) _ ii for all n > 1.
o x|

In the case n = 3 the fundamental solution is related to the solution of the
general gravity law for a mass point.

2.13 Gravitational potential of a point-shaped star. Let n > 3 (phys-
ically n = 3), m > 0 the mass and R := mpe the “density of a mass point”
which moves by ¢ — £(t). Then the solution, i.e. the distribution ®, of the
general law of gravitation
div(-V®) = R := mp¢ in Z'(R x R")
is given by ® = [¢],
o(t,z) =

m
on(n —2)
The solution is uniquely determined by the condition that as |z| — oo the
potential ¢(t,x) — 0. In the physical case n = 3 the solution is given by

P(t, x) = for z # £(t) . (12.16)

o — E@)1*7 if |2 — £(1)] > 0. (12.15)

m

Arlx — (1)
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Proof. This follows essentially in the same way as the proof of 2.12. The
difference is that one deals with integrals over R x R™. The uniqueness is
derived from the following. We mention that ¢(¢,.) € Li, (R"). Another

way to prove this is to apply 2.17. O

2.14 Uniqueness. Let n > 3 and R € Z'(R x R™). Then there exists at
most one ¢ € Ll (R x R™) with

loc
div(-=V[¢]) = R in Z'(R x R"),

o(t,x) — 0 for |x| — oo for almost all ¢.

Proof. Because ¢ and ¢o are solutions to R, it follows with ¢ := ¢1 — ¢o
that
—Al[p] =0in 2'(R x R"),

¢(t,z) — 0 fur |z| — oo for almost all ¢.
It follows for ((t,z) = no(t)n1(x)
0= (¢, Al = (AC 6) = [ mlt) [ Am(a)ot.a) o
Since this holds for all 7, it follows for almost all ¢
0= - A (2)¢(t, z) dz,

hence ¢(t,.) or better [¢(t,)] is a harmonic distribution, that is,
A[¢(t ')} =01in QI(RH) ’

and for such functions the mean value property of spheres applies (see
[PDE]), i.e.

1

O-nrnfl

o(t,xg) = / o(t,z) dH" () = 0 as r — 00.
OB(z0)

Consequently, it is ¢ = 0. O

We will now calculate the gravitational force of a planet. The solution is
a distribution because it models the boundary between a solid body and
vacuum, that is, the density makes a jump. (Hence it is A¢ € L, where
we do not use brackets for distributions. The best of what could be shown
by the regularity theory is that ¢ € C!. This is because there is the sharp
statement that A¢ € LP implies ¢ € W?P for p < oo.) This is konsistent
with the following theorem.
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2.15 Theorem. Let I' ¢ D € RY be a C'-surface. Further, let a decompo-
sition D = D, UT'U D_ with disjoint open sets Dy and D_ (so that T" has
no boundary in D) be given and define

0= o+ in D+7 o+ ECO(Di-‘r)a N ¢+ in D+7 (Z)-f— GCZ(Di-‘r)a
o_inD_, o_eC%D_), ¢_inD_, ¢_ecC*D_).

Then
—~A®=Rin 2'(D), ®=[¢], R=]|o, (12.17)
is equivalent to
_A¢+:Q+ iHD+ ) _A(b—:Q— in D_ )
by = O (12.18)
on .
au¢+ = aud)f

Consequently ¢ € C*(D), where v =vp, = —vp_.

Vp_
D, = Medium 2

D_ = Medium 1 1z

Fig. 6: Jump conditions at the interface

Note: For the result 2.15 the requirement R = [gp] with o € L*(D) is
essential. For example if we have 13

R=0,LNLDy+ o LNLD_ + goHNTILT,
then ¢ is only continuous with
(9,/@4,_ - al/d)— + 00

on I'. The case g9 # 0 is treated in 2.18.
Proof (12.17)=-(12.18). For test functions ¢ € Z(D) it holds

(¢, Alg]) = (¢, [a]) -

The right-hand side is

<Ca[9}>=/D<@dLN= ; CQ+dLN/D Co_ ALV,

13 st u ein MaB, so ist das MaB ul_S definiert durch (ul_S)(E) := u(S N E).
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The left-hand side is
(¢. Alg)) = (Ac. [¢]) = [ A¢-odL”
D

= Ag-¢+dLN+/ AC - ¢_dLY
Dy D_

=— [ V¢V, dLY — / V¢eVe_ dLY
Dy D_

+/ V(e (p4vp, + ¢-vp_) dHV !

r

= / CA¢, dLY + / CA¢_ dLY
Dy D_

+/F (VCO (¢+I/D+ + ¢_VD7) —( (Vgﬁ_i_oyp+ + V¢_0VD7>) daN-1.

We now choose ¢ in C§°(D4 ) and conclude

| v = [ cooar”
Dy Dy

for all such test functions, hence
Apy =—o04 inDy.

Accordingly in the same way, it means chosing ¢ in C5°(D-), it follows
A¢p_ = —p_in D_.

By plugging these identities into the above equation we obtain for arbitrary
test functions

0= /F (V¢o (p4vp, + d-vp_ ) — ( (Vhyovp, + Vo_evp )) dHN L.

Now we extend this argument from ¢ € C§°(D) to ¢ € C3(D) by an ap-
proximation. Having done this we choose a function n € C'(D) which
vanishes on I' and for which Vip # 0 on I' (e.g. n(z) = dist (z,I') auf Dy
und n(z) = —dist (z,T') auf D_). Set

(=¢o-neCy(D),
where (o € C§°(D). Then on T

¢=0, V(=0GVn
is satisfied. It follows

0= / COVT]O (¢+VD+ + (ZS,I/D_) dHN_1
I
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and, since (g is arbitrary, 0 = Vne (¢+VD+ + (;S_I/D_) on I'. Since V7 points
in the direction of a normal v we obtain

0=ve(¢1vp, +¢_vp_) =vevp, (¢4 — ¢_)

and therefore
¢+ - gb* on I’ y

i.e. ¢ is continuous across I'.  Thus the identity for arbitrary test functions
is now

0= /Fc (Voiovp, +Vo_evp ) dHV L.
It follows since ( is an arbitrary test function
Voirevp, + Vo evp =0onl,
hence i.e. the differentiability of ¢. O

Proof (12.18)=(12.17). For test functions ¢ € C5°(D)

0= [ ¢(Apy+op)dLV + [ ¢(Ag + o )dLY
Dy D_

=— [ V¢V, dLN — / V(eVeg_ dLY
Dy D_

N /r —C (Voiovp, +Vo_evp_)
= aVD+¢+ - 8VD+¢_ =0

= AC-¢+dLN+/ AC-p_dLN
Dy D_

daV—! + / CodLN
D

S ACKETET RS
= (¢+ —¢-)vp, =0
:/ A§-¢dLN+/ CodLN
D D
= (AC, [9]) + (¢ [o]) = (¢, Alg] + [e])
also A[p] + [0l = 0 in 2'(D). O

daN -1 4 / CodLN
D

Proof der Bemerkung. Wir betrachten nur den Fall R = go[HY~![_T]. Der
Beweis ist derselbe bis auf die Tatsache, dass nun

—<(,R>:—/FCQOC1HN_1
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und der Term auf I'

- [ conarr™ = [ (Vo (0svp, +0-vp)
r JT
—¢ (Voyovp, + Vo evp ) ) daN -1

ist. Mit dergleichen Argumentation wie oben ist dann ¢_ = ¢, auf I' und
daher

0= / ¢ (QO - VQZ)JFOI/D+ — V;O‘Qoypi) dgiN-t
r
fir alle ¢, weswegen Vo evp, + Vo_evp_ = o. 0

The situation in 2.15 occurs for example for the gravity when the body has
a smooth surface. This is true for the spherical case.

2.16 Gravitational potential of a globe. Let be n > 3 (physically n = 3),
m > 0 the mass and ¢ — £(¢) the motion of the center of the planet. Then

m

ot,x) = mXBR@(t))(m)

is the mass distribution of the planet idealized as a homogeneous mass den-
sity on a sphere of radius R (see also 4.5). The total mass of the planet
is

m = o(t,z)dx.
Rn

We are seeking a solution ¢ of the differential equation

div(=[V¢]) = [o] in Z'(R x R")

(12.19)
with ¢(t,x) — 0 if x| — oo,
which is of order C! in the space variables (see statement 2.15).
Assertion: The solution, which disappears at infinity (for n > 3), is '
1 2 _ 2
2mRn( R - 0] ) it e(t)| < R,
p(t,x) =4 AT " (12.20)
m ! if |z —£(t)| > R
nkn(n —2) |z — ()2 T
For n = 3 the solution is given by
1 — &)
?;Tmﬁ <R2 _ 5”35()|> if [ — £(1)] < R,
bt x)={ " (12.21)
m_ 1 le—ew >R
Am |z — £(1)] -

M Tt is wy, := L™(B1(0)), see (12.14).
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Quadratic in r
r: Distance from center

¢
/ \ R: Radius of sphere

—-R 0 +R
Fig. 7: Gravitational field of an incompressible ball (n = 3)

Proof. Without restrictions let £(t) = 0. Since k,R" = L"(Bg(0)) one
computes

m . m
o(t,z) = WXBR(O) (z) = mprAp o) () if mp = kR
Further let
o_(t,x) if |z| < R,
ot x) = -
¢, (t,x) if |z| > R,

where
—A¢_(t,x) =mp if |z| < R,
—A¢, (t,x) =0if || > R.
This is satisfied if
m

¢ (t,2) = co— 5 |al’,

1
¢+(t,x) = COOW .

Then ¢ is continuous in space, if ¢_(t,z) = ¢ (t,z) for x € IBg(0), i.e.

m -n
co — 27{532 = oo R¥. (12.22)

Then ¢ is continuous differentiable in space if and only if d,¢_(t,z) =

0y¢. (t,x) for x € OBR(0), i.e.

%R = (n— 2)coRI™. (12.23)
From (I2.22) and (I2.23) it follows that ¢ is continuously differentiable in
spacetime, and it is
mpg . m

n(n — 2)R ~ nkp(n—2)°

1 1 m
— — JE— R2 — 7R2—n )
o= <2n N n(n — 2)> 2kn(n — 2)

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23

Coo =

(12.24)



1.2 Distributions 42

The conditions in (12.24) yield (12.20). Hence (12.17) is shown and therefore
theorem 2.15 implies that (I2.18) holds. The theorem is proved. O

Usually it is only an approximation if we consider a planet to be a ball. The
reason is that there are mountains on the surface, or g inside the planet is
not constant, see Fig. 8 and [GRACE _globe_animation.gif]. But whatever
0 is, in any case (12.19) says what the gravitation potential has to be. We
now treat the case that the planet degenerates to a point of mass m.

2.17 Convergence to a mass point. Let n > 3. As fixed mass m > 0
and as R — 0 the gravity solution of 2.16 converges in L} (R x R") to a
solution ¢ of

—div([Ve]) = mpe in Z'(R x R"),

o(t,x) = 0 as |z| = o0,

This solution is given by

on(n —2)

bt ) = o — &P if [ — £(1)] > 0. (12.25)

Earth's Gravity

Fizld Anomalies {miligals)

50 40 -30 20 =10 @ 10 23 30 40 U

Fig. 8: “Earth’s gravity measured by NASA GRACE mission, showing
deviations from the theoretical gravity of an idealized smooth Earth, the
so-called earth ellipsoid. Red shows the areas where gravity is stronger than
the smooth, standard value, and blue reveals areas where gravity is weaker.”

[Wikipedia: Gravity of Earth].

15 We define o, := H""1(6B1(0)), 0B1(0)) C R™, so that ¢, = ns,.
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Proof of convergence. The gravity solution ¢ and op of 2.16 fulfills
div(=[V¢g]) = [or] in Z7'(R x R"),

or with test functions ¢ € C§°(R x R")

/C@R dL™tt = /vg.wR dLntt = —/Ag‘ Cbp AL

Now it holds ¢ — ¢ in L (R x R™). This is because of Lebesgue’s con-

loc
vergence theorem and the estimate

$r(t.z) = $(t,x) if |z — &(t)| > R,
0 < ¢t a) < $(t,2) if |2 — £(t)] < R

The first identity follows from the definition of ¢. The second inequality
reads ¢p(t,x) < @(t,x) for 0 <r = |z — £(¢)| < R This holds if and only if

m 1 R? 2 m 9—n
. N QL
26pb R \n—2 n ) = nk,(n—2)

R2 - 2 2-n r?
(n—=2)R™ ~ n(n—2) nR?
<— s 2 +Snf T<1
— for s = —
n—2"nn—-2) n R~
no _ 2 m—2, T
< s < — 4+ s for s = = <1,
n n R

which is true by Young’s inequality. (For the L!-convergence it is enough
to show that @ (t,z) < Clz — £(t)|>~" for all R, where C is independent of
R.) Also opL"*! — mpe as R — 0, which follows from

/gngL"“ :// C(t 2)—— dadt
R JBRE(®) R dt

—// C(tvf(t)‘f‘Ry)mdydt%/((tyf(t))mdt—<gvmll§>~
R JB1(0) Kn R

Therefore altogether

<C,mp§> :_<AC>¢> )
qed. O

Therefore, the solution outside a “star” (if the star has a constant mass
density) coincides with the solution obtained if one sets the “star as a point
mass” with the same total mass. In the next section 3 we will consider
the conservation of momentum and we will show that in the stationary
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incompressible case homogeneous stars produce a gravitational field like the
one here (see 4.5). In the compressible case we refer to section IV.16, where
radially symmetric mass distributions of stars are considered.

That the solution of the gravity equation is C, is not true if the mass density
is supported on a surface. As it turns out the solution is only Lipschitz
continuous. The following example is for a homogeneous mass distribution.

2.18 Hollow sphere. Let n > 3, m > 0 be constant and ¢t — £(t) the
movement of the center of a shell. Its support is supposed to ly on 0B (£(t)).
Then let p € 2'(R x R™) be given by

= dH" " (z)d
(Com= | ABR(g(t))C(t’x) ()t

for ¢ € Z(R x R™). Further, let

m

0s(b: %) = T @B o)) PPHe®) ()
the constant mass density on OBr(£(¢)). Then the solution ¢ of equation

div(=V[g]) = osp in Z'(R x R"),

o(t,x) — 0 as |z| — oo,

is given by
m 2—n
s m|$—§(t)| if [z =€) = R,
t,xr) =
) mRQ—n ]
mlﬂx—f(tﬂgR.

The solution ¢ is thus only of class C°.

Proof. If ¢ is as in the formula, we get

m =) e BorE)
Vé(t,x) = on |z — £ fz e R"\Br(£(?)),

0if z € Br(£(t) |

where A¢ = divVe¢ = 0 in R" \ Br(&£(t)). Hence for ( € Z(R x R™;R"™)

(¢, V[g]) =—(div¢, [¢]) = — /T% /ln div¢(t, x) - ¢(t,z) dx dt

:// C(t,2)oV(t, 2) de dt
JR JR™M\BR(§(1))
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because ¢ is continuous. Therefore it holds for n € Z(R x R™"; R)

(n, div(=VIg])) = (Vn, Vi¢])
// n(t,z)eVe(t,z)dxdt
"\BRr(£(t))

—//  n(tz) Ag(t,x) dadt
R JR?\BR(&(1))) ;—V‘O_/

+ / / 0t x) V(t, 2)ovgm e dAH(z) db
R JoBe(w) i 2US)

o m
- Un‘x - g(t)‘n—l

=(n, osp) ,

where in the last integral Ve (¢, z) is taken from outside, i.e.

Vo(t.x) = lim V(t 2+ hvp )
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3 Conservation of momentum

The momentum conservation needs for its formulation a mass conservation,
which results from the observer transformations in Section I1.3. Hence, this
system of mass-momentum balance reads

General mass-momentum equation:
oo+ div(ov+J) =r,
9, (ov) + div(ovv" +0vIT + 1) =f 16

. . (13.1)
where besides the quantities in (I11.7)

1= (Hij)z‘jzl _,, bressure tensor,
f= <E> ‘ general force density.
1= n

geoey

Here at first (¢,J,r) and (v,IL f) are arbitrary terms, so we have written
down the general version of the conservation equations. The f-term includes
both “external forces” and “internal forces” such as the self-gravity. Strictly
speaking f is a “general force density” and there is a correspondence between
the flux and the production terms, that is, between

[”JTJJFH} and [H - {(r+JorV)fu+f} ’ (13.2)

where the “classical force density” f := f — (r + JoV)v is introduced in
(I13.17). So, for example, there is a correspondence between the pressure
term IT and the force term f, as it was between J and r (see the remark fol-
lowing (I1.7)). Thus parts of the forces can be written under the divergence
term, that is, as part of the pressure tensor. Such terms will be denoted as
“Internal force” (see as example for mass points 3.4). The v-terms in the
fluxes and on the right side result from objectivity reasons (see section I1.3).
Below the time derivative we have ¢ as the mass density and pv as the
moment density. In general, the divergence is defined by the fact that it

acts on the last index, as one can see in the following
Definition: If
My ... My,
M = (]\'Ii.j)i,jzl,...,n -
]\'[nl e ]\[n n

is a matrix-valued function, the divergence of it is defined by

n
div M = ( Z 017‘/. ]\[7}> .
1=1,..., n

16 While (z,y) — zoy = 2T y denotes the scalar product, the tensor product is ex-
pressed by (z,y) — = y* = 2®y.
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Further, in the above equation there is

V1 T V11 ... D1y
vol = [Ul ... ’Un} = = (Uivj)i,jzl,...,n )
L vy, | UpU1 ... Uplp
-Ul- UlJl 'UlJn
vJT = [Jl e Jn] = = (vi']j)i,jzl,...,n :
| Uy, ’UnJ]_ e 'Unc]n

Thus
ovvl +0JT + I = (ovivj + v + 11;5)

ij=1,n
and therefore the system of differential equations can be written as a system
of n + 1 equations

o+ 3 0i(evj+J5) =r,
=t (13.3)

O(ovk) + Y- 05(ovkvj +vpdj + 11y;) = frfork=1,...,n.
j=1

Momentum of mass points

To begin with we consider the motion of a single mass point, the trajectory
is again denoted by ¢t — &(t) € R™ (as in 2.8) and the mass-momentum
conservation has a distributional formulation which we will present in 3.1.
We show that these distributional differential equations are equivalent to
ordinary differential equations of first order for m and of second order for €.

3.1 Mass point. We consider the mass point introduced in 2.9 which moves
with ¢ — £(t) € R™ and whose total mass is given by ¢ — m(t) > 0. Further
consider maps v:R x R” — R”, r:R — R and the general force f:R — R
Then the following is equivalent:

(1) The distributional equations

Or(mpe) + div (mope) = T, ,
h(mpse) (mupe) = rpg 3 (13.4)
O (mupe) + div (mov® pe) = e

are fulfilled. Here the distribution p, is given by 2.8.

(2) Ttisv(t,&(t)) = &(t) the velocity, and the ordinary differential equations
m=r, (mf) =1 (I3.5)

are satisfied.
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(3) Ttisw(t,&(t)) = £(t) the velocity and if the force is defined by the formula
: t

m=r, mé=f (I3.6)

Zusatz: If r = 0 then m = const.

We mention that here E“g is the “general force density” in the distributional

momentum equation, whereas Af:, the right-hand side of the ODE (I3.5), is
called “general force”. (In I1.3.8 the difference between f and f becomes
clear in the general case. We see here how this difference is introduced in
the ODE case.)

Proof (1)=(2). The first differential equation in (I3.4), that is the mass
conservation, is treated as in 2.9. This results in the equations v(t,{(t)) =

&(t) and in the ordinary differential equation 7 = r. Further, for the second
equation it applies for all ( € Z(R x R™;R™) that

<C, =0 (mupg) — divg(mu vt Be) +ﬁu§ >

=5 < s —O(mugpe) — dive(mogvpe) +?ky§ >
%

= Ek; (< OeCr , muppse ) + ( Vi, mugvpe ) + <<k g ?kﬂg >)

= th m(t) vi(t,€(t)) (0 +veV(k)(t,€(1)) dt

R 1 11 1

= &(t) _ %ck(t,f(t))
I oy RACROIAOR!
k JR

' d . _
- %:/R <_dt(m(t)fk(t)) + fk(t)> Cu(t, €(1)) dt.

Since this is true for arbitrary test function we obtain

d . _
" (m(t)&(t)) = £(¢). (I3.7)
This is the second ordinary differential equation. O

Proof (3). We see that
mé—i—/rhé’ = (mf) —f= f+rv= f_i_mé’

hence mé = f. O
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Die Gleichung (13.5) besagt also, wie Newton in seinen Principia schreibt,
siche Newton [118, Axiomata sive Leges Motus: Lex.II] oder Newton [119,
Axioms, or the Laws of Motion: Law 2]'7,

Change in momentum = General force

und das ist bei sich dndernder Masse richtig. Es ist aber genauso richtig,
dass Gleichung (13.6) sagt

Mass x Acceleration = Force

was auch bei sich dndernder Masse richtig ist. Die Newton’sche Physik ist
also in den distributionellen Masse-Impuls Gleichungen enthalten.

Die distributionelle Masse-Impuls Gleichung ist auch niitzlich bei zwei Massen-
punkten, die sich zu einer Zeit t( treffen. Bei diesem Zusammenstofl kann
vieles passieren. Wir betrachten hier die Situation, dass nach dem Stof3
wieder zwei Massepartikel vorhanden sind, zum Zeitpunkt ty sonst keine
Auswirkung in der Masse-Impuls Gleichung zu bemerken ist. It can also
happen that there are several particles after the collision (as in Fig. 9),
which leads to corresponding formulas, or during the collision a light flash is
emitted, which changes the formulas dramatically. We refer to I11.6.5 where
we also consider the energy balance and to I11.6.6 where we present realistic
situations such as elastic collision and plastic collisions.

3.2 Collision of mass points. Let be given two mass points, as in 2.9,
t— £%(t) € R" continuous, «=1,2,
whose trajectories meet exactly in the spacetime point (tg, xg),
o = &' (to) = E3(to) -

We denote the distributions pca as in 2.8. The masses are given by bounded
continuous functions ¢ — m®(t) > 0 for ¢t # ty. Thus, the distributional
total mass of the system is given by
> mpea € 2'(R x R™).
a=1,2

Assertion: Let the distributional equations

Oy <Z map§a> + div (Z m"‘vap,ga) =0,
“ “ (13.8)
O (Z mava,uga> +div (Z mev®pT ,uga> = > e

171, Bernard Cohen writes there in “A Guide to Newton’s Principia”: 'For example, in
law 2, Newton writes that a “change in motion” is “proportional to the motive force”.
Here he means “change in the quantity of motion” or, in our terminology, change in
momentum.’
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be satisfied, where v®(t,£(t)) := £2(t) are the velocities, and and £ = fo.
Let the derivatives £%(t) for t # ty be piecewise continuous up to the point
to, as well as the vector fields f¢. It follows

mege = fo | for t # tg
m< locally constant in ¢ and a =1, 2,

m! +m?2 =m! +m? (mass conservation in ty),

mtol +m2e? = m#v}r + mivi (momentum conservation in ¢y),
(I3.9)
where
¢ =1 At ¢=1 At
me tl}%m()’ m = lim m®(t)
o= ot (1E00), o= lim oo (1E°(0).

Thus, it is not described what happenes to the particles when colliding, but
it is set up a total mass balance and a total momentum balance. This is
done under the assumption that after the collision the only thing which is
left are again two particles.

Fig. 9: “Particle tracks from the collision of an accelerated nucleus of a
niobium atom with another niobium nucleus. The single line on the left
is the track of the incoming projectile nucleus, and the other tracks are
fragments from the collision.” (Courtesy of the Department of Physics and
Astronomy, Michigan State University)

Proof. Outside the point (Zg, o) the two trajectories £ are apart from each
other. Let ¢ # tp. In a neighbourhood of the point (¢,£%(t)) we have to
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consider only the a-phase, this means that in this neighbourhood we have
to consider

O (mo‘uga) + div (mavo‘uga) =0,

O (mavauga) + div (mo‘va 0T ,uga) = "o .
Due to 3.1 and 2.9, it follows that m® is constant in this region, that
v¥(t,€%(t)) = £*(t), and that m®*E*(t) = £9(¢,£%(t)) for t # to.
Therefore we have to compute the mass and momentum contribution near

the point (tp,xo). We write the mass conservation and the components of
the momentum conservation, see (I3.8), in one equation

Oy <Z gap5a> + div (Z gava,u,ga> = > % Mga

where
g% :=m®, r® := 0 for the mass conservation,
g% =my, r* =1, k=1,...,n for the momentum conservation.

We now choose test functions ¢ € Z(R x R™;R) which have a support in a
neighborhood of (¢, zg). We calculate

- (o S o Brene ) (e 5
= o[ eowereema

+[ T Oe @) d
R\{to} [ 1
— L EME®)
RGOS O)
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d
dt

52

= E:A/) (g*(CUaiaU)Dg“(aéa(w)—%c(uga(w)r“agga(w))(n
o JR\{to}

(now we integrate by parts)

. N d, 0 e P
- ;/R\{to} G620 (= 3 (97 (1,7 (@) +7(1.€°(1)) )

d N N )
2> /R\{to} = (e wg et ew) a

= ((to, &% (t0)) (92 — 9%)

= ((to,0)(92 — g%)

« d a o o o
- %}é“m?@f(“m(u@<@f<ﬂﬁ+r(tfﬁn)w

+C(to, o) >-(92 — g%),

«
where
g% = lim g“(t,&£%(t)), g% := lim ¢g“(¢,£%(t)).
g% = lim g"(L (1), 92 = lim g*(t.€°(1)
Since the test function ( is arbitrarily, it follows

%(go‘(t,g(t))) =r%(t,&(t)) for t # tg and a = 1,2,
292 => 9%

This gives all the equations in (I3.9).

Gravity applied to space objects

Wir betrachten nun das Newton’sche Gravitationsgesetz (12.10)

div(=VIg]) = [o]

flir die gesamte Massendichte 9. Wir stellen uns die Frage, wie ¢ als Kraft

auf die Impulserhaltung (13.31)

0o + div(pv) =0,
di(ov) + div(ovv® +1I) = f

wirkt. Es ist dies die Newton’sche Kraft(dichte), die fiir f bedeutet

Newton’s force density:
f=goVe

f force density,

(13.10)

(13.11)
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wobei hier angenommen wird, dass es die alleinige Kraft ist, im Allgemeinen
konnen noch andere Krafte wirksam sein. Die zugehorige Beschleunigung
ist

a=gVe. (13.12)

Bemerkung: Let n = 3. It is
3
g=4rG with G =6.67384 10! kL (I3.13)

.gsz

being the gravitational constant. Here is a list of some dimensions:

k k
m m3
k k
Vo | -2 Bo | L
m? m3s
m kg
a, gv¢ 572 oa, f: ng(b 771282

Here a is an acceleration.

Wir denken uns nun die gesamte Massendichte ¢ aus disjunkten Teilmassen
0q zusammengesetzt, etwa ein Teil des Himmels bestehend aus Sonnen und
Planeten. Fiir das Gravitationspotential gilt dann wegen der Linearitat des
Gravitationsgesetzes

0=20a, ¢=2 0., div(=VId.]) = lea].

Da wir annehmen, dass die Teilmassen alle verschiedenen Trager haben,
sagen wir disjunkte D, C R x R” fiir den a-Trager, konnen wir definieren

V=04+Uu, und II=1II, in D,,

wobei v, die Bewegung des Himmelkorpers als Ganzes und u,, z.B. die lokale
Rotationsbewegung ist. Es gilt damit nach (13.10) fiir jedes «

div(=VI[@,]) = [ea]
Ot[oa] + div[oave + 0aua] =0,
Ot[0aVa + Oatia] + div[0avaVa® + 0aliaVal + O0avVa ] (13.14)

=49 %[Qav‘ﬁﬂ] — div[gata UaT + 4] -

Wir lassen nun die Teilkérper gegen Punktmassen konvergieren, also kon-
vergiert fiir alle o
[0a] = Mape, punktweise in Z'(R x R"),

Vo gleichméfBig in Raum und Zeit R x R™.
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Kulpergiirtel

Uranus

urn

®©

Asteroiden Pluta

Inneres Sonnensystem AuReres Sonnensystem

=

der C ' ' ) Orbit von Sedna

Fig. 10:  “Die Umlaufbahnen der Objekte des Sonnensystems im Maflstab”
aus [Wikipedia: Sonnensystem] (2-dimensionale Projektion)

Weiter konvergiert dann

[0atia] — 0 punktweise in Z'(R x R™).

Aber es gibt Probleme mit dem Term o,V@,, da hier beide Faktoren en-
tarten, o, geht gegen einen Punkt und dort geht V¢, gegen unendlich, es
gibt also keinen einfachen Limes. Jedoch gilt in der hier gegebenen Situa-
tion, dass

al0aV,] — div[oataua® + 11, — 0 in Z'(R x R™) (13.15)

punktweise, d.h. fiir jede Testfunktion in Z(R x R™). Siehe dazu im sta-
tionaren Fall 4.5 fiir Kugeln, IV.16.5 fiir rotierende inkompressible Planeten,
und IV.16.3 fiir allgemeine Planeten. Es sei auch auf [21, Apropos Newton]
hingewiesen. Setzen wir nun diese Resultate in (I3.14) ein, so lauten die
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Gleichungen im Limes

div(=Vig,]) = map, ,
8t(mau€a) + diV(mavall{a) =0, (1316)

O (Mmavalte,) + div(mava VoL Be,) = gma(ﬂ,@% Vs, -

Nach 3.1 sind diese Gleichungen dquivalent dazu, dass fir alle a die Masse
me, konstant ist, dass v, (t,£(t)) = £(t) ist, und dass gilt
div(=Vig,]) = man, ,
3 13.17
) =g 3 Vos(ttalt)). (13.17)
B:B#c
wobei wir die letzte Gleichung noch durch m,, dividiert haben. In diesem
Zusammenhang sei auf [21, N-body problem| verwiesen, wo der Einfluss

von Planeten auf die Perihelbewegung mit der allgemeinen Formel (13.17)
numerisch gezeigt wird.

Momentum of a single planet

We consider now the Sun system and assume that we are in the center of
gravity, hence

2 matalt) =0,

and we orientate ourselves on stars in the surroundings. This is the reason
why we took only one f-term in (I3.11). Now the Sun takes about 99.86%

Fig. 11:  “Fotomontage zum Grofenvergleich zwischen Erde (links) und

Sonne. Das Kerngebiet (Umbra) des grofen Sonnenflecks hat etwa 5-fachen
Erddurchmesser” aus [Wikipedia: Sonne]

of the mass of the whole Sun system (see Fig. 11), hence m, << mg, where
myg denotes the mass of the Sun and my, a # 0, the mass of the planets.
Since the major mass is the mass of the Sun, the individual masses of the
planets are not considered (for a better model see [21, N-Ko6rper Problem)]),
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and therefore the differential equations in (13.17), where now the movements
of the planets become independent, are approximated by

div(=Vlgyo]) = mop ,
Ealt) = g Vy(t,&a(t))  for every o
Therefore the planet moves with ¢ — £, () in a central gravitational field.

In the following statement the potential of the Sun ¢, and the position of
the planet £, have no index.

(13.18)

3.3 Kepler’s laws of planetary motion. The mass of the Sun is concen-
trated on the point {0}. The planet is modeled as a mass point {{(t)} at
time ¢t with mass m and satisfies

mé=1f, f£(t)=mgVe(t Et)), (13.19)
where ¢ is the gravitational potential of the Sun, given by
div(—=VI[g]) = mopy - (13.20)

It is assumed that £(¢) # 0. Then (with some exceptions of one dimensional
movement in the positive or negative direction to the Sun) the equations of
Keplerian motion apply, that is, the movement is in a plane spanned by an
orthonormal system {ej,e2} with the representation

E(t) = r(go(t))(cos o(t) e + sin p(t) 62)

and
0) = Teeons
1+e-cosp’
d
o=—, d>=pGmgy > 0.
r()

The independent quantities are p > 0 and e. If |e| < 1 the planet makes a
periodic movement. (See also exercise 7.17.)

Proof. We have to solve the system (I3.18). The first differential equation
is (I3.20), and with the boundary condition ¢(¢,2) — 0 as |z| — oo it has
the solution

mo my x
b)) = hence b)) = ———= .
o(t, ) Tl ence  Vo(t,x) yEpE

The second equation is (13.19)
£(t) = gVe(t.£(1),

i.e. with g = 4nG
. t
£(t) = —Gmoi : (I3.21)

€@
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Dec (")

0.4 0.2 0. 02 —04
R.A. (")

Fig. 12: “Elliptical orbits of stars at the galactic center. The massive black
hole is at coordinate (0,0). Star S2 has an orbital period of about 15 years”
from Department of Physics and Astronomy (California State L.A.). See
also Fig. 14.

By assumption £(t) is non-zero. From the differential equation it follows
that & (t) has at most finitely many zeros. So we can assume that £(0) # 0
and £(0) # 0.

1. Step. We show that we only need to treat the two-dimensional case.
We denote with H that subspace which contains 0, £(0), und £(0). We
decompose

§t)= =) + y)

- N
e H cHt

Then y satisfies the differential equation

y(t)
HOLS

(]&(#)]? is in the denominator). Because of the homogeneous initial condition
it follows from the differential equation that y = 0. Consequently {(t) € H.

g(t) = —Gmy
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Then H is a hyperplane provided £(0) and £(0) are linearly independent. If
not, then H is one-dimensional and £(t) goes to 0 or infinity.

2. Step. We assume that (I3.21) applies and that the motion is two-
dimensional, hence without loss of generality ¢ + £(t) € R2. Then we can
introduce locally in time polar coordinates

E(t) = r((t))e?

that means, r is a function of ¢. Then with

c:=+/Gmy
one computes
2 2
c 2 £(t) s dh d . N
—T—2e9° =—c EOF ={= @(Te‘p) = &(@(7/¢+17)e9°)

= (@g(re, +ir) + gbz('r/w — 7+ Qirrgo))ew

and therefore

C2

72 .

G(rip +ir) + @2 (rrpp — 7+ 2ir1,) = -

Real part and imaginary part result in the two equations

@r+2¢%r, =0,
2 (13.22)

Brip+ X (r1pp 1) = =55

Petihelion

opposite
focus of

a = semi-major ellipse.

axis of ellipse &= sccantricity

of the ellipse

R, =a(1+e) Ry=a(1-e)

Fig. 13: “All planets move in elliptical orbits, with the Sun at one focus”
from [hyperphysics.phy-astr.gsu.edu/hbase/kepler.html]

3. Step. Solution of the first equation in (13.22).
If » # 0, the first equation can be written as

£+2M:0’

2 r
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thus

d .
a;ﬂoghﬁ-%2bgr(¢D::0,

therefore with a constant d # 0

¢:N@T (13.23)

NACO May 2002 52 Orbit around SgrA®

Fig. 14:  “Left: An image of Sgr A* and S2 from the 8.2m VLT YEPUN
telescope at the ESO Paranal Observatory. Right: The orbit of S2 around
Sgr A*, highlighting the last close encounter, in 2002” from ESO. “The next
encounter of S2 with Sgr A* will occur in 2018” from www.chandra.si.edu
Chandra X-Ray Observatory. See also Fig. 12.

4. Step. Solution of the second equation in (I3.22).
We get from (13.23)

. 2d . 27"@ .92
¢=———griu(p)p=——"¢
74(99)3 P r
If we plug this into the second equation, we obtain
2 . 2r?

T2 et P (rigp —1) = 952( a ,,.*g T Trpp = T) ;
that means with (13.23)
2 27“2
& 2 )
7ﬁr _T/@@*T*T. (1324)
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This is a ordinary differential equation of second order in ¢ — 7(p). If we
now set, with p # 0 and a given e € R,

p
r(g) = ———,
(%) 1+e-cose’ (I3.25)
then it is
pesin g esing ,
T, = = T
(1 + ecosp)? D
ecosyp o  2esing
Tl = re 4 "1,
T ) r p T,
2 2 i 2
y 2/ S )
_ (2o e
r p p
r2  92¢2sin2p . P2 22
B ot S T
p p p U
and thus becomes (I13.24) to
CQ 2 27%}9 T’2
— =T =T, — —r=—-—.
a2 P , »
This is equivalent to the condition
d2
p="2. (13.26)
c
The equations (13.23), (13.25) and (I3.26) are the Kepler motion (siehe [21,
Kepler’s laws]). O

Sogar im Zentrum der Milchstrasse ist die Bewegung der Sterne um das Zen-
trum (“Schwarzes Loch”, SgrA*) nahe einer Kepler Bewegung, wie Fig. 12
und Fig. 14 zeigt. Eine Abweichung davon ist wie bei den Planeten des
Sonnensystems (insbesondere die Bewegung des Merkur) eine Perihelbewe-
gung, verursacht durch die Gravitation der tibrigen Planeten (siehe [21, N-
body problem]). Die Bestimmung der Position der Sterne von Aufnahmen
derselben ist nichttrivial, die Schritte, die dabei gebraucht werden, sind in
Gillessen et. al. [13] dargestellt, see also [11], wo auch eine Abschétzung der
Masse von SgrA* gegeben wird.

Collection of mass points

We now consider a collection of mass points (or particles) with interacting
forces. We obtain in the distributional momentum conservation a special
matrix I, that means the interacting forces have in part a form which allows
them to be reformulated, so that they are expressed as a term under the
divergence operator (see [16, 2.2 and 2.4] and [19, section 7]).
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3.4 Multiple mass points. We consider N mass points with mass m, at
the position ¢ — £*(¢t) for « = 1,..., N. They should satisfy the ordinary
differential equation

Mo () = = 5 Fag(6%(t) = €°(t)) + fa(t) (13.27)
B:5a

in t, where mappings F,5:R"™\ {0} — R" for a # [ are given with
Fop(—2) = —Fgqa(2) . (13.28)

We consider a t-region in which the mass points are disjoint, i.e. they do
not meet EX:Kollektion von Massenpunkten). With velocities v, (¢, £¥(t)) =
£%(t) the following mass-momentum equations hold

8t(%:map§a) + divx(gmavaufa> =0,

81‘,(277710{1)&”5&) + divx(ZmavavaT l‘l’.fo‘ (1329)
1 W b e T
—= Y Fupe* =€) (& - ¢P) ugafﬁ):zfa,%a,
2 o.Bratp a

Here the distributions pea and pea ¢s are given for test functions ¢ by
(Comee)i= [ Ctg7@)ar (asin2s)
1
(Cogeer) = [ [ ottt (0 + 5670 dsat,

We see that in the ordinary differential equation me&® = £ the force term

£9= = Y Fap(€® =€) + fa
B:fFa

consists of two terms, where the first one can be written as “internal” term
1 o _ By (e _ ¢B\T
D) > Faﬁ(f —¢ )(f S ) Ko g8
a,Ba#p

in the flux of the momentum equation. Therefore we call

S Fap(e™ - &%)
B:B#a

an “internal force density”.

Proof. For a single mass point, the mass m,, is constant and it holds

777*&50/ =f*:=— Z FC«’)’ (50 - Eg) + fa-

B:B#«
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Therefore follows as in 3.1 that this is equivalent to
Or(Mmapea) + dive(mavaptea) =0,
8t(mavap,§a) + divy(mava Vol Mga) = faﬂga .

By forming the sum, of course, it follows
815 ( Z mau5a> + lem ( Z mava“§a> =0 s
(0% (e}
Oy ( > mavauga) + div, ( > mava Vo p,ga> => .
[e% « (03

It remains to rewrite the force term. (This manipulation is not so apparent
in the existing literature.) Now

Z fall’ga - Z Fall’ga + Z fall'ga
e @ @

where
Foi= X Faﬁ(ga—55)~
B:f#a
We show that the Fi-expressions can be written as term under the diver-

gence, hence we call it an “internal force” term. Thus we have to show that
for ( € Z(R x R™;R"™)

%:<C7Fa#§a> = (D¢, M) =—(¢, div,M) ,

M = % Y Fag(6® =€) (€% — %) peas.
a,B:a#B

(13.30)

To prove this, we let Faq := 0 and ﬁaﬁ = Fop(* — %) for a # 3, so that
by assumption (13.28)

Fop(e® — &%) = —Fo (€9 — €%) for a # B,
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or .ﬁag = —ﬁ 3o for all o and . Thus we obtain
ZXCFW@>:Z<Cﬁm@>:E C(t €°(1))o Fu(t)
a,f a,fJR
-3 [ (€O Fas®) + <. D)o (0)
=% [ 5(cenw) - o) eFust a
a,B -

ﬁ// (DC(t (1~ $)E(0) + s (1) (€ (1) — €2(1)) ) o Fap(1) s

(since (Dz;)ezo = De(2221"), D matrix, z;, zp vectors)

;Zﬁ// DE(t (1 )EP (1) + s6°(1))o (Fap(t) (6°(t) — €9(1)) ) ds
- % <DC’ Fap (6" —€7)" “éa,eﬁ> = (D¢, M)
j’k< 0;Ck, My, ) = —%(CA«, 0iMyj) = — (¢, divaM ) .
Consequently the assertion follows. -

Hence we have seen, that the mass and momentum conservation plays an
essential role even for models with particles. We have also seen how New-
ton’s mechanics, if it is interpreted using distributions, is part of continuum
mechanics.

Fluid equations

Now we come back to the general systen of conservation laws (13.1). If p is
the total mass, it is usually J = 0 and r = 0, the term ?, which we called
“general force density”, now becomes the “force density” f (see (I13.2), for
an explanation see the mass-momentum balance in section 11.3). We then
obtain the

(Special) )Mass-momentum conservation:
o + div(ov) =0,
di(ov) + div(ovov® +1I) = f

(13.31)
o mass density, v velocity,

I = (L),

ij=1,.n DPressure tensor,
STy

f=(fi),— , force density.
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It is very important for this mass-momentum balance how the pressure ten-
sor IT is defined. Please, compare the distributional representation in (13.29),
where the pressure tensor also is determined by the forces which act between
the molecules. We will now model the movement of fluids (for a single fluid
we dont need a distributional mass-momentum law, unless in certain limit
situations), where II is given by II = pIld — S with a pressure p and a stress
tensor S. The stress tensor is assumed to be linear in (DU)S. (These prop-
erties are derived in Chapter II, and the inequalities in (I3.32) follow from
the entropy principle, see Chapter III.) The force term f is now usually an
external force. We obtain the following

(Compressible) Navier-Stokes equations:
o + div(ov) =0,
di(ov) + div(pvvt + 1) =f ,

II = pIld — S pressure tensor, p pressure,
S = a(Dv + (Dv)") + b( dive) Id
= 2a(Dv)°® + b(divo)Id  tension tensor,

(13.32)

2a
a>0and b+ — >0 viscosity coeflicients,
n

f force density, (sometimes a = p, b=\ %)

It should be noted that this special representation of the pressure tensor II
and the tension S is a consequence of 11.4.12, it is

S = 2a(Dv)® + b( dive) 1d

— 2a( (Dv)® — %div(v)ld )+ (b+ Qn—a) div(v)Id,

trace free

hence the positivity of the coefficients becomes clear. This positivity we
will later, in connection with the entropy principle, study in detail (see
e.g. 111.2.5). The pressure p is a function of p (among other things) if
we regard a compressible fluid (see Section IV.2). Another version of the
momentum balance comes from the following computations, which are true

18 Tamé introduces his coefficients in the theory of elasticity. Mathematicians use his
name because of analogy of the physical terms, see [Wikipedia: Lamé parameters]: “For
example, the parameter p is referred to in fluid dynamics as the dynamic viscosity of a
fluid; whereas in the context of elasticity, u is called the shear modulus.”
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in general,
dr(ov) + div(gvoh)
= ( dro + div(ov) )v + (O + veVv),
=0
and

divIl = div(pld — §) = Vp — divS.

Thus the (compressible) Navier-Stokes equations are equivalent to

(Compressible) Navier-Stokes equations:
Oro + div(pv) =0,
0(0v +veVu) + Vp — divS =f

(13.33)
p pressure (e.g. a function of p),

S = a(Dv + (Dv)) + b(dive) Id,
f force density, for the other quantities see (13.32).

We test the equations by looking at the example of a centrifuge.

3.5 Centrifuge. We model a centrifuge by an infinitely long pipe in R",
n = 3, that is {x € R?; |(x1,22)| < R}, and we denote by r the distance
from the axis r = /x% +23. We consider stationary solutions, that
means solutions that do not depend on the time variable.' We make the
ansatz

Q:Q(r)v p:p(r), =0,

13.34
v(x) =w- (—x2,21,0). ( )

Then the compressible Navier-Stokes equation (see (13.33)) in the stationary
case is equivalent to the differential equation

orp = w?ro. (13.35)

That is, the pressure increases with the radius . Hier schaut der Beobachter
von auflen der rotierenden Zentrifuge zu. Dreht sich der Beobachter mit der
rotierenden Fliissigkeit und schreibt er die Situation in seinen Koordinaten
auf, muss er die gleiche Physik beschreiben, d.h. fiir ihn muss ebenfalls der
Druck mit dem Radius ansteigen. Dass dem wirklich so ist, wird in Beispiel
11.3.10 nachgerechnet.

Proof. The equations (I3.33) are in the stationary case
div(pv) =0,

_ (13.36)
oveVv + Vp — divS =0.

19This is the general definition of “stationary”.
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It is
—x9 0 -1 0
v=w | X1 also Dv=w|1l 0 0],
0 0O 0 0

so (Dv)® = 0 and dive = 0, hence S = 0. Moreover
o,
V(p(r) = 0pVr = 7 (@1,22,0).

It follows, we have the same computation for V(o(r)),

div(pv) = odivv + (Vo)ev
Oro
”

=w (r1,22,0)e(—x2,21,0) =0

and the momentum equation becomes
oveVv 4+ Vp =0.

We compute 2°

3
oveNVv = > pv;0y,v
i=1

= ow?(—19eq — 11€1) = —0Ww* (71, 72,0),

hence it follows that
Oy
0 = oveVv + Vp = (—ow? + —p)(xl,xg,()) \
,

that is
—Orp = W2Q-
’

O]

3.6 Different materials. We discuss different constitutive relations for p
and its consequences for the identity (13.35).

(1) Let o = const > 0 and let p be an arbitrary free variable. Then it follows
from (I3.35) that
_ w?o 2

p = TT + const.

(2) Let p = cp” with v > 1. Then (I3.35) is

1

— 1w? -1
0= (MTZ + const)
2cy

,, the i-th basis vector of R".

2014 i e;, = (5ij)j:1

.....
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(3) Let p=cp. Then (13.35) is
(5t v eoms)
o=exp | =—r° + const |.
2c
(4) Let p=ofr,(0) — f(o) with a given function f. Then (I3.35) is
2

frolo) = %r2 + const.

(5) Let p=-c10+ c20” mit v > 1. Then p is as in (4) if

C2

f(o) = cro(logo — 1) +

197+const-g—co.

Hence p is as in (4) So (13.35) is equivalent to the formula in (4).

Remark: The function f is the “internal free energy”, see Section II1.5.Note,
that f is a convex function and f/, monotone increasing. Constitutive func-
tions you also find in [39, 1.3.2 and 1.4].

Proof (1). This follows by integrating (I3.35). O
Proof (2). 1t is
Wi =" 0r(e") = v 00 = Or(hl0))

if

hig(0) = cy0”™? hence h(g) =c——0" ' + const.

Therefore

that means

2
c w
igv_l + const = h(o) = —12 + const.
v—1 2

From this it follows the result. O

Proof (3). It is

w2,r, — Earg — Car(log Q)
o

2
Oy <clogg— 6272) =0,

and thus

that is,
2

W™ 2
log o = —1r* + const.
2c

O
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Proof (4). It is pry = 0f1,,, and thus

Op =pre0ro = 0f140(0)0r0.
Since 0,p = w?rop, we have

f’gg(@)&‘@ = w’r.

: w?
0, (fole) - 52) =0.

and from this follows the assertion. O

That means

Proof (5). It is
27

fro(0) = c1logo + 1_0771 + const

hence
Qf/g(Q) - f(Q) =cy+cio+ CQQA’ = p.
So p is as in (4). -

Incompressible fluids

In many applications it is assumed that the fluid is incompressible, that is,
0 = oo = const > 0. In this case, the mass conservation reduces to

0 = 0o + div(pv) = godivu,
hence it is dive = 0 and, with (Dv)® = +(Dv + (DU)T),
S =2a(Dv)® 4+ b dive Id = 2a(Dv)° .
1
=0

Thus we obtain from (I3.33) the following for the incompressible Navier-
Stokes equations

Incompressible Navier-Stokes equation:
diveo =0,
00(0pv + veVv) + Vp — divS = f

(13.37)
oo > 0 constant, v velocity, p pressure,

S = a(Dv + (Dv)") = 24(Dv)® tension tensor,

a > 0 viscosity coefficient, f force density.
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If in addition a = const, then

2 diV((DU)S) = (Z 8j(8jvk + 8kvj))
J=1 k=1,...,n
=Av+ ( 8k8jvj> = Av + V(divw),
J=1 k=1,....m
therefore
divs = div(2a (Dv)®) = 2a div((Dv)®) = aAv.

Hence, if a = const, then (13.37) is equivalent to

Special Navier-Stokes equation:
dive =0,
00(0rv +veVv) + Vp —alAv =f (13.38)

quantities as in (13.37),

a = const > 0 viscosity coefficient.

This is the version which is often treated.

Wir geben nun die Poiseuille Stromung als Beispiel fiir eine inkompressible
zdhe Stromung an (siehe auch [%, 5.1 Laminare Rohrstromung], wo beliebige
Rohrquerschnitte behandelt werden).

3.7 Poiseuille-Stromung durch ein Rohr. Das Rohr ist gegeben durch

D:={zxcR3 \/x?+23 <R}.

Wir betrachten die stationére inkompressible Navier-Stokes Gleichung ohne
auflere Kraft, d.h. f = 0. Die Gleichungen lauten dann

dive =0,
oveVuv + divll =0, (13.39)
[MI=pld-—S

in D, mit Druck und Spannungstensor wie in (I3.38). Wir betrachten Stro-
mungen mit konstanter Viskositat, also a = const, und der Randbedingung

v =0 auf 9D. (13.40)

FEine stationare Losung der Massen- und Impulserhaltung mit dieser Rand-
bedingung ist gegeben durch

c
v(x) = r (R* — (23 +23)) e3,
p(z) = —caxs + const,

wobei ¢ eine Konstante ist und a der konstante Viskositatskoeffizient.
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Pressure

A Drop P,
voume  F-A-B W
Flowrate R r
F hEIsTaFE_'___g}TL__ |
iR _R= 27

be— . =

Fig. 15: From [hyperphysics.phy-astr.gsu.edu/hbase/ppois.html]

Ist also @ > 0 und stromt die Fliissigkeit in Richtung es, d.h. ¢ > 0, so
fallt der Druck p in Stromungsrichtung. Also muss bei einem langen Rohr
die Fliissigkeit mit hohem Druck eingefiihrt werden, um eine stationére
Strémung zu erreichen.

Proof. Sei (v, p) eine Losung von (13.39) in D mit der Randbedingung (13.40),
und fiir die wir die Darstellung

v(z) = v3(z1,22) €3

annehmen. Dann gilt
dive = 0p,v3 =0,

also ist fiir die Massenerhaltung wegen o = const
div(ov) = pdive = 0.

Es folgt weiter S = QG(DU)S, d.h. der Divergenzterm von S verschwindet,
und daher gilt fiir die Impulserhaltung, da a = const,

0 = oveVv + Vp — divS
= ov30y,v + Vp — divs = Vp — 2adiv(Dv)°.

—_ 1
=0
Nun ist
0 0 0 1|0 0 Ovs
Dv=| 0 0 0], (D«U)S:5 0 0  ovs
811)3 821)3 0 011)3 821)3 0
also gilt

. 1
div (D’U)S = 5(A(m,z2)’03)637
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somit

Vp = 2adiv(Dv)° = (A (2 ,2)V3)€3 -
Daraus schliefen wir zunéchst, dass d1p = 0 und dop = 0, also ist p = p(x3).
Dann wird die Impulserhaltung

23,@ - Al (g, ) V3
Funktion von x3 Funktion von (z1,x2)

also gilt mit einer Konstanten ¢

O3p = —ca und A( v3 = —C.

1,T2)

Daraus ergibt sich p = —caxs + const. Und wegen der Randbedingung an
v folgt aus der Differentialgleichung die quadratische Darstellung von wvs,
d.h. vg = § - (R? — (2] + 23)). O

Proof der Formel in Fig. 15. The flow rate F is the total flow through a
cross section to the pipe, that is,

F = v(2')eez dL*(2') = C/ (R? — [2')*) dL?(2")
JBr(0) 4 JBr(0)
= - -27r/ r(R*—r*)dr=—R".
4 Jo 8
The pressure difference for a pipe of length L is
P — P = { —caxg + const R cal ,
xr3=L

hence

Fo TRt ﬂ(Pl—PQ)R4: TRY (P, — P) _P-P 7

8 8aL 8aL R

so that for the resistance

P1 - P2 8alL
R = = ;
F TR’
where a is the viscosity coefficient. In Fig. 15 we have n = a. O

In der Regel hat die stationédre Navier-Stokes Gleichung (bei gegebenen
Randbedingungen) mehrere Losungen. Die hier gezeigte stationire Losung
der Navier-Stokes Gleichung ist stabil fiir kleine Geschwindigkeiten bzw. gro-
Be Viskositaten. Fiir grofle Geschwindigkeiten bzw. kleine Viskositaten bildet
sich physikalisch eine Randschicht aus, die in der Regel nicht stationar ist.
Also existiert dann noch eine weitere instationdre “stabile Losung”. Will
man das Problem numerisch behandeln, so ist also auf eine geniigend feine
Diskretisierung nahe des Randes zu achten, und ggf. muss eine mathe-
matisch formulierte Randschicht benutzt werden (siehe zum Beispiel die
Prandtl’sche Randschicht in Abschnitt IV.15), damit man eine genauere
Darstellung der Stromung erhélt.
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4 Interfaces

We encounter daily (see Fig. 16) different media which touch each other, for
example, a ship in the water, a drop of water, a leaf in the air, and stones
on the ground. This situation is described mathematically by a surface that
separates the medium 1 and the medium 2. The main observation is that
also in this case the conservation of mass and the conservation of momentum
applies. So we have to deal here again with the situation that we can use the
concept of distributions. Only with the help of distributions the conservation
laws are effectively writable and easy to understand.

We give in this section only examples that do not have differential equations
on the interface such as surface tension or surfactant (this is treated for
example in the advanced lecture [22]). These simpler cases occur for example
in connection with hyperbolic equations, see Section 1V.4 where the FEuler
equations are treated. We assume that the media are fluids or gases. Thus

Fig. 16: Interface of water and air

we have
U=2'UTUQ? cR xR,

where U4 C R x R™ is an open spacetime subset. The sets 2™ are open sets
containing the fluid or gas, and the common interface is I', which we assume
to be a C?-surface. Hence

t— Qi ={zeR"; (t,z) e Q"} CR"

is the set, which is occupied by the fluid or gas at the given time moment ¢,

2 _ .
Q} = Medium 1 2 = Medium 2

N

I'; = Interface

Fig. 17: Two adjoining media
and the #nterface at that time ¢ is

t— T :={xeR"; (t,z) e} CR",
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which by the way also should be a C?-surface. In general ¢ — I'; can depend
on time, and then there exists a normal vector vr (¢, z) € R™ which indicates
how fast the interface is moving in time:

4.1 Normal velocity. Zu jedem Punkt x € I'y gibt es genau einen Vektor
1L
vp(t,x) € Tp(Ty) ™,

der im Normalenraum von I'; liegt und der die folgende Eigenschaft hat: Ist
t — &(t) € I'y die Bewegung eines Massenpunktes auf I, so gilt fiir = = £(t)

op(t, @) = P(t,x)v(tvx) (L, €() = E(1).

Dabei ist Py ;) :R™ — Tx(Ft)J‘ die orthogonale Projektion. Remark: Im sta-
tiondren Fall ist auch I'; von der Zeit ¢ unabhéngig, also ist dann vp(t, z) = 0.

Hierbei ist also v(t,&(t)) € I't die Geschwindigkeit des Massenpunktes und
die Aussage besagt, dass v(t,z) — vp(t,x) € T,(I't). Der Massenpunkt ¢ —
&(t) € T'y kann sich also beliebig auf I bewegen.

Proof. Let x € I'; and define the normal space by N, := Tm(Ft)J'. For small
d > 0 the set I'y1s intersects {z +v; v € N,} in exactly one point {zs}.
Since the set I' is C! there is exactly one vector vr(t,x) such that

x5 = x + dvp(t,x) + 0(0) .

Now if ¢ — &(t) € T'; is the movement of a mass point and = = &(t) it follows
again from the C'-property, that P oy (§(t +6) — w5) = 0(6). Hence

Ploay (€(1)) = 5 Py (€00 +8) — £(1)) + (1)
1

5 D) (@5 — 2) +0(1) = Py (vr(t, 2)) + 0(1)

wich gives P ) (£(t)) = vr(t, z). O

The balance between the two media Q7, m = 1,2, is given by conserva-
tion laws, which are the distributional version of the mass and momentum
equation. With given quantities (o™, v, II") they read

8t[ZQOXQm] + le[ZQOUmXQm] =0

O[>, 0" v Xam] (14.1)

+div[>,, (e ™t + ™) Xgm] =[S, " Xam] .

These are the equations we consider without additional terms on the inter-
face I
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In the following examples we will use this distributional differential equations
(I4.1) and we make the assumption of a stationary solution®! therefore

Q" =R xD™hence ' =R x S, (14.2)

with D™, S C R™. Furthermore, we assume that there no mass exchange on
the surface S, hence v™ on S points in a tangential direction of S. Under
these assumptions (I14.1) is equivalent to

div[p™v™Xpm] = 0 for each m,

. (14.3)
div[Y,, (v 0T 4 T K] =[5, 87 X

We present three examples, which are all very classical.

Principle of Archimedes

As first example we consider a body in water. The set D! = D’ represents
the body and D? = DY the water. One case is that the body is totally
under water.

4.2 Archimedes’ principle. “Any object, wholly or partially immersed in
a fluid, is buoyed up by a force equal to the weight of the fluid displaced by
the object.” From [Wikipedia: Archimedes’ principle].

How this has to be understood one sees in the following proofs, in particular
it is of interest how the mass-momentum system enters the argumentation.

0% Air

7 / 7

Fig. 18: A partial submerged body D’ with boundary S := 9D?

2! According to the definition this says that also the velocities are independent of time.
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Proof if the body is comletely submerged. Wir betrachten den statischen
Zustand, d.h. den stationiiren Zustand mit Geschwindigkeit 0 ?? und es sei
n = 3. Der Korper, représentiert durch D' = D, sei ganz eingetaucht in
Wasser D? = D%, und der Rand dazwischen sei §. Die Massenerhaltungen
in (I4.3) sind dann trivial und die Impulserhaltung in (I4.3) lautet

diV[ Z HmXDm] = [ Z meDm] .

m=1,2 m=1,2

Wir schreiben dies mit Testfunktionen ¢ € 2(R3;R3)

0= <C7 —div Z I Xpm | + Z meDm] >
m=1,2 m=1,2 2(R3)
= | (DGI™ + Cof™) dL? (14.4)

m Jpm
=> [ Co(— divII™ +£7)dL? + / Ceo <z Hmqu> dH?.
m J Dm S m
Dies ist dquivalent zu, wobei v eine Normale an S sei,
divlI™ = ™ in D™, (II*> ~ 1Y)y =0 auf S,
also, wenn wir die andere Bezeichnung verwenden,
divII¥ = f% in D¥,  divII® = f* in D®, (II% —II°)v = 0 auf S.

Im statischen Zustand ist fiir das Wasser 11" = p*Id mit dem Druck p* und
fiir die Kréafte nehmen wir nur die Schwerkraft und diese approximieren wir
linear, d.h. f¥ = o"%g sowie L~ gbg mit g = —ggrrde€3, wobei ggrqe die
Gravitationskonstante auf der Erdoberfliche sei. Hier sind o% und o° die
Dichten, wobei wir annehmen, dass

0" = ¢° = const.
Nun ist in D"
Vp¥ = divIl¥ =% = 0"g = —0" gprde€3

und daher (bis auf eine Additionskonstante, die dann auch beim Korper

addiert werden miisste)
w

p¥ = —0"gBrdeTs -
Da 0% = 0% in D" und @° = const eine Zahl ist, konnen wir mit ihr eine
globale Funktion

p°(x) == —0°grrde s

22das heifit, wir betrachten ein Equilibrium
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definieren. Es ist also p® = p¥ auf Q. Wir erhalten

/ (DG + Cof*) AL = / (D¢3(p*1d) + CeVp™) dL?

= / (dive - p® + CeVp¥) dL3 = / div(p®¢) dL?
= /prol/Dw dH? = /pOCoz/Dw dH? = —/pOCoVDb dH?
S S S
= — / div(p°¢)dL? = — / D¢ (p°Id) dL® + [ Ce(—Vp°)dL?,
Db Db Db

wobei —Vp° = 0°gprqe€3. Somit ist, wenn wir dies in (I4.4) einsetzen,

. oTTh .b 3 IV of W 3
0/Db<DC'H + Cof”) dL +/ (DY 4+ Cof ™) dL

= / (DC3(IT — p°Id) + Ce (£’ — Vp°)) dL3.
Db

Wihle nun die Testfunktion gleich 1 auf D’ und erhalte

0= / fodr? — Vp°© dL3
Db Db
—— —
Total force Weight of the
on the body displaced fluid

O

Proof if the body floats on the water. Der Korper, reprisentiert durch D! =
D®| befinde sich nur teilweise im Wasser (siehe Fig. 18). Dann ist

S0:={z; 23 =0} \ D" eR3
das Interface zwischen Wasser D¥ und Luft D% und
D?=DvuS8’UD*.

Also besteht S := dDP aus zwei Teilen, dem Rand zur Luft ST := S N D"
und dem Rand zum Wasser 8~ := § N D". Die beiden Mengen werden
getrennt durch § N'SY. Es ist dann (wir nehmen dasselbe wir im vorigen
Beweis an, aber jetzt fiir die drei Gebiete D?, D¥, D?)

/ (DCIIIY + Cof ™) dL3 + / (DI + Cof ) dL3
= / div(p¥¢) dL? + / div(p®¢) dL?
:/ prOI/Dw dH2+/ paCOVDa dH2

S- S+
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(es sind p¥ = 0, p* = 0, p° = 0 auf {x3 = 0}), und das erste Integral ist
gleich

=— / p°Covpy dH? = — / div(p°¢) dL?

S- Dbn{x3<0}
= / (D¢3(—p°Id) + Co(—Vp©)) dL?.
Dbn{z3<0}

Also erhalten wir insgesamt

0= / (DCTI + Cof?) AL + / (DCETTY + Cof ) dL?
J Db

w

+ / (DCI® + Cof®) dL3
= /Db<D<=<Hb = Xaycyp”1d) + Co(f* — Xy, ) Vp?)) AL
— / p*Covpy dH?.

JS+

Man lésst jetzt o* — 0 (und dami auch p® — 0) gehen oder man formt auch
das zweite Randintegral um. Man wahlt dann wieder eine Testfunktion, die
gleich 1 auf DP ist, und erhélt dann

0= / frar® - / Xizy<o} Vp°dL®
Db Db )
——
Total force Weight of the
on the body displaced fluid

Fluid with free surface

As second example we want to consider a rotating fluid with free surface,
that is Dy := D' and Dy = D?, where Dy is occupied by the water and D,
by the air (gas).

4.3 Stationary liquid with a surface. We consider a stationary solu-
tion of an (in)compressible fluid with free boundary to a gas as just above
described, where there is no mass exchange between the two phases (no
evaporation or condensation).
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Assertion: The differential equations are
div(pv) =0,
) ( )T in Dy,
div(pvv™ +pld — 5) =f
pg = const locally in Dy,

ver =0, oD =S
on =S5,
(p — pg)v = Sv !

where v is a normal unit vector of S.

Proof. The conservation of mass is for the liquid (no mass exchange with
the gas)
div[ovXp,] =0,

thus for test functions ¢ € Z(R™;R)
0= (¢, ~divloon,)) = [ Ve(a)e(ov)(a)do
Dy

= | (z)vp,(z)e(0v)(x) dH" " Y(z) — () div(gv)(z)dx .
oDy Dy

From this it follows div(ov) = 01in Dy and vp,ev = 0 on 9Dy. The conser-
vation of momentum is true for vector-valued test functions ¢ € Z(R"; R")

0= (¢, —div[(ovv" 4 pld — S)Xp, + pgldXp,] + [fXp,] )
— (DG, [(vv" + pld = $)Xp,] + [p1d,] ) + (¢, [£2,])

-/ (Peiton™ - p1a = 8) ¢ cor) ¢ | pepa,

g

Since VD, = —VD;, this is
:/ Co (—div(gva+pId—S)+f) dL”—/ CeVpy dL"™
Df DQ

+ CQ(QUUT—l—(p—pg)Id—S)VDf da" 1,
oD,

from which the remaining differential equations in Dy and Dy, and the
interface equation follow, i.e.

div(gvv® + pId — S) = f on Dy,
Vpg =0 on Dy,
(ovv! + (p — py)Id — S)vp, =0 on dDy.
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Since we have already shown that verp, = 0, the equation on 9Dy is equiv-
alent to
(p— pg)z/pf — Svp, = 0.

O
D
A
=p on
\\. Fw;:ce‘ly,
\ /
\ /
\ /
\\‘ L
] et
30 i
i 3
4
— R —ﬁ-l ¥

Fig. 19: The surface is a paraboloid

4.4 The parabolic shape of the surface. We consider the problem in 4.3
with an incompressible fluid having stress tensor S as in (13.33), and

v(r) =w- (—x9,21,0) (rotating liquid),
f(z) = 09partn(0,0,—1)  (Earth’s gravity linearized)

with 0 = 09 = const,  guartn = 9.81 = (= 9.806655 ) .
S S

This is exactly a solution of 4.3, if

ver =0, p=py=constonsS,

S is given by a paraboloid in vertical direction:

r3 = —(x x const
3 2g( T+ x5)+

Hint: Tt ist ' = R x S time independent and v is a normal on S.

Thus: The shape of the boundary is given by the rotation of the liquid in
connection with the gravity, and especially by the distributional mass and
momentum balance. (For comparison see the publication [134].)
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Fig. 20: Rotation of water

Proof. We first consider the general case of a compressible flow, and we use
the equations in 4.3, which have been proved before. Specifically for the
given v it is (Dv)® = 0 (see the proof of 3.5) and divu = trace (Dv)® = 0.
This proves S = 0. The boundary of S is orthogonal to the direction of the
flow (verg =0 on S), therefore it must be rotationally symmetric (because
of the mass conservation of the liquid). Due to div(ovv') = gveVuv +
ve div(pv), the equations to be solved are

oveVv +Vp=1~fin Dy,
p—pg=0onS,

where p, is a constant, the pressure of the gas. So we compute p from the
differential equation and then we set p = p, on §. Now the force of gravity
is f = —pges with g = ggrde (as an approximation), thus

oveVv + Vp = —pges .

Due to veVv = —w?(x1,2,0) (see the proof of 3.5) we obtain
w2x1
Vp=o|wi|. (I4.5)
-9
In the incompressible case ¢ = const it follows

2
w
p(r) =0 <2($% + :L‘%) — ga:3> + const,

hence we obtain for z € S
2

_ Wi 2\, Pg — const
gr3 = 2(1"'952) AP
The constant is used to determine the height of S in the center. O
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For a compressible fluid, the last equations will be different, so the analysis
described above has to be done again (see Exercise 7.21).

Schwerkraft eines Planeten

Als weiteres Beispiel fiir eine stationare Losung betrachten wir das Schwer-
kraftfeld eines inkompressiblen Planeten auf sich selbst, wobei wir hier an-
nehmen, dass der Planet nicht rotiert. Wir machen neben der Gravita-
tionsgleichung wieder von der stationaren distributionellen Schreibweise der
Navier-Stokes Gleichungen Gebrauch, und zwar ist D! = B(0), und D? =
R3\ Bg(0) ist ein Vakuum.

4.5 Schwerkraftfeld eines inkompressiblen Planeten. Wir betrachten
die inkompressiblen Navier-Stokes Gleichungen im R? und eine stationire
Losung mit v = 0. Ein nicht rotierender inkompressibler Planet werde
modelliert durch eine Kugel mit homogener Massenverteilung

0 = 00XBH0) 5

wobei gy > 0 eine Konstante sei. Auflerhalb des Planeten sei Vakuum
vorhanden. Dann erfiillen das Schwerepotential ¢ in 2.16 und der Druck p
die Gleichungen

div(—[Vé]) = [o] ,

Vp&s )] = f := gloVd)].
Hierbei ist f die Kraftdichte auf den Planeten selbst.
Behauptung: Es ist dabei

p=g800(¢ — &)

und ¢, der konstante Wert von ¢ auf dBr(0), siehe auch Fig. 7.
Bemerkung: Newton hat den Fall v # 0 betrachtet, sieche IV.16.5.

Es handelt sich hier also um die Gravitationsgleichung (12.10) zusammen
mit der Massen- und Impulserhaltung (14.3) im R?® mit v = 0 im Planeten
D! = Bg(0) und dem Vakuuum D? mit verschwindendem Druck, d.h.
div[IT' Xp1] = [ 1],
' =pld, f'=goVe,

Proof. Da die Dichte des Planeten konstant ist, schreibt sich die Impulser-
haltung als

7V[pXB/c(U)] + [XBI{(O)V(QQUQb)] =0,
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oder mit Testfunktionen ¢ € Cg°(R"; R")
0= (¢, —VpX0)] + [Xp0)V(8009)] )
= (div¢, [pXp o)) + (¢, [0 V(g00d)] )

= / (div( -p+ CoV(ngqﬁ)) dL"
Br(0)

= / Covp o) pAH" ! + / (o(— Vp+ V(goog)) dL" .
. aBlﬁ(O) . B[g(O)

Dies ist dquivalent dazu, dass p = 0 auf 0Br(0) und
V(p — goo¢) = 0 in B(0),

also p — goo¢ = const in Br(0). Da ¢ = ¢y = const auf 9Br(0) (dies folgt,
weil hier ¢ radialsymmetrisch ist), folgt die Behauptung. O

Fig. 21: Left: Sun at 7 Jun 1992 from [Wikipedia: Sonne]. Right: Jupiter
and Io at 2 Jan 2013 from SuW 3|2013 (Photo by Thorsten Edelmann).

Referenzen: Dieses Ergebnis wird in [21, Gravitation| weiter behandelt,
siehe die dort gemachten Literaturangaben. Falls der Planet rotiert, wird er
durch die Rotation zu einem Spheroid. Dies wurde von Newton gezeigt und
dessen Beweis wird in IV.16.5 prasentiert. Zum kompressiblen Fall siehe
auch den Abschnitt IV.16.

Die Schwerkraft der Erde auf irgendeinen Korper wurde in (13.11) definiert,
es ist unter Vernachldssigung des Schwerepotential von Korpern ungleich
der Erde die Massendichte mal der Beschleunigung a, wobei

a = gv¢Earth .
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Also ist nach 2.16 fiir Punkte = auflerhalb des Erdinnneren (wenn der Erd-
mittelpunkt zu 0 normiert wird)

. MEarth €T

V(ISEaLrth (x) = A ’[13‘3 :

(14.6)

Damit erhalt man fur z auf dem Rande der Erde

MEgar )
Vébarn (@) = — () mit e()

47TR%}arth |CE‘ .

Hierbei ist die Erde mit einer Kugelapproximation mit Radius Rgatn be-
schrieben, was nattirlich eine grobe Vereinfachung darstellt, zumal wir auch
von einer Gleichverteilung der Masse ausgehen (siehe [Wikipedia: Erdmasse],
[Wikipedia: Erdradius], [Wikipedia: Gewichtskraft], und IV.16.5, dort wird
die Schwerkraft innerhalb eines rotierenden inkompressiblen Planeten betra-
chtet, was zu einer Abplattung fiihrt). Also ist in Naherung

Mparth = 5.9736 - 10% kg,
Rparth = 6371.0 km (approximativ) ,

3
G=667384-10" 11
kg s2

wobei G eine genauer Wert ist. Nun folgt fiir x auf der Erdoberfliche

gMEarth ( ) _ _G : MEarthe( )

IV Pparen(T) = — = z) = —goe(x)
. 47TR]25)arth R]%)arth

mit go = 9.825%, was dem Wert
m m
YEarth = 981? (: 9806658—2)

bis auf 0.153% genau nahe kommt. Hierbei muss beriicksichtigt werden,
dass alleine die Abplattung der Erde 0.335% betrifft (siehe die Abplattung
in IV.16.5, da die Erde rotiert). Es sei bemerkt, dass die hier gemachten
Vereinfachungen nicht beziiglich der physikalischen Gesetze Massen- und
Impulsbilanz getroffen wurden, sondern in Hinsicht auf eine geometrische
Vereinfachung zur einfacheren Berechnung der Losung.
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5 Change of coordinates

We describe a coordinate transform which can be used for the transformation
of

e physical coordinates into e.g. polar coordinates (see 5.4)
e reference coordinates into physical coordinates (see section 6)
e observer coordinates in section II.1 and chapter VI

where the last two are motivated by physical reasons, and the first one
only by mathematical reasons. We consider a spacetime domain ¢/ C R!*"
with coordinates y € U and we consider LS -fluxes ql’-“, 1 =20,...,n, and
L% -functions r¥ of a so-called divergence system in the domain U

i Oyldf =" fork=1,...,N (I5.1)
i=0

in 2'(U). We suppose a Cl-transformation Y of the coordinates y* € U*
into the given coordinates y € U is given by

y = Y (y*) with positive Jacobian. (15.2)

Further, we suppose that a matrix

Z = (Zkt)gy—1,.. n is invertible and in C*(U*; RN *N) (I5.3)

is given, and that quantities q;fl and r* are defined by qé and r! in the
following way

@ oY = =Y Zug, Ji=detDyY >0,
75l

Sl

1 . %
I‘kOY = j (Z Zkl /jqjl + Z Zklr l> s (154)
75l l

forall¢=0,...,nand k=1,..., N,

where j runs from 0 to n, and [ from 1 to N.

Note, that the transformation rule (I5.4) gives a bijektive correspondence

between
k *]
; and ( ) .
(q’)ik 9 jl

Note also, that the last transformation rule in (I5.4) involves derivatives of
the matrix Z. The following is true.
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5.1 Main invariance theorem. The system (I5.1) is invariant under the
transformation of quantities described in (I5.4). Hence, if (I5.1) in 2'(U)
is satisfied and the quantities q;fl and r* for j =0,...,nand l =1,...,N
fulfill (I5.4), then

= xk] _ [k _
:an;[qj ]—[I‘ ]fOI’k‘—l,...,N (155)

j
in 2'(U*).

This follows from the following statement, which also shows, that the trans-
formation of the differential equation is due to a transformation rule for test
functions. This transformation rule involves a matrix Z, which is so far an
arbitrary varying invertible matrix.

5.2 Property. If ( € C}({U;RY) and ¢* € CHU*;RY) are test functions
which correspond by
¢*=27Y¢oY (thatis oY = Z7 1 (%) (15.6)

then the transformation rule (I5.4) implies

N n
z<mz%mﬂﬂﬂ>
- = 2@) (15.7)
N n
-~ (@ - Lo+ 1)
k=1 1=0

= 2U)

The expressions concerning distributions are defined for Cj-functions, since
q;‘l, r* and qf , ¥ are locally bounded functions.

Proof. The test functions satisfy (I5.6), that is for l =1,..., N
G =1 ZudoY .
Taking the derivative with respect to yj, 7 =20,...,n, we obtain
By G = Sal1 Oy (ZaGroY)
= Zg:lzyzozkly;’yj (aink)OY + Z;f\;lzkl/yj*. (oY .
With this we obtain

Z<G,§ymwﬂHW§

l

= (06 1) + 2 (G )

1,7 l

= > < > ZiYiry: (0y;Ce) oY + Zpyrye (oY, ("] >

kg %

+ ; < ZjGeoY , 1] >
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- Z<(8ink)OYv ;Zklyi’yj[q;l} >
J

ki
1 1

=[J ¢FoY]

+ Ekj < CroY, ZZ Ty} + El: Zya[r™] >
g J

= [JrFoY]

using (I5.4), and this is
< (0y,Ck)oY , [J gfoY] > +Z<CkoY, [JrkoY]>
k

=S| (0uG)oY Foy JaL" +3° [ oY rFoy JdLm !
kg JU* k JU*

2

7

> (4G [al]) + 3 (G )

ki

a Ck Qz Ln+1_’_2/€krden+l

S

~.

(G -S o]+ )

We have seen, that the factor J enters because of the transformation of an
L+l integral. O

References: This theorem one finds in [19, §5 Objectivity of Differential
Equations].

We summarize and obtain in the general case

Invariance of the divergence system
with respect to Z:

n

> 8yi[qf] = [rk] fork=1,...,N
i=0

related to the transformation ¢* = Z% (oY

(I5.8)
if the following transformation rules are satisfied:

n

aroY = 7 Z:Ol 1Yz jZqu;l, J:=detDyY >0
j=01=

ko 1ra X |, & !

oy = S (2 3 Zuyal! + 3 Zur)
j=0i=1 =1
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5.3 Hinweis. Zur Transformationsformel sei Folgendes gesagt. Da nun im regulédren Fall
die Differentialgleichung in (I5.1)

n

S 8yqf =1 firk=1,...,N

i=0
lautet, ergibt sich die natiirliche Frage, ob die Transformationsformel (I5.4) fiir r* nicht
durch diese Differentialgleichung und die Transformationsformel (I5.4) fiir die qF direkt
hergeleitet werden kann. Die Antwort ist: Natiirlich ist dies so, sieche den Beweis 1. Es
wird dabei auch klar, warum der Beweis mit Testfunktionen, siehe auch den Beweis 2,
dem anderen Beweis vorgezogen wurde.

Proof 1. Die Transformationsformel fiir die ¢¥ in (15.4) war

1 N
=7 72 Z 52k
J=ol=1
Aus jeder Transformationsformel kann eine Formel fiir die Ableitung hergeleitet werden,
man braucht die Formel nur zu differenzieren. Also ist fiir j =0,...,n
Nk k 1 X #l
2 4i0Y Y = (q;0Y)r; = 7 D00 Zrd; Yir
=0 Y j=0l=1
n N ) 1 1 N "
+ 22 > Zidg; (jyi’3) L+ 3 . > ZYi5450 -
j=o0i=1 J j=ol=1

Wir schreiben dies in Matrixform

N
D¢FoYDY = Z Zw ;i (DY ej)®e;

ZuDYDq™,

M=

) E

j=0

so dass also

n N
Dg"oY = L > Zw1jq;' DY e;@e; DY
J j520i=1 '
2 *1 Y’j —1 12 N * —1
+ Y S Zug D<7> DY ™'+ 3 3 ZuDYDg" DY
j=01=1 Y j=01=1

Dies ist also die Transformationsformel fiir die Ableitung Dg. Uns interessiert die Spur
dieser Identitéat

n
trace ,D¢" = S ¢l .
i

Hier meint “trace,” die Spur in allen y;-Koordinaten, also fiir ¢ = 0,...,n (in der klassi-
schen Physik ist y = (¢,2)). Dies ergibt

n

M=

Zra /jq;‘ltracc y(DYe;@e; DY)

<=

trace quk oY =

4,5=01

n N
72 Z qujfltracey (D<
iZ0i=1

= n N
2Dyt + % DIPY Zitrace ,(DYDg" DY) .
=i

Nun gilt:
(1) Fiir jede Matrix M ist trace, (DY MDY ") = trace , M.

1)yt = 0.

(2) Firj=0,...,n ist tracey(D(YJ/
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Somit reduziert sich die Formel zu

N

n n N
trace ,Dg" oY = Z Z Z i+ = S Zigtrace ,Dg*!
J i j=oi=t

+ 1L
- J

was die Formel in (I5.4) fiir ¥ = trace ,Dg" ist. O
Proof der Identitdt (1). Es ist

trace, (DYMDY ') = 3" e;0(DYMDY 'e;)
i=0

= Z MkleiO(DYek®elDY71)e¢: Z MkleiO(DYek)~elO(DYfle¢)
ke, 1,i=0 k,1,i=0

S Myeo(DYer) - (DY Te)oe; = 3 Mu(DYer)o(DY T e)

k,l,i=0 k,1=0

S My(DY 'DYei)oe, = 5. Myeroe; = > Myp = 5. exo(Mey),

k,l=0 k,l1=0 k=0 k=0

which is trace , M. O

Proof der Identitdt (2). Wir setzen A = DY also J = det A. Die Adjunkte von A erfiill
Aadj(A) = (det A)Id
und die Jacobi’sche Formel ist
Oidet A = trace (adj (A)9;A) .

Damit folgt

Yli . Yx’i .
trace (D( 7 )ad] (DY)) = % ( Ij] > /z(adJ (DY))ix
1
J2 (JAM/ adj (DY)M — Jn A adJ (DY)lk) J2 (JJ/i _ZJ/ZJ(SM) =0,
kl 1
was zu beweisen war. O

Proof 2. Dies ist eine andere Version des Beweises mit Testfunktionen ¢ € Z(R x R™; RY).
Es ist N N N

3 J(Gealri)oY = 32 J(@:(Gua))oY = 3 J (DG af)oY

i= i= i=C
Unter Benutzung der Formel (15.4) fiir g ist der zweite Summand gleich

n

> J(DiCraf)oY

i=0

W‘Mz

n — N n _
P> 0iCeoY Y3 Zid;" = 32 2 95(GeoY) Zirgs
4,J=0 Jj=
N n P N n
72 72 95 (koY Z5 45 ) — 72 72 CkoY 05 (Zkkqg )
k=1 j=0 k=1 j=0
Indem wir die Testfunktionen N
G = kZ ZprCroY
=1
definieren, erhalten wir insgesamt

N n N n _
S 3 J(Ckai)oY = 3 S oY 05(Ziga”)

k=1i= k,k=135=0

0
N n
+ 30 2 J(@i(Cral))oY +

k=11i=0

%5(Gias") -

Mz
M:

,_.
ol
Il
Jan
<.
I
o

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



L5 Change of coordinates 89

Integrating we see that the last two terms vanish, and we end up with the equations

n

n N n N
Z '](]?’ioy - Z Z é)/(Zkk(1§L) = 72 (Zkk ’]q_;'k + ZLI.(J§};7) )
k=1

i=0 k=1j=0 j=0

<

k n ks
=04 ist. O

was die zu zeigende Identitét in (1I5.4) fir r

In this chapter we are involved with classical physics where the coordinates
are y = (t,z) € U C R x R™. Here the situation is special in the sense, that
only z is transformed, that is,

[;] =y=Y(y") =Y([2D = [tht:;*)] (15.9)

with a constant a € R, where the coordinates y* = (t*,2*) € U* are trans-
fored into the coordinates y = (t,x) € U with a positive Jacobian matrix

J = det DY = det Dy X > 0.

We call the functions g§f now u* := ¢f and the entire system is given by

LS -solutions uk, qf, ¢t =1,...,n, and Ly5 -functions r* of the following

conservation laws

O[] + 3 04, [qF] = [tF] for k= 1,..., N in 2'(U). (15.10)
=1

Wir werden dies in diesem Kapitel anwenden fiir
e N =1, Z =1 auf Zylinderkoordinaten in 5.4,

1 0

e N=n+1,7= [X DX} auf die rotierende Erde in 5.5,

e N =n+1, Z =1d auf deformierbare Korper in Abschnitt 6,
und in Abschnitt I11.3 fiir
e N =1 auf die Massenbilanz mit Z =1,

e N =n+ 1 auf die Masse-Impuls-Bilanz mit
1 0
Z= [X DX] ’

e N =n+ 2 auf die Masse-Impuls-Energie-Bilanz mit

1 0 0

7 = X DX 0
1 o0 T

§’X\ X Q 1
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The matrix Z in (I5.3) is an arbitrary invertible matrix. Either this matrix
is given, or one chooses Z so that the equation (I15.7) for (u*,¢*,r*) is the
wanted equation in (t*,z*). In any case the transformation (15.4) becomes,
where now ¢ and j run only from 1 to n,

Invariance of the divergence system
with respect to Z:
kv k k
H[u")+ > 0p g = 2] for k=1,...,N
i=1

2

related to the transformation ¢* = Z* (oY

with ¥ as in (I5.9)

if the following transformation rules are satisfied: ( )
I5.11

1
uFoY = 7 ZZklu*l, J:=detD,+X >0
I
1 y * *
gioY = j(ZXiZkzu by ZXi’jZkijl)
1 il

1 y, * * *
rfoY = j(z Zpu b4 > Zkl/jqjl + > Zpr l)
] 7 7

foralli=1,...,nand k=1,..., N,

where j now runs from 1 to n, and [ from 1 to NV

This follows from (I5.8), since in this classical sense for 7,7 =1,...,n
Yoo=1, Yo =0, Yig=X;, Yij=X;;.

We mention that if we write the terms with u*, &k = 1,..., N, in vectorial

form u = (u',...,u"), the transformation rule for u is

uoY = %Zu* ,

that is, in classical physics the matrix Z can be considered as the trans-
formation rule for u. In this section we give two examples for the general
transformation rule. As first example we take the cylindrical coordinates
from 1.10.

5.4 Cylindrical coordinates. We consider a transformation of the coor-
dinates (r, 6, z) in the physical coordinates x = (z1, z2,x3) given by

t t
R T(t,r,0,2) = TC.OSQ
T9 rsinf
T3 z
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The time variable is unchanged. We consider a solution of the conservation
law Oyu + div,q = r which we write as

Opu+ 0z, q1 + O2,q2 + Oryq3 = 1.
If we define the transformed quantities as in 1.10 then
Oi(r-u) +0p(r-qr) +0pgg +0-(r-qz) =71,
that is, we get the differential equation in (I1.18).
Proof. In (I5.9) we let Y = 7. Then it follows in the new coordinates that
ou* + divgq" =17,

if (u*,¢*,r*) are defined as in (I5.11) with N =1 and Z = 1, that is,

1
uoY = —]u*, J=detDX =r,

1
Y = -DXg*
qo 7 q
roY = lI‘* )
J

Here we have used that X is independent of . We use for the transformation
of the flux

cosf) —rsinf 0
sinff  rcosf O

DX =[X, Xy Xu.]=|"] 0 1l

€y :ET(T>97Z)7 €y :EQ(T,H,Z), €z :52(r7972)7

cos 6 —sin@ 0
e (r,0,z) = |sinf |, ey(r,0,z)=| cosf |, e,(r,0,z)= |0
0 0 1

Further we give two versions.
First Version: From the above equation we obtain

¢* = J(DX) ' qoY.

In 1.10 we used the representation (I1.16) ¢ = g,e, + qpeg + g€, which
implies goY = ¢.oYe, + gpoY ey + ¢.oY e, and hence

qi qroY
G| =" =J(DX) oY = J(DX) ' [&, & &.] | gpoY
(Jék q.0Y
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(ios 0 sinf 0 qroY
=r | ——sinf —cosf O] [e,eye,] |qgoY
r r
0 0 1 g.oY
r 0 0 QV‘OY Tq”‘OY
=10 1 0 |goY | =| goY
0 0 7| [goY rq:0Y

or
q1 =7-¢0oY, ¢ =qoY, ¢ =r-qoY.

Second Version: With the representation of the flux g = ¢,€, + g€y + ¢.€.
defined in (I1.16), where (&,,€y,€,) = (&,,eg,€,)oY !, follows
QrOYET + q@OYEH + QZOYEZ = qoY
1 1 al g _ _
= DX¢" = -DX | g5 | = (a1 + 7438 + g3€:)
a3
This gives
g =71-¢oY, ¢ =goY, ¢=r1-¢qoY.

In both versions we obtain
div(,9.)¢" = 0rqi + Opq3 + 0.3
= 0p(r - qroY) + 0p(qooY) + 0.(r - q.0Y).

Since u* = r-uoY and r* = r-roY, the assertion follows under usage of the
underlines quantities in 1.10. ]

Analogously one can treat polar coordinates in R", see IV.8.3 for the case
n = 3. Our second example has a physical background, the transformation
is an “observer transformation” (definition in section II.1).

5.5 Air flow on the Earth. We model the Earth as a ball and consider
the outside of the Earth

D= {z* € R®; |z*| > R}.
In R x D we consider the conservation of mass and momentum

O 0™ + divy« (0™ v*) =0,
O (0™0") + divy= (0™ 0" o*T 4 ) = f*.
The pressure tensor can have the representation IT* = p*Id — S* with p* and

S* as in (13.32). The force term f* = f is the gravitational force of the
Earth. Other forces, like the gravitational force of the Sun, are neglected
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here. The coordinates are based on the fact that we look at the Earth from
outside, therefore we have nontrivial boundary conditions

vt x¥) = vy(a¥) for ¥ € 9D,

0 —1 O x] —x5
1 xy | =w- | 2] |,
0 T3 0

where w is the angular velocity of the Earth. Remark: We do not consider
boundary conditions on v* on the high atmosphere, this is another problem.

We introduce now x as the coordinates of the Earth, that is, these coordi-
nates rotate with the Earth,

t=t", z=Q({")x",

cos (wt*)  sin (wt*) 0
Q(t*) = | —sin (wt*) cos(wt*) 0
0 0 1

Assertion: Define g, v, II by
ot x) = o"(t", %),
o(t,z) = Q(t*)x* + Qt")v* (¢, x*)
z) = QI (", 2") Q(t*) "
then the boundary condition becomes
v(t,x) =0 for x € 9D,
and the same set of conservation laws
Ao+ divy(ov) =0,
dr(ov) + divg(ovvl +1I) =f,

in R x D is satisfied, where now

f(t,z) = o(t,x) - ( Wiz +  2wAvu(t,x) )+t x),
Centrifugal force Coriolis force
1 0 0 0 1 0
where T=[0 1 0|, A=|-1 0 0|, fo:=(Qf)oy L.
0 0 0 0 0 0

Hence f contains additional terms. These terms are the centrifugal force
and the Coriolis force.
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The “fictitious forces”, by which we mean the just described centrifugal
forces and Coriolis forces, have an important impact in daily life. They are
present for every on Earth living observer, although they are neglected most
times. We mention the “Foucault pendulum” [131], see also [21, Foucault
Pendulum], the experiment was carried out 1851 in Paris, which proved the
existence of Coriolis force on Earth. Mathematically the connection between
coordinates (t,z) and (t*,x*) is given by

(t,z) =Y (t,z%) = (¢t,Q(t)z™),
or -
(15.12)
r=X(t"z*) = Q(t")z".

This is a transformation as in (15.9). The term fj := Qf(’;‘oY_1 is, for example,
the gravitational force. Since it depends only on the distance |z| from the
center 0 of the Earth and |z| = |z*|, its modulus is unchanged.

Proof of the differential equation. The differential equations in the variables
(o*,v*, IT*, £*) are

O+ 0™ + divg+ (0™ v*) =0,

Op (0"0™) + divys (g*v*v*T +1IT7) = £,

which also can be written as

0" . o'v* 10
8t* |: Q*U* :| + dlvl‘* |: Q*U* U*T + H* :| - |:f* :| )
or

* ofvt 0

Oy * ok + aL* * % ; J * - *
' [9 v } ‘7%:1 / {Q v;v +(Hlj)l} {f }
—— ~——

—_ * —_ * _ *
=u =:q; =r

that is as equation as in (I5.1). We know from theorem 5.1 that equation

ru + ; Ov,qi =T (15.13)
follows, if the quantities (u,qi,...,¢qn,r) are determined by (I5.11), where

here we set

1 0 .
Z = [ } for mass-momentum equation.

X Q
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We obtain, since J = det DX =1,

*

0
S I B R B I ,
er= =i o] =] (rersann) |
J

k>1

oY = X, Zu*+ Y X Zq;
j=1

_ [ o] (] ; 0"
__XQ]GJﬁJ+§@JW%”h%J>
i 0" (X + > Qijvy)

J

0" (Xi + ZQUU;)(X +Qu) + X QiQ (IT};),
j

Jj=1

Therefore defining o and v by

; 0
! [QU] 2iz19 oviv + (IL;), f (I5.14)
~—~— —_— ~—~
= =q; =r

which is possible since q? = u; for ¢ > 1 and the first component of r is 0 as
we shall see from (I5.11)

roY = Zu*+ Y Ziiq; + Zr”
i>1

- 5 ol ezl ol Lo
FRIE
¥ o]

0
[Q*(X +2Qv*) + Qf*] ’

since X/j = (ij>k is a consequence of (I5.12). Hence the force f is defined
by (see also (113.18))

foY = o*(X + 2Qu*) + Qf*. (15.15)

We see that f is nonzero, even if f* is zero. Then the equation (I5.14) is

0 . Qv |0
gl e onFon] = [e]

where f is given by (I5.15). In order to compute f we define f by
fo:= (Qf )oY 1| f*=f
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and then ) _
f = (0"(X +2Qu*))oY 1 +£;.

We want to write the first term on the right-hand side in terms of ¢ and v.
If we use the formulas in (I5.14), we get

0 =00Y, v =Q"voY -Q" X,

and therefore

0" (X +2Qv*) = oY ((X —2QQ" X) +2QQ" voY),

thus
f=0(X-20QT X)oY ™! +20(QQN oYt v+1y,

1 | 1 |
= ’lx =wA

where we have to compute the matrices I and A. Now for our special
transformation x = X (¢, 2*) = Q(¢t)z™:
X Qe = 0Qe, X =00 = QQ
X 200" X =(QQ" - 2(QQ"))x,
cos (wt)  sin(wt) 0

Q(t) = | —sin(wt) cos(wt) 0],
0 0 1
—sin (wt) cos(wt) O
Q) =w | —cos (wt) —sin(wt) 0],
0 0 0
cos (wt) —sin(wt) 0
Q)" = | sin(wt) cos(wt) O],
0 0 1
0 1 0
QQ =w|-1 0 0] = wA,
0 0 0

The result follows. O
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Proof of the boundary condition. Fir x € dD, also auch x* € 9D, falls =
und z* zusammenhéngen wie in (I5.12), gilt

v(t,z) = Q(t")x™ + Q(t")v*(t*, ™)

= Q(t7)z" + Q(t")vp (")
—sin (wt*)  cos(wt*) O] [ x]
=w | —cos (wt*) —sin(wt*) 0| | x5
0 0 0] |3
cos (wt*) sin(wt*) O [ —x3
+w | —sin (wt*) cos (wt*) 0 x] | =0.
0 0 1 0

That z are in fact the coordinates on the Earth can be seen in the following
way: In the (z7, x%)-system define

wey  iwtr | cos (wt”) ek gy | —sin (wt®)
i) =™ = Lin(wt*) et =16t = cos (wt*) | -

Then the orthonormal system {e7, e5} is in fact turning with the Earth and
(xF,23) = x1€] + xoed with

x| |[xTee] |  |eree] egee] | | ]
xo | | xTees ejec; egecs | |5 |’
[eloef egoe’f] B [ cos (wt*)  sin (wt*)

ejec; eyecs —sin (wt™) cos(wt*)]'

O]

Die Physik ist fiir unterschiedliche Geschwindigkeiten dieselbe, wenn die-
se verschiedenen Geschwindigkeiten durch eine Beobachtertransformation
auseinander hervorgehen, oder anders ausgedriickt, die Physik héngt nicht
vom Beobachter ab. Wenn wir v* durch v ersetzen, muss f* durch f er-
setzt werden, und die Transformation zwischen f* und f enthélt sowohl
o als auch v bzw. p* und v*. Bei einem Beobachterwechsel miissen alle
physikalischen Gréflen angepasst werden. Also ist insbesondere die Zentrifu-
galkraft und die Corioliskraft da oder nicht, je nachdem, welchen Beobachter
man darstellt. Was bei einem mit der Erde rotierenden Koordinatensystem
die Corioliskraft tut, ist bei einem von aulen gegebenen Koordinatensys-
tem durch die Randbedingung fiir v auf einer gekriimmten Fléiche, hier die
Oberflache der Kugel, gegeben.

We shall consider “observer transformations” systematically in section II.1.
Not all transformations, which we have treated here in this section, are
observer transformations, as we have seen in example 5.4, where cylindri-
cal coordinates have been considered. This is also true for the “reference
coordinates”, which are considered in the next section 6.
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6 Reference coordinates

The mass and momentum conservation for deformable bodies apply (ini-
tially) in physical space, and in these coordinates the laws of conservation
are 5 '
o+ divg(ov) =1, . (16.1)
O (ov) + divy(ovovt + 1) =f:=f +rv.
This is the mass and momentum balance in physical space, with ¢ as mass
density, v as velocity, II as pressure tensor, and r as mass production rate,
f as classical force density. The identity between f and f = f 4+ rv has been
discussed after (13.2). Therefore we start with the same basic equations
as for fluids in section 3. But in contrast to fluids the velocity v is not
an independent variable. It is rather assumed that the velocity v is given
by the motion of a body, and the constitutive function II depends on the
deformation of this body. The body is described by reference coordinates:

Reference coordinates:
et ta[xB = R, z—x=¢(t,x)
an isomorphism with det D¢ > 0,
(t,z) = (t,z) = 7(t, z) := (£, p(t, z)) (16.2)

B C R" the unperturbed body,
v(t, x) := dhp(t, z) if v = p(t, z),

v the velocity.

Here B is the “unperturbed body” and the image in the physical space is
Q. ={p(t,z); x € B}, where Q; :={x € R"; (t,x) € Q}. And v = Jyp can
be considered as the velocity of a “single particle”, although the physical
atoms and molecules undergo a thermal movement. It is assumed that
this thermal movement in the problems treated here leaves the order of
molecules unchanged. Mathematically, the equations (16.1) are transformed
to a system in B with the help of section 5.

We start with the following theorem which shows that a system of differential
equations in physical coordinates is equivalent to a corresponding sytem in
reference coordinates. This is a consequence of the general “Main invariance
theorem” 5.1 and shows that the theory of elasticity is a special form of the
theory of mass and momentum in physical coordinates.

6.1 Theorem. Let K € N. Under the transformation 7 a system of equa-
tions
ot + divpd® =rF fork=1,...,K inQ
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The curve t—> ¢(X, t)
for X fixed

VX, )=ov(x, t)

Reference
configuration

Body after time ¢

Fig. 22: The map z — ¢(t, z) (from Marsden & Hughes [55]) which is called
the “push-forward” operation whereas the inverse is called “pull-back”.

is transformed into the “same” system
opu® + divggk =rffork=1,...,K inB,

if the transformed quantities are given by

F=Jubor, r*=Jrbor,

gk = JF 1 (¢For —uFor V)

IS

for k=1,..., K, where V := 0, is the velocity, F' := D, the deformation
gradient, and J := det F' > 0.

Proof. We use the system for (u, g, r) in (I5.11) with transformation Y = 7,
hence X = ¢, and matrix Z = Id. Then it transforms to dyu” + divggk =rk
for k =1,..., K, where the functions in the transformed system are called

(u,q,r) and by (I5.11) they are defined by

1
uFor = jzj‘ , J:=detDyp >0,
. 1 ' .
q; oT = j(atc,oi : yk + Zazjﬁpi : Qlj) )
5 .
1
k _ k
rvoT JL

for k =1,...,K. With V := (04¢;), and F := (8%997-)__ one obtains that
ij
JuFor =u¥, JrFor =1rF and J¢For = uFV + ng, hence
J(¢For —uForV) = F¢,

the assertion. O
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References: We refer to Ciarlet [31] and Marsden & Hughes [55] for read-
ers, who want to have a comparison with existing literature. Also we refer
to the classical paper of Truesdell & Noll [67].

We obtain the following theorem.

6.2 Theorem. The differential equations (I16.1) read in reference coordi-
nates (16.2)

dio=r,
- (I6.3)
0t(oV) — div,P = f=f+rV
where the transformed quantities are given in (16.4).
Mass and momentum:
8tg =r,
d(oV) — divyP =f:=f +rV
V = 0pp = (Oppi); = voT velocity,
F:=Dgp= (8% g0i> ~ deformation gradient,
Y (16.4)

J:=det FF >0 determinant,
P:=J. - (~Hor)F 7t
(first) Piola-Kirchhoff stress tensor,

0:=J-(0or) reference mass density,
r:=J-(ror) reference rate,
f:=J-(for) reference force density.

We use the general coordinate transformation in 5.1 to prove this.

Proof (First Version). We write the system (I6.1) in the form

0 . ov _|r
Ot L’U} + div, |:Q/U’UT+H] = [f} )

or to have the form of section 5

0 n ov; r
0 Oz, il
' [@’U} +z; ' [ngJr(Hm)J {f}
——
=u =:q;

which is (I5.11) with N =n + 1,
n r
i=1
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where Y = 7, X = ¢, and we choose for the matrix Z = Id. Then the
transformed equations read

r

Ou+ Y %jgj = {'fr} ) (I6.5)
=1 L

if the quantities in this transformed equation satisfy the transformation rules
in (I5.11), which are

1 (.
gioY = 7 <X¢U+ ZXi’jqj) ) (16.6)
!
J

Since Y =7, X = ¢, we compute
J =detDyp=det ' >0,

. (16.7)
X=0p=V, Xij=pin =F;.

Then we get for the first line of (16.6), since V' = vor,

- - ooT B 1 B 1
u=Juor =J L)orvor} = J por L}OT] —Q|:V:|

and for the second line of (16.6)

<=

qioT =

(Viw+ X Fya,)
J
hence

Zsz‘jgj = JgijoT — Viu

-/ [va ivgﬂki)k] o [ng] -/ [(HkiOOT)J 7

and therefore

4= {w—l)ﬁ- <Hkio7>k] B [(J(Hw%—%)k] - {— ugkj)k] '
Thus (I6.5) becomes

0 0 r
8| 2|+ 0., S
bz, ) - [E
which is the assertion. The identity f = f+rv on the right side of the
momentum equation becomes

f=Jfor = J(for +rorvor) =f+ (Jrot)vor =f+1rV
using the definitions. O
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The second version is an explicit computation, where the general statements
in section 5 are not used.

Proof (Second Version). The first equation in (I6.1) in its weak form reads
/(&W@+VWWMN+WPNEM1—0
Q

for n € C§°(;R). We transform this into an integral over [t1,ta[xB =
775Q). Defining

ﬁ(t7£) - n(ta tp(t,g)), T(t7£> - (ta (,O(t,@))7

we obtain
O = (0m)oT + (Vn)oTedyp = (9 + veVr)or,

and the weak equation becomes, since J = det D ¢ = ‘ det Dy )T

)

to
/ /X@ﬁjmm+ﬁwhmoﬂﬁd}:a
t1 B

In its strong version this is

O¢(JooT) = JroT.

The second equation in (I16.1) is for ¢ € C§°(£2; R™)

/ <8tC'(QU) + i 0iGi - (ovivj + Il5) + C0F> dL" ! = 0.
Q

ij=1
Transforming this via (¢, z) = (¢, ¢(t, z)), so that
¢ = (9r¢ +veV()or, Dyl = (DaC)orDyp,

we see that the above integral equals
= / <(3tC + > v;0;¢)e(0v) + (Dz()eIl + Cf) drtt
Q j=1

::]52/2 (8:Co(I(0v)or) + T - (DL (Dasp) )s(llor) + Co(JFor) )
dr" drt!
= /;2/6 (atzo(J(QOT)V) + (Dgz)o(J(Hor) (Dae)™ ") +E¢(Jfor)>
dL"drt.
In its strong version this is
31 (J(0o)V) + divy(J(ToT) (Dy)~ ") = Jfor,

which is the momentum equation in reference coordinates. O
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As we see, the pressure tensor in the reference coordinates is
1 T
IloT = -5 PF- . (16.8)

Thus if the Piola-Kirchhoff tensor P depends only on the first derivatives
F of the deformation so also does Ilo7. So far we have derived the general
system of deformable bodies.

Large Deformation (General theory):
8tg =r

B in ]tl,tQ[XB
0 (V) — divy P =f +rV

o reference density, (16.9)

V' = 0y velocity, where ¢ as in (16.2),
P first Piola-Kirchhoff stress tensor.
f force density (it is f =f+rV).

The following equations are elementary.

6.3 Lemma. It is
OF =D,V ,

at(QV) = £V + Q@V .

Proof. The second one is the product rule and the mass equation and the
first one holds because 0;F = 0;Dyp = D0y = D, V. O]

If r = 0 then the first equation of (I6.4) says that p is independent of
time. Then we have the standard version of a continously deformable body
consisting only of the conservation of momentum, that is, the mass density
z — p(x) is given and we have to solve only for the function ¢ (the velocity
V and the tensor P are expressed by derivatives of ):

Large Deformation (Classical theory):
QﬁtV — ding = £ in ]tl,tQ[XB,

0 = o(z) reference density (since r = 0), (16.10)

V' = 0y velocity, where ¢ as in (16.2),
P first Piola-Kirchhoff stress tensor.

For further studies on deformable bodies see the section V.5 about elasticity.
Here we study now rigid bodies.
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Rigid bodies
The simplest example of a body is that FT F is constant, or more general
that it is not dependent on time. For this special case we show:

6.4 Lemma. Let B be connected. Then the following are equivalent:

(1) For the deformation gradient it holds that F(t,z)" F(t,z) = C(z),
where C(z) is independent of time.

(2) The velocity gradient fulfills Do + (Dv)" = 0, i.e. it is antisymmetric.

(3) The velocity vector is v(t,z) = A(t)xr + b(t) with an antisymmetric

matrix function A and a vector function b.

Proof (1)=(2). The property that C is independent of ¢ is equivalent to
0=08,(F*F)=(8,F)' F+F*o,F = FY (MT + M)F

with M := (0;F) F~!. Thus the fact that C' is independent of ¢ is equivalent
to MY + M =0, i.e. the antisymmetry of M. Now

O F = (@%qoi)ij = (%(OM))U = (6{)/)7 =DV (16.11)

and due to V(t,z) = v(t, o(t,z)) = (voT)(t,z) it is

O, Vi = Xk:(azkl)i)OT + O o1 = > (Ogyvi)ot - Fij = ((Dvor)F),.

hence
O F =DV = ((Dv)oT)F.

Therefore M = (8,F) F~! = (Dv)or, that is
Duv+ (Dv)" = (M 4+ MT)or 1 =0,
the assertion. O
Proof (3)=(1). The identity
V(t,z) := Opp(t, z) = v(t, p(t, z)) = A(t)p(t, z) + b(t)

yields by (16.11)
8 F =D,V = A(t)Dyp = A()F.

This implies
WF'FY =, FY F+FYoF =(AF)' F+ FT AF = FT (AT + A)F =0,

hence FT F is independent of time. O
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Proof (2)=(3). With repeated use of the antisymmetry of Dv we obtain
Oijvr = 0; (9;v)
= —0; (Okvj) + 0; (Ojvy + Ov;)
| —
=0
= —87; ((9kl)j) = —ak (aﬂ)j)
= 0 (QJUL) — O (aﬂij + ajvi)
—_————
=0
= Gk (83‘%) = aj (Okvi)
= —0; (Ojvi) + 05 (Okvi + Ojug)
~—————
=0
= —8]‘ (&’Uk) = —8, (aﬂ)k) = —ab‘j’l)k,
Thus we have shown that 0;jvi, = 0 for all (7, j, k). Since the domain that we

consider is simply connected, it follows from D?v = 0 that v is affine linear
in x, thus it holds

v(t,z) = M(t)x + b(t) with a matrix M and a vector b.

Then M = Dv is antisymmetric. In the same way the statement (2) follows
directly from the fact that v is affine linear in z with an anti-symmetric
matrix. O

A body for which C' depends only on z, can be transformed to a body, in
which this matrix is the identity Id.

6.5 Transformation of B. Let C be a matrix dependent only on z. Fur-
thermore, let h:B* — B be a mapping, see Fig. 23, with

H(z") :=Dy-h(z®), H(z")' Cla)H(z") =1d, = h(z").
Then, if ¢ is a deformation, define ¢* by
p*(t,27) = p(t, h(z")) .
It follows that the deformation gradient of ¢* is
F*(t,2*) = F(t,h(z*))H(z") (16.12)

Further if ¢ is a deformation as in 6.4, i.e. F(t,z)" F(t,z) = C(z) for all ¢,
then
C*=F"F*=1d.
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Change of
Change of spatial Y
reference frame
frame

Fig. 23: Different reference coordinates, picture from [55]

Proof. Using (16.12) one has
C'=FTF=(FH)"FH=H"F'FH =H" CH =1d.

O
Hence we define (see Marsden & Hughes [55, CH.2: 3.6])
6.6 Rigid bodies. A body for which the deformation gradient fulfills
F'F=1d,
(16.13)

z — F(to,x) is constant for some t,

is called rigid body. A rigid body moves in physical space by translation
and rotation only, that is, there is a position £(¢) and an orthonormal system
{ei(t); i=1,...,n} with

n
o(t,z) =€) + > zeilt). (16.14)
i=1
Addendum: The orthonormal system ¢ — {e;(t); i =1,...,n} is also called

a mowving frame, since it depends on time.

Proof. We show that both characterizations are equivalent. The orthonor-
mal system defines a matrix Q(t) by

n
Q(t)z = > zei(t) for z € R™,
i=1
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and this implies that
Q)T Q1))ij = es(Q(1)" Q(t)ej) = (Q(t)e))s(Q(t)e;) = eoe; = dyj,

ie. Q)" Q(t) = Id. Thus Q(¢) is an orthonormal transformation, and
equation (16.14) becomes

p(t,z) = Q(t)z +&(t) - (16.15)
We show that this is for given tg equivalent to

Op(t, ) = A(t)p(t, z) + b(t) where A(t) is antisymmetric, (16.16)
o(to, z) = Qoz + & for some &y and some orthonormal Q. .

In fact, it follows from (16.15) that

dup(t.z) = Q(D)z +£(t) = Q1) Q1) w(t, z) +£(1) — Q1) Q) &(t)

hence it holds (16.16) with b = ¢ — QQ" ¢ and A = QQ", which is antisym-
metric, since @ is orthonormal. Conversely, if statement (16.16) holds, then
it follows that for any matrix M (t) and any vector £(t)

(o — Mz —€) =0 — Mz —&=Ap+b— Mz —§
=Alp— Mz —&) — (M — AM)z — ({ — AE—b).

Now we determine M and £ from the ordinary differential equations

M = AM with M (to) = Qo
= AL+ b with £(to) = &
Then
Oy — Mz — &) = Alp — Mz =),
o(to, z) — M(to)z — &(to) =0,
and therefore p(t,z) = M(t)xz + £(t) for all ¢, i.e. (16.15) holds, if M (t) is
an orthonormal transformation. To show this, we realize that M (t9) = Qo
is orthonormal, therefore M (to)" M (to) — Id = 0 and
(MTM —1d) =M M+ MT M
= (AM)" M +M"AM = M" A" M + M" AM
=M"(A+AT M.
—_——
=0

As a result we have M ()" M(t) — Id = 0, and thus, M(t) is orthonormal.
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Therefore it is shown that the formulation for ¢ in the theorem is equivalent
to (16.16). We now show that (16.16) is equivalent to the first representation
of a rigid body in the theorem. The first line in (16.16) is equivalent to

olt, (t,2)) = A(t)p(t, 2) + b(1)
or to
v(t,x) = A(t)z + b(t).

Now it follows from 6.4, that this is equivalent to F(t,z)" F(t,z) = C(z),
and the second line in (I16.16) is equivalent to F'(to,z) = Dp(to,xz) = Qo,
which is independent of x. This matrix must be an orthonormal transfor-
mation, since F'(to, g)T F(to,z) = Id by the statement in 6.4. O

For further studies see the section I1.5 on objectivity and section I'V.5 about
Elasticity.

7 Exercises

Conservation laws

7.1 Definition der Ableitung. Die Ableitung einer Funktion f auf RV mit Werten in
RM wird in der Regel als lineare Abbildung Df(z):RY — RM mit

fy) = f(z) + Df(x)(y — ) + Oy — )
definiert. Es ist dann fiir z € RY
oifi -+ Onh z1 f1 21
Df(xz)z = : : S, f=1 0, 2=
aJM E aN.fM ZN f;w ZN

Das ist in Ubereinstimmung mit der Definition D f(x) als Matrix in Abschnitt 1. Vergleiche
dies mit der Definition des Gradienten V f(x).

7.2 Identitéten fiir Ableitungen. Fiir ein Vektorfeld ¢ im R" gilt

0z, = (Dq)e; firi=1,...,n,
9eq = (Dq)e fir e e R™,
Oz, q1 = ex®(Dq)e; fir k,i=1,...,n.

7.3 Ubung. Sei {ei(z),...,eq(x)} eine Orthonormalbasis des R", die von z abhéngt.
Zeige, dass fiir stetig differenzierbares

(1) p:R™ — R gilt

(2) v:R™ — R" gilt

Dv = > (0e;v) et = > (eioaejv) e; ejT
i=1 ig=1
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Hinweis: Benutze die entsprechende Aussage fiir die Divergenz.

7.4 Ubung. Sei {e1(z),...,en(z)} eine Orthonormalbasis des R", die von x abhéngt.
Zeige, dass fiir ein Vektorfeld ¢ € C*(R™;R™) fiir jede Funktion ¢ € C§°(R™;R) gilt

0e,C - qoe; dL" = — > Cei®0,,qdL" .
1

i= R™ i=1JR"™

Bemerkung: Es gilt im Allgemeinen

/ Oe, (€ - qoe;)dL™ #0.
Rn

7.5 Ubung. Let o,w € C*(R) and with n = 2 (R? = C)
olt,z) =o(lz]) , wv(t,z) =iw(|z|)z .

Show, that d;0 + div (ov) = 0 in R x (R?\ {0}).
7.6 Ubung. Beweise die Gleichungen in 1.4

7.7 Beispiel. Es sei v(t, ) = s(t, z)x, d.h. die Geschwindigkeit zeigt
e vom Ursprung weg, falls s > 0.

e in Richtung Ursprung, falls s < 0.

Ist dann
Oo+div(ov) =0 und >0, (I7.1)
so folgt fiir die (bis auf eine Konstante) mittlere Gesamtmasse in B.(0)
1
me(t) := —n/ o(t,z) dz
€ JBe(0)
dass (es sei 1. die Ableitung von m.) nach dem GauB’schen Satz
. 1 1 .
me(t) = —n/ Oro(t,x)dx = _7/ div(o(t, z)v(t, x)) dx
€" JB(0) €" JB(0)
L o(t, x)v(t, z)evp (o) (L, x) dx
€ JoB.(0)

1
= —ﬁ/ o(t,z)s(t,r) dz ,
€ B(0) ————

hat Vorzeichen

hence m.(t) > 0 in case s < 0, whereas m.(t) < 0 in case s > 0.

Distributions
7.8 Distributionsableitung. Ist u € C*(U), so ist
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7.9 Distribution und Funktion. (Siehe Fig. 5.) Sei (¢c), ., eine Dirac-Folge, d.h.

P € CFRY), ¢ >0, /%dLN:l
]RN

und [pc] — 8o fiir e — 0, wobei §o die Dirac-Distribution ist. Zeige: Ist g eine lokal
integrierbare Funktion, so gilt fiir fast alle y

9(y) = lim (p=(e — y), [9]) y(mry -

e—0

Hinweis: Es ist

(pe(o =), l9])y —9ly) = / ey = y)(9(y) —9(y)) dy’.

RN

7.10 Ubung. Sei ¢ wie in 2.9 und

QS(tv .T) = 776(55 - {(t)) ) U(t?x) = E(t) .

Zeige:
(1) Oroe +div (pev) =0

(2) As e — 0 this converges in distributional sense to the movement of a mass point with
& and

m = lim ne(y) dy .

e—0 R

7.11 Ubung. Sei i wie in 2.8. Weiter seien differenzierbare ¢ +— m(t) € R, t = r(t) € R
und ¢t — v(t) € R™ gegeben, welche die distributionelle Massenerhaltung

Ot(mpe) + div (mop,) = rp,

erfiillen. Zeige, dass dann

7.12 Exercise. Sei a > 0. Dann gilt punktweise in R" \ {0}

div 2 =""¢
jzlo zfe
7.13 Heat operator. Let
|z
— —— fort >0,
Ft,z) =4 (@ntyr2"P ( it ort=
0 otherwise.

(1) It converges
[F(t,e)] — 8o fiir ¢ \, 0 pointwise in 2'(R").

(2) It is F the fundamental solution of the heat equation
O[F) — A[F] =800y in Z'(R xR").
Remark: Es ist —A[F] = 8,0y — O¢[F] nicht von der Gestalt in 2.10.  Notation: Die

physikalische Bedeutung des Begriffes “Warmeleitungsgleichung” findet sich in IV.2.6.
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Conservation of momentum

7.14 Divergence.

(1) For an orthonormal bases {ei(t,z),...,en(t,z)} of the Euclidean space R™ it holds

for matrices M
n

div M = 3 (8e, M)e:

=1
see the analogy in 1.3.
(2) For vectors a and b it holds

div (ab) = div(b)a + (Da)b.

7.15 Kollision von Massepunkten. Seien £%, a = 1,2, zwei Massepunkte, die wie in
3.2 kollidieren. Es sei

vl = avl +bw? |

v = cvl +dv? .
Gebe den Bereich der Koeffizienten an, der generisch fiir eine Kollision erlaubt ist, und
berechne die Massen m¢, m2 aus diesen Koeffizienten bei vorgegebener Gesamtmasse m.

7.16 Nachlesen. Vergleiche die Herleitung der Kepler-Bewegung in 3.3 mit der Herleitung
in [Wikipedia: Kepler Gesetze].

fl 2
" (sun) 41

\ f3 /
M /

S s

Fig. 24: “Illustration of Kepler’s three laws with two planetary orbits” from
Wikipedia.

7.17 Kepler’s laws. Show that the differential equations in 3.3 imply the three Kepler
laws:

1. The Law of Orbits. All planets move in elliptical orbits, with the Sun at one focus.
2. The Law of Areas. A line that connects a planet to the Sun sweeps out equal areas
in equal times.

8. The Law of Periods. The square of the period of any planet is proportional to the
cube of the semimajor axis of its orbit.

(From hyperphysics.phy-astr.gsu.edu/hbase/kepler.html)
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7.18 Freie Energie. Fiir den Druck nimm an

p(o) = ofro(0) — f(o)-

P (M) ,
0? o /i,

Berechne die innere freie Energie f, wenn

Zeige, dass dann

(1) p=co” with v > 1.
(2) p=ce.

Definition: Es ist f die innere freie Energie und ﬁ die spezifische freie innere Energie.

Solution. Es ist

(@) _ e flo_eflQ).—flo) _p
0o /i, 0 0? 0? 2

i)

Zum Beweis von (1) nehmen wir ¢ = 1 an. Es ist

P 1 Y 1 -
(i) =0 = i: 0"t fceonst = f= 0" + const - p.
0/, o -1 y—1
Auch in (2) nehmen wir ¢ =1 an. Es ist
AN R S s ot cons
= = - =~ =logp+const = f = plogp-+const-p.
o)., o 0

O

7.19 Erdatmosphére. Die Erdatmosphére sei modelliert als Masse-Impulserhaltung in
R3 \ Br(0), wobei als Kraftterm die Gravitation der Erde diene, deren Masse Mgrqde
gleichméBig in Br(0) verteilt sei.

(1) Es gelte IT = pId — S und
p=p(o) = of,(0) — f(0) mit der inneren freien Energie f,
S = S(0,(Dv)®), S(0,0) =0.

Stelle die Gleichungen fiir Masse und Impuls auf.

(2) Zeige, dass fiir eine stationdre Losung mit v = 0, die nur von r = |z| abhéngt, gilt,
dass oM
Erde
(R) = p(oo) + —fRr
wobei pu(r) = fr,(o(z)) ist. Definition: Die Variable p heifit chemisches Potential (siehe
IV.11.9).

Solution (2). Ist o zeitunabhingig und v = 0, so ist die Massenerhaltung trivial erfiillt
und die Impulserhaltung lautet
Vp - gQV(DErdc .

Es ist nach (14.6)
]\JEI'dC X

Vp = goVoErae = —g0

On |-77‘”' ’
Wegen p(o) = of 1,(0) — f(0), ist pry = 0f /40, d.h.

Vp=0f,0Vo=0Vf,=0oVuwenn pu:= fr,,
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und damit
_QA'[Erdc xT

Vi =

on  |x™’
Da die Funktionen nur von r abhéngen, ist Vu = /L/T‘z—‘, also
— g]\"{Erde 1 (172)

On rn— 1

2%

Die Behauptung folgt durch Integration. Es ist n = 3, beachte dass dann

9
—=G.
on(n—2)
Aus der Darstellung (17.2) folgt, dass u(oo) existiert. O

7.20 Fluchtgeschwindigkeit. Wie grof3 muss die Geschwindigkeit mindestens sein, um
ein Schwerefeld (eines Punktes in {0} mit der Masse m) zu verlassen?

Interfaces

7.21 Parabelform der Oberflache. Es sei p = p(0) := co” mit Konstanten v > 1 und
¢ > 0. Weiter seien v und f wie in 4.4 gegeben. Zeige, dass dann die Konklusion von 4.4
richtig ist, d.h. die Oberflache der kompressiblen Fliissigkeit ist ein Paraboloid.

Solution. By (14.5) )
w T
Vp=op W2zs
-9
This has been shown for general compressible fluids. Since p(g) = of/,(0) — f(0) and then
pro(0) = 0f0(0) we compute

w’ 2 2 wiml 1 prolo)
V(G (@1 +a2) —gas) = | wiaz | = Vp =" Ve = fra(0)Ve = V(1))
-9
Hence
. w? 2 2
fro(0) = 7(1'1 + 23) — g3 + const.
On the surface I' we have p(p) = py = const. Therefore we conclude o = g9 = const, if
pro >0, and

2

w
g3 = ?(xf +a3) — fro(00) + const .

This holds also in the special case p = p(0) = co”, in which case
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II Objectivity

Restrictions for the description of of physical processes come from the prin-
ciple of objectivity (also called frame indifference). It consists of the
following:

e The value of physical quantities depend on the observer.
e The type of a physical quantity is given by a transformation rule.

e The description of a physical process has to be independent of the
observer.

Event

L3 Observer
Observer
Fig. 1: Physical spacetime

The last property is “objectivity” and states, that the description of physical
processes has to be the same for all observers. This applies to formulations
with differential equations, see section 3, as well as to formulations with
constitutive relations or constraints, see section 4. The first property is
the well known “relativity”, an classical example being the Doppler effect.

114
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The second property is “rationality” saying, that it is possible to describe
analytically, how quantities change under observer transformations.

Therefore the description of any situation in classical continuum physics has
to be frame indifferent, and this description includes everything like differ-
ential equations, constitutive relations, the domain of definition, positivity
of functions, et cetera. In order to formulate the principle of objectivity, one
has to specify how coordinates transform. A general observer transformation
is a bijective mapping
y=Y(y"),

which transforms the spacetime coordinates 3* € R™"*! of one observer into
the spacetime coordinates y € R™*! of the other observer.

In this lecture we restrict mainly, except in chapter VI, to classical contin-
uum physics, that is, we consider Newton transformations, see section 1. We
add a special section 2, where we introduce Lorentz transformations, which
are different from the classical ones. In both cases we deal with spacetime
coordinates y = (t,z) € R x R™ for one observer and for the other observer
they are called y* = (t*,2*) € R x R™, and the mapping Y between them is

of the form
r(ED- ).

In this situation, if the other observer is located in his coordinate system at
the origin {(t*,2*); «* =0, t* € R}, he is seen from the observer with (¢, )
coordinates at

£(t) :=ax=X(t",0) for t = T(t*,0),
that is, {(¢,£(t)); t € R} is the position of the other observer. This implies,
that he moves in the (¢, z) coordinates with velocity

X .
&= 7 with appropriate arguments.

In detail: We compute

d d d d

X (1,0) = —€(T(F,0) = —€(t) -

T(t*,0),
and since 0«1 > 0 the assertion is valid.

In contrast to Lorentz transformations, where T'(t*, z*) depends linearly on
x*, in classical transformations 7'(t*, z*) is independent of x*.
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The objectivity is the main subject in this chapter. We mention that all
statements proved so far are fully consistent with the principle of classical
objectivity. This you can easily verify.

In general, the formulation of a class of physical processes has to be frame in-
dependent, that is, it has to be the same for all observers. This applies to all
statements which are “published” and in particular the following statements
are independent of the observer:

e Conservation laws (see section 3). Conservation laws have been introd-
ced in section 1.1 and they are the basis for the dynamics in physical
studies.

e Constitutive functions (see section 4). Constitutive function arise as
description of particular materials and they are part of the underlying
conservation laws.).

Die Objektivitat von Erhaltungsgleichungen hat Konsequenzen fiir die be-
teiligten physikalischen Groflen, d.h. physikalische Groien sind dadurch de-
finiert, wie sie in welchen Erhaltungssédtzen auftreten. Dies bestimmt die
Struktur der konstitutiven Funktionen, eine Herangehensweise, die hier also
anders ist als in der bisherigen Standardliteratur.
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1 Classical observers transformations

Classical observers transformations have the significant property that T'(t*, x*)
depends only on t*, and this dependence is linear with factor 1.

Physical space

Observer
at time ¢

Observer
at time t*

Fig. 2: Classical observers

The simplest case is a Galilei transformation, a linear spacetime transfor-
mation defined by a Galilet matrix

G(V,Q) = [‘1/ g] , (ITL.1)
where V € R" is a “velocity” and () an orthonormal n x n-transformation
with positive determinant, that is a transformation satisfying QT Q = Id
and det Q = 1. This matrix reflects, how the coordinate systems are rotated
towards each other. The set of these matrices will be denoted by Ggaaiilei-
Each matrix defines a linear transformation.

1.1 Galilei transformation. A Galilei transformation, Y € Tqalile, 1S
given by a linear coordinate transformation Y of coordinates (t*,z*) into
coordinates (¢, x) given by

- ([F]) - (] rema [0

t* + (to — t§) }

(IT1.2)
- [Qm* + (= )V + 120 — Quf

with two given points (tg, zo) and (t§, z), and a matrix G(V, Q) € Gaalilei-
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Fig. 3:  “Chirotope in der Praxis: Molekiile mit der gleichen chemischen
Formel sind chiral, wenn sich das Bild der einen nicht durch Drehung mit
dem anderen zur Deckung bringen lasst. --- Chirale Molekiile konnen ganz
unterschiedliche Wirkungen haben. So duftet die linksdrehende Form der
Substanz Carvon nach Kiimmel, die rechtsdrehende hingegen nach Minze”
from [KlarText 2018]

The mapping Y is thus determined by the matrix G(V,Q) and the two
vectors (to, xo) and (t§, ). Why is det @ = 1 assumed for Q7 The answer
is in Fig. 3, there the left molecule is not a rotation of the right molecule, if
the molecules are seen in a 3D-version..

1.2 Group property. The set of Galilei’an matrices Gaalile; 1S a group,
where G(0,1d) is the unity, and where the inverse is given by

GV, Q) '=G(-Q"v.Q").

The same holds also for the set Tgane; of Galilei transformations (I11.2),
where the unit is given by V =0, Q = Id, and (to,zo) = (£, z). (See also
7.1.)

Proof. Are G(V1,@Q1) and G(Va,Q2) be two matrices, the matrix multipli-
cation is given by

G(V1,Q1)G(Va, Q) =

_[1 oHl 0}_[ 1 0}_{1 0}
Vi @] [ Ve Q] VitV QiQ2] |V Q@
=G(V,Q),

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



I1.1 Classical observers transformations 119

if
V=V+Q1V2 and Q= Q1Qx2,
a matrix (), which again is orthonormal and has determinant 1.
If we set specifically G(V,Q) = G(0,Id) = Id, hence V1 + Q1Voa =V =0
and Q1Q2 = @ = Id, so we have
Vo=-Q1"Vi and Q2=Q:".

Thus G(— Q1T V1,Q17) is the right inverse of G(V;, Q1). Similarly, it follows
that G(— Q2" V5,Q27) is the left inverse of G(Va, Q). O

We now consider the general nonlinear classical observer transformations,
which allow accelerations and rotations.

1.3 Newton transformation. We denote this set by Tnewton. A map Y is
called a Newtonian transformation of the coordinates y* = (t*,2*) into
coordinates y = (¢, x), if

Newton’s transformation:
m = ( [” )= [X%;(t:z)} = [Q(t*;;*++ab(t*)]

(t,z) coordinates of one observer, (I11.3)

(t*,x*) coordinates of onother observer,
aceR, t*—b({t")eR", *— Q(t*)eR™™,
Q(t*) orthonormal with det Q(t*) = 1.

with a number a € R and smooth functions b: R — R™ and Q: R — R™*"
satisfying QT Q = Id and detQ = 1. Remark: By smooth we mean in
general C2.

The derivative of a Newton transformation Y is

DpranY = (Yk’l)k,lzo,...,n = [)1( 602} )
where X denotes the time derivative
;X(t*, a*) = Q(t*)z* + b(t")
and similar Q and D. Clearly, the following lemma holds.

X(t*,2%) :=

1.4 Lemma. If Y is a Newton transformation, then for (tj,z{) the linear
approximation of Y,

t* ] v o oD v gy [
A7 el T (0, 20) + D+ oY (t0, 7o) o — at
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is a Galilei’an transformation. Every Galilei transformation is a Newton
transformation.

Proof. The derivative of a Newton transformation at (¢j, z{) is
1 0
Q(to)xo + b(tg)  Q(tp)
which for fixed (¢, x) is a Galilei’an matrix, since Q(t{) is an orthonormal
transformation with determinant 1. O

D(t*,:}:*)y(tév Z’S) =

About the “relative velocity” V := X we make the following remark, see
[Wikipedia: Doppler effect] and as a comparison 2.2. The equation (II1.4)
justifies the notion made for V.

1.5 Doppler effect. Beobachtet ein Beobachter ein Objekt mit ¢ — &(¢)
und ein anderer Beobachter dasselbe Objekt mit ¢* — £*(t*) so gilt nach
der Gleichung (I11.3)

[5@)] - <Ht>]> B {XJ:E*Z*))} ’

also fiir die Geschwindigkeiten des beobachteten Objektes

t)= X(¢,€() + IDx*X(t*,é*(t*)) £ (1Y)

= V("¢ (t%)) = Q(t")
somit
E(t" +a) =V (", £°(1") + Q)€ (1) (IT1.4)
Speziell: Ist der *-Beobachter an der Position £*(t*) = 0 so ist er vom
Standardbeobachter aus gesehen an der Position £(¢) mit
{0 =v.

Ist der Standardbeobachter an der Position £(¢) = 0 so ist er vom *-Beobachter
aus gesehen an der Position £*(t*) mit

e =—Qr V.

Also the class of nonlinear Newton transformations satifies the

1.6 Group property. The set TNewton Of Newton transformations in 1.3
satifies the group property. The inverse of the function Y in 1.3 is given by

= () = Lo o)

that is, Y* =Y ~! with
a*=—a, Q(t)=Q(t—a)', b*(t)=-Q(t—a) b(t—a).
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PT’OOf. If two mappings (tl,CEl) = ng(tg,l’z) and (tQ,l‘Q) = NQg(ﬁg,l’g) of

Newton type,
ARKEINNE,
1 ) Q12(t2)x2 + bia(ta) |’

{Z] B N23< {2] ) - [ng(tgt;xtigigg(tg)} ’

are given, then

] = ema([22])

[ t3 + a3 + a2 }
Q12(t2)(Q23(t3)xs + baz(tz)) + bia(ts + ags)

_ [ t3+ a3 ]

Q13(t3)x3 + b13(t3)
where
a13 1= ag3 + a1
Q13(t3) := Q2(t3 + ag3)Q23(t3)
bi3(ts3) := Qu2(ts + ags)bas(ts) + bia(ts + agy).

Now (013 again is an orthonormal transformation with determinant 1. There-
fore N13 := N120Nog is a Newton transformation. And Nqg = Id, if

ts + ags + aqo :|_|:t3]
Q12(t2)(Q23(t3)x3 + baz(t3)) + bia(ts +a3) | |3

that is

agg +aiz =0,

Q12(t2)bas(t3) + bia(t3 +ag3) =0,

Q12(t2)Q23(t3) = 1d,
which is equivalent to the assertion. O
We have seen that linear approximations of Newtonian transformations are

Galilei transformations. And this is indeed, as we shall see, a characteriza-
tion of Newtonian transformations.

1.7 Theorem. If a C'-transformation Y : R**! — R"*! at every point
(t5, zg) has a derivative D )Y (5, 75), which is a Galilei’an Matrix, then
Y is a Newton transformation.

Proof. We consider transformations Y :R x R” — R x R", whose derivative
is given by

D o) Y (t5, 2%) = G(V (", 2%), Q(t*, 27)). (I11.5)
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If we write

we see that (II1.5) means

Tne (DT B [1 0
[X/t* DX | =P =GV.Q) =1y QJl’

Tipe =1, DpT =0,
X =V, DpX=0Q.

that is
(I11.6)

Here @ is an orthonormal transformation with QT Q = Id, that is

> QikQi =0k for k,l=1,... n.
i>1
It follows, that
Amkl = ZXi’kai’l for k,l,mzl,...,n
i>1
satisfies

Amkl + Amlk - Z Xi’kai’l + Z Xi’kXi’lm
i>1 i>1

= <Z Xi’kXi/l> = <E szQll) = (5kl)’m = 0’

i>1 i>1

that is, A, is antisymmetric in k& and [. Since A,,x; is symmetric in m and
k, it follows from a known lemma (see Lemma 1.8 below), that the matrix
C = (Akji)ijkzl _,, is zero. Hence, since also QQT = 1d as shown in the
proof of 1.1.3, that is

ZQilel :67,] for 17]: 1)"'7”7

>1

we derive for m and k, since we showed that A,,,; = 0 for all [,
0=> ApuQj = > > XinemQuQji = > Xikm0ij = Xjriem,
1 U i

that is D2. X = 0. Therefore (t*,2*) — X (¢*,2*) is (affin) linear in x*, that
is

X(t*, 2*) = b(t*) + Q(t*)x*
with a vector b(t*) and a matrix Q(t*).
Then (II1.6) says Q(t*,z*) = Dy« X (t*,2%) = Q(¢*) is an orthonormal ma-
trix, and (II1.6) also says that T'(t*,2*) = ¢t* + a with a constant a. This

results in

t*+a
Y(t*,2*) = |+ * Ak )
5= 5+ 0y

from which the result follows. O
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1.8 Fundamental lemma. Suppose C' = (Cjji) _y is a 3-matrix

ij,k=1,..
in RY with N > 1, which is antisymmetric in the first two indices, and

symmetric in the last two indices. Then C' = 0.

Proof. 1t is
Cij = —Crij = —Ciji = Cjpr
Cij = Cljr = —Chii = —Ciigr -
Hence Cjp; = 0. O

2 Lorentz transformations

References: See [Wikipedia: History of Lorentz transformations] and also
the paper by Lorentz [113] for historical reasons. The proof of the Thomas
rotation in 2.5 can be found in [68]. In general see chapter VI for relativistic
physics.

A Lorentz transformation is a linear transformation given by a Lorentz ma-
trix. A Lorentz matrix is defined for ¢ > 0 and for V € R” with |V| < ¢
by

N
Y C*QVTQ
LlV@= 1 <Id+ £ VVT>Q
K 2(y+1) (112.1)
1
yi= e > 1.
1 -

Here @) € R™*™ is an orthonormal transformation with positive determinant,
that is QT Q = Id and det Q = 1. The matrix has the decomposition

0 @Q

into a velocity part and a rotation. In components the velocity part has the
form

Lo(V, Q) = Lu(V. 1d)Le(0, Q) = Lo(V, 1d) [1 0 ]

- v v v
v ?Vl gV2 gvzs
e SRR SRS
% V. _r
AT eI 2a 0 Earn
L.(V,1d) = ~2 A2 , A2
Ve, — v, 14+—"v2 Ty
RACITR I R A+ 1) 2 2yt 2
v? 72 2 2
V. e —1 v 14— v
A oy O ) A=l CES A
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We also write

7 5T
Lv=|1 2"¢ (112.2)
YW B(V)Q
where
2
B.(V):= Id+ 5——=VV" for|V|<c,
A(y+1)
VT (112.3)
= Id+(7—1)W for 0 < |V| < ¢,
which is true because
y-1_ -1 7

VI2 (v + DIV v+ 1)

The matrix B.(V') is the so-called “boost” in the direction of the “relative
velocity” V, that is

L.(V,1d) (1)] - []V] ,
_ SV
(I+( -1V

1
Y
~

YV

Lo(vV,1d) | ] _ , (IT2.4)

R4

L.(V,1d) 2] = [2} for eV =0.

We have that det L.(V,Q) =1 (see 7.3). The class of Lorentz matrices give
rise to linear observer transformations (this is the analogon to 1.2).

2.1 Lorentz transformation. A Lorentz transformation in Tiorentz 1S
given by a linear coordinate transformation Y of coordinates (t*,z*) into
coordinates (t,z) given by

19 ST e

with two given points (to,xo) and (¢§, (). The mapping Y is therefore
determined by the matrix L.(V, Q) and two vectors (to, zo) and (¢, z().

2.2 Bewegung eines Objektes. Beobachtet ein Beobachter ein Objekt
mit ¢ — £(¢) und ein anderer Beobachter dasselbe Objekt mit t* — £*(¢*)
so gilt nach der Transformation (112.5)
i)
&) ]’

o] =7 ([ ]) = [Ke 660 -

wobei die zwei Vektoren (tg,z0) = 0 und (¢, z;) = 0 sein sollen.

v 012 viQ
W B(V)Q
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(1) Dies ist aquivalent zu
t =t + leVon*(t*) ,
£(t) =7tV + Be(V)QE" (1) .
Vorsicht: Es sind im Allgemeinen nicht € und £* Funktionen.

(2) Wenn t eine monoton wachsende Funktion von ¢* ist, so gilt fiir die
“Geschwindigkeiten” des Objekts

V4 IB(V)QE(t)
1+ LVeér(tr)

Y

wobei der Nenner positiv sein soll, was fiir [€*| < ¢ erfiillt ist.

(3) Wenn v = £(t) und v* = £*(#*) mit |v*| < ¢ sind, so folgt mit 7 := Qv*
aus (2)
1 —

1+ 5Vev

Beachte: Dies ist die relativistische “Addition von Geschwindigkeiten”, siehe
[Wikipedia: Velocity-addition formula].
(4) Der *-Beobachter an der Position £*(t*) = 0 ist vom Standardbeobachter
aus gesehen an der Position £(¢) mit

)=V,
der Standardbeobachter an der Position £(t) = 0 ist vom *-Beobachter aus
gesehen an der Position £*(¢*) mit

£ =-Qv,

Es ist also wichtig fiir die “Geschwindigkeiten”, welche Zeit gemeint ist (siehe
dazu auch [23, Abschnitt I1.5]).

Proof (2). Compute the t*-derivative of &(T'(t*,£*(t*))) = X (t*,£*(t*)) and

obtain &(t) d(ti*T =L X. O

There are also different forms of a Lorentz matrix, which are valid for all vectors V eR"
and V € R".

2.3 Remark. For V' € R" with |V| < ¢ we used

S
V= e (112.6)
2
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Then V € R™ runs over all of R™, defined by

V.= !

WV =7V

Also V € R™ runs over all of R™, defined by

V::lf/:lv,

C C
(1) With the definition of V

~ 12
ve—r=>l v=17 4= 14|Y
\/1+ ‘K' )
and it follows, that for all orthonormal @ € R™**"
1 ~T
- v Y
Lo(V,Q) = Lo (——Y

(2) With the definition of V

C

=% V=SV y=\/1+|V]
V1+H|V|? v

and it follows, that for all orthonormal Q € R™*"

1 =7
- ) 7
Lc(L_yQ) = ry_ Cl ;Q_T
VI+|V]? eV <1d+—1vv )Q
:I;L(V)Ic[é g]
L) = n
(V) Vol VT
_la O ~_ ./ 12 _
Itl - |:0 Id:|7 Fyf 1+‘V| 77

Proof (1). With V= ~V we compute

[~ %VTQ
L.(V,Q) = "y
W (ld+ (v - ) @
L Vi
r 1 ~71
Y 3‘/ Q
c
_ B ‘7‘7T
\%4 Id+(y—1)— Q
L ( : V]2 >
and .,
v — 1 1 o 2 ‘V|
|‘7‘2 = 261D since 7* =1+ 2
O
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Proof (2). With V = 2V we compute

[ 7 ZV'Q
Le(V,Q) = vyT
W <Id + (- 1)w) Q
- . EVTQ :
¢ = =T
- — Vv
cV (Id + (v — 1)|‘_/2> Q
and |
TV_\Q = since 72 =1+ |V|°.
Y

O

The linear coordinate transformations given by Lorentz transformations con-
verge towards Galilei transformations, if ¢ tends to infinity, see lemma 2.4.
There are also cases, where a Lorentz matrix coincides with a Galilei matrix,
this is the case when only a rotation is applied:

10
0 @

2.4 Lemma. For every V, ‘7, and @ it holds

LO.Q = [y o] —c0.Q.

L(V,Q) = G(V,Q) asc— oo,
L.(V,Q) — G(V,Q) asc— oo.

Proof. This follows immediately. O
Fiir die linearen Lorentz-Transformationen gilt die folgende

2.5 Group property. The set of Lorentz matrices Gy orentz 1S a group, where
L.(0,1d) is the identity and the inverse of L.(V,1d) is given by

L.(V,Q) " =L.(-Q"V,Q") .

The same holds also for the set Trorent, Of Lorentz transformations (112.5).
where the unit is given by V' =0, @ =1d, and (t9, zo) = (¢, zj)-
Hinweis: For a non-explicit proof see section [23, 1.3].

Proof. We show the result by explicit computation. It is elementary to see
that
L.(V,Q) = Le(V, 1d)Lc(0, Q),

L.(V,Q) = L.(0,Q)L.(Q" V,1d),
L(:(Oa QI)LL(O QQ) - LC(Ov QlQQ)'

After the essential Thomas-identity in (II12.7) is shown, this completes the
axioms of a semigroup.
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In particular this implies, denoting

,72

(y+1)
that (note, that v has the same value for V and —V')

Le(V,QLe(-Q" v,Q")
= Le(V,1d) Le(0, Q)Le(0,Q") Le(—V, 1d)

B=B.V)=1d+ vVt

=1Id
= Le(V,1d)Le(=V,1d)
I 8
I C%VT T Tz vt
Ri4 B -V B

02
BV =~V
v? ’
BB =(1d vyt
< HECESY )

2 V2 2 2
SR DRy P s VRV B R V1
A(y+1) c?

2(y+1)

since

V2 ( 1> 0a
24— =24 (1- = =541
A(y+1) )1

128

Thus we have shown, that L.(— QT V,Q") is the right inverse. It is also the

left inverse, because

L(-Q"V,Q")Le(V. Q)
= L.(0,Q7) Lo(—V,1d)L.(V, Id) L.(0, Q)

1 |
= Id (see above)

= Lc(OaQT)Lc(O> Q) = LC(OaQT Q) =1d.
Therefore L.(V, Q) ! = L.(— Q" V,Q").

Now the nontrivial step is to show that

Lo (U, 1d)Lo(V, 1d) = Lo (W, 1d) [(1) T((S{ VJ ,
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where W depends on U and V and T(U, V) is the Thomas rotation (1926),

which can be found in [68],

VeU
W = + - |U+V,
(W CQ(’YU+1)>

T(U,V) = @ with @ orthonormal.

We prove this identity by using the representation of Lorentz transformation
with arbitrary vectors in R3. The assertion (I12.7) then reads

=~ ~ = = = 1 0

(T ) (V' 1d) = L(17, 1) [0 0 9)} |

W :=15U + B(U)V,

I 1/ o~ 1.1
T(U,V):=B(W BWU)B(V)+ UV |,
@.7):= B0 (BOBT) + 507") .
~i=1/1+ W—Q and similar v, v+
Vo = 2 Vi fYWJ
~ 1 ~ ~T L ~ —
UU and similar B(V), B(W).

Inserting the definition of the Lorentz matrix in 2.3(1) we have to prove the

identity
1 ~1 1 ~1 1 —~1
wo@l | @y :[”'vv 2T
U BO)] LV BW) w o Bw)| L0 M

where M denotes a certain matrix which has to be shown to be the Thomas
rotation. Performing the matrix multiplication on both sides this identity

becomes
UV 1 . ~ \T 1 —T
o 2 (V4B ) L
Wt TE 2 <7U + (Y)U o= IVW 2 M]
U + B(U)V B(U)B(V)+ ?UV
The last row we take as definition for W and M

W :=~yU + B(U)V
M= BT (BOBT) + 5077 (112.9)

Here the inverse of B(W) exists, since this matrix is positive definite. There-

fore it remains to show that
UeV
Wt T T W
(I12.10)

M(yzV +B(WV)U) =W,
M is an orthogonal transformation with det M = 1.
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In fact, the second statement gives with the fact that M is an orthogonal
transformation, that is MT = M1,

M™W =~V + B(V)U.

Altogether this would complete the proof. O
Here is a proof of the three statements in (I112.10).

Proof 1. Statement. Zu zeigen ist

UeV |ﬁ7|2
o T+ 2 Lt =5

c2

Da die linke Seite positiv ist, denn es gilt

UeV| |U| |V U2 V2
e I A e Ll — e
c? c c \/(1+ c? )(1+ 62) o
reicht es o .
UeV/ 2 W ?
(merTz ) =+
zu zeigen. Nach der Definition von W und B(fj) ist
W LT+ Bl
1+55- =1+ 5 ’7\7U+B(U)V‘
- 2
1 UeV ~ =
=1+ (7;+762%+1))U+V
VP2 2 UeV N\~ ~ |U]? UsV 2
=1+ —+ 5w+ =) UV+ — (75 + 5——
N c? +c2 (7‘/—‘_02(’\/54—1)) v c? (7v+c2(75+1))
2 2 _ 60‘7 ~ =~ 2 _ (7.‘7 2
=Wtz (Wv+ 02(75+1))U.V+(7U 1)<7‘/+ 02(%7—0—1))

Dies ist das gewiinschte Ergebnis, denn mit Umformungen ist dies

295 ~ ~ ~ ~
2L N 2
=%+ 5 UV + ey p— 1)(UOV)
20 -Dyp~ ~  YE-1 -
2 2 U 1 U 2
+(E -3 + UeV + UeV

27~ - 1 2 'y~—1 -

2 2 Vv U 2
— 202 2 W 1) TeT —( )UV
0w T g m DUV G o o )Y

Proof 2. Statement. Es muss

M(ygV +B(V)U) =W

c2

M= BW) (B((?)B(f/) 41 ﬁvT) :
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gezeigt werden, also

(B(ﬁ)B(V) + C%(?W) (7[717 + B(X~/)(7) = B(W)W . (I12.11)
Nun gilt fiir die rechte Seite

—~ — 1 —~ ~T
B(W)Wf(ld—&—mww )
_ WP e
—<Hc2(%~v+1) YW =W,

und genauso B(U)U = 5[7 und B(V)V
gleich

= %7\7
s - .
5 2 U+ ;(VQ(B(V)U))U
| I—|
2
= 7‘7 —1
Wir berechnen
Ve(B(V)U) = (B(V) V)eU = (B(V)V)eU = v;;VeU = y;UeV ,
und da
B(V)? = (1d + a‘7‘7T)2 (wobei a :=

1
Z65)
(wegen V|2 = 02(7‘27 —1)) (I12.12)
1 ~~1T
—Id+ VUV,
c
ist

=1d + (2a + |V|?a®)V v’

B(U)B(V)*U = B(D) (Id + =

VYO
c
= B0 + L B0 =0 + L BOW,
und daher wird die linke Seite von (I12.11) gleich

=757 BO)V + BU)B(V)*U
+y5 (72 - 1)U + Clg(f/'(B(‘N/)ﬁ))(7

o eV~ -
:’yﬁ’y";B(U)V-F’YF]U—F

SCBOW
1 o~ ~\~
+(150% = V) + 5 0eV)0

= (’Yﬁ’vv + %)B(ﬁ)‘7 + (7177\27 +
= (o + verl
- Uu'v

V)0
) (BOW +750) =15 (BOW +750) =+

O
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Proof 8. Statement. Wir haben zu zeigen, dass M eine orthogonale Transformation mit

Determinante 1 ist, d.h.
(Mz1)e(Mz2) = z1022

ist, oder dazu dquivalent MT M = Id. Dazu dquivalent ist (siche Beweis von 1.1.3)

MMT=1d.
Mit (I12.9) muss also gelten
~ -1 ~ ~ 1 ~=~1 ~ ~ 1 ~~m\T ~ 7
ld=BW) (BO)B(V)+ 50V ) (BU)BV)+ 50UV ) BW)
oder
— —~—.T ~ ~ 1l ~~1 ~ ~ 1 ~~1\"
BW)BW) = (BW)BWV)+ UV ) (BO)BV)+ 0V ) . (112.13)
Die linke Seite ist (wie (I12.12) fiir V)
BW)B(W)' = BW)? =1d+ W'
C
Da .
—~ ~ ~ ~ UeV ~ ~
— ~ B — ~
W =50 + BOW = (75 + rTownyy VT+7,
e — |
=:b
ist . 1 .
BW)B(W) =ld+ S WW
1~ = ~T ~T
=1d+ 5 (U +V)(bU +V") (112.14)
1 9 ~T ~~T ~~T ~~T
:1d+c—2(b OU +b60V +bV0 +VV ) .
Mit
ar~ = ! as = !
U Vi +1’ v Vi +1
ist
o B 1 ~~T
B(O)B(V) + 50V
- g ~ ~T a4y ~ ~T 1 ~~7T
= (1d+ Lo ) (1 + LV )+ UV
1 ~ ~T ~ ~T [70‘7 ~ ~T
=1d+ 5 (agU0" +apV V' + ( “5-agap +1)0V" ).
S —|

=:d
Also ist die rechte Seite von (112.13)

- (B((?)B(f/) + c%ﬁVT> (B(ﬁ)B(V/) + c%(?f/T)T

_ (Id+ci2(a[7(7UT+a‘7X7X~/T+dl~]\7T))

) (07" +70").
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This is the same as in (112.14) if we prove

V|2
1=2ay + |62‘ a,é,
UeV Vv
b=d+ =z (1’(7(1’\7+CT(1(LV7>
2 \(7|2 2 UeV 2|‘7\2

Indem wir die Definitionen einsetzen, ist
\‘N/V 2 2 2
2ay + 2 0y = 2ay + (vp — Dag =1,

UeV v
2 v T

d+

2 dag
UeV UeV
=1+ 27(1,[7(1\7 + (’Y‘% — 1)(1,‘7 (1 + 7(15(1;)

UeV
=1+ (p -1+ nﬁa‘;(?—&-(vg,—l)):b
und . o .

\ul” o ,UeV 2|V

2a5 + 2 ay +2 = dag +d 2
‘ UeV UeV

=2ag + ("/127 — 1)a25 + d<2c—2a[7 + (C—Qagag + 1)(7% — 1))

UeV ‘
= 1+d(—ag2+ap(hE - 1) + (7% - 1)

UsV UeV
=1+ (7%% + 1) (7“5(7\7 +1))+ (7 - 1)) ="

O

The definitions suggest that the Lorentz transformations represent the rel-
ativistic analogue of the Galilean transformations. But this is not true,
because the Lorentz transformations do not generate non-linear transforma-
tions (see [23, Section I.4]) in contrast to Galilean transformations as shown
in 1.7.
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3 Objectivity of balance laws

In general, the formulation of a class of physical processes has to be frame
independent with respect to a given group of observer transformations. That
is, it has to be the same for all observers, whose coordinates transform by
an element in 7. We require that in particular the following is independent
of the observer:

e Conservation laws (Conservation laws have been introduced in sec-
tion 1.1 and they are the basis for the dynamics in physical studies.)

e Constitutive functions (Constitutive functions arise as description of
particular materials and they are part of the underlying conservation
laws. They will be considered in the next section 4.)

We consider in this section some special conservation laws, where for sim-
plicity we restrict ourselves to classical solutions. We will now give a short
repetition of parts of section 1.5, which is based on the “Main invariance
theorem” 1.5.1. As transformation group Y we choose the Newton group
TNewton-. For a transformation Y in this group the vector X and the matrix
@ are defined in (I11.3) and it holds for the Jacobian J of Y

J = det D(t*,.’n*)y = det Dx*X = detQ = ].7

hence the transformation rules in (I5.11) take the simpler form (I113.5). With
N € N we consider in U the following differential equations (see (I5.1))

o + divpd® =rF fork=1,...,N, (I13.1)
where u*, qf and r¥ are given functions for k = 1,...,N. This can be
written in vector notation u = (uk)k, q= (qk)k, r= (rk)k,

n
i=1

Hence for test functions ¢ € C5°(U; RY)

N

S| (8iGru® + Velrog® + GrF)dL T = 0. (113.3)
k=1JU

The objectivity of certain conservation laws is defined by a transformation

rule for test functions: Let the coordinate system of the observer be y = (¢, z)

and the coordinates of another observer y* = (¢*, 2*). These coordinates are

1 We will choose here the group of Newtonian transformations, therefore we will not
agree with some literature in which frame indifference is required only for Galileian trans-
formations. Of course, our definition requires more conditions on the physical quantities,
as for the Coriolis force or the stress tensor. which we had introduced in 1.3.
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related by a transformation y = Y (y*). Now, if y — ((y) € RY is the test
function of the system for the first observer and y* — ¢*(y*) € RY the test
function of the other observer, then the following transformation rule defines

the type of the system of conservation laws:

Transformation rule for test functions
of a conservation law:

¢ =2Y¢oY  (or CoY =Z7T¢¥),

7 = (Zkl)k,lzl,...,N invertible.

(113.4)

Hence the objectivity of the system of conservation laws (113.1) is
defined with respect to a function Z:R x R” — RV*N_ Using (15.11) this

is satisfied if the following holds:

Transformation formula:
uFoY = > Zu*,
1

@ oY =3 XiZyu' + 3 Qij Zud}
l lLj

rfoy = > Zklu*l +> Zkl/jq;l +> Zklr*l )
l l,j l

forallk=1,...,Nandi=1,...,n,

where [ runs from 1 to N, and j from 1 to n.

(113.5)

We have to choose Z appropriately in order to get information about certain

systems of conservation laws. In this section we choose for the

Mass balance: Z =1

Mass-momentum balance: Z = [ 1 0 ]

X DX
1 0
Mass-momentum-energy balance: 72 = 1 X DTX
SIXIP X Q

Transformation formula:
uoY = Zu*,
qioY = XZ'ZU* + ZQiqu; ,
J

roY = Zu* + Y Z15q; + Zx*
J
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Now we introduce different classes of conservation laws which differ only in
the matrix Z.

Scalar laws

To apply these general considerations we start with a single equation
Ou + divg =r, (113.6)
which in the weak form for ¢ € C3°(U;R) reads

O:/(8¢C-u+VCoq+C-r)dL”+1.
u

3.1 Scalar equation (Definition). The equation (I13.6) is called a scalar
equation whenever the weak form transforms according to the law

(* = (oY for real-valued test functions,

where the coordinate transformation of observers is (t,z) = Y (¢t*, 2*). Hence
Z = 1. This is the case (see (I5.11) or (I13.5)) if

uoY = u*,
oY = u*X 4+ Qq*, (I13.7)
roY =r*.

Proof. By (113.5) we obtain for N =1and Z = 1 that ¢* = (oY, and
therefore uoY = u* and ¢;oY = X;u* + ZjQijq; as well asroY =r*. 0O

This is the occasion for the following definitions, where we mention that
these definitions do not cover the transformation rule for the flux in (I1I3.7).

3.2 Objective tensors. The classical definitions are, if any two observers
are in connection by means of the transformation (¢,z) = Y (¢*, 2*):

(1) A real variable (¢,z) — u(t,z) € R is called an objective scalar if
uoY = u’*,

where (t*, %) — u*(t*,2*) € R is the real function for the other observer.

(2) A vectorial variable (¢,z) — q(t,z) € R" is called objectiv vector if
qoY =Qq",

where (t*,2%) — ¢*(t*,2*) € R" is the vector for the other observer.

(3) A tensor (t,z)— M(t,x) € R™*™ is called objective tensor if

MoY =QM* Q7T ,

where (t*, %) — M*(t*,2*) € R™ " is the tensor for the other observer.
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(4) In general, if (t,x) — T3, . 4. (t,x) € R for i1,...,%, € {1,...,n} are
the components of a m-tensor, then T is called an objective m-tensor if

n m
% . .
TimoY = % (11 Qi) T B0 i = 1,
J1,e-dm=1 Y k=1

where (t*, 2*) — T*(t*, 2*) is the m-tensor for the other observer.

The mass-momentum system is a scalar equation and of the form
Ao+ divJ =r, (113.8)

As we know the mass density ¢ (it stands for u) and the production rate r
are objective scalars. It remains to interpret the flux term J (it stands for
q) which satisfies the transformation rule in (I13.7):

JoY = o*X + QJ*. (113.9)
In this connection we introduce the velocity v.?
3.3 Velocity (Definition). A vectorial variable v is called velocity if
voY = X + Qu*

is satisfied for different observers transforming with (¢, x) = Y (¢*, z*).
Remark: We also could define

=[] =[x o) (o)=L a]

where the first identity holds also for the Lorentz case. This definition of
(1,v) as 4-velocity shows that the transformation rule of (1,v) is linear with
matrix DY
Now if v is a velocity, it follows that gv satisfies the transformation rule
(ov)oY = (goY)(voY)
= 0"(X + Qu*) = "X + Q(0*v"),
i.e. the same transformation rule as J in (113.9). With

Ji=J—ov or J=opv+J (I13.10)

we now perform the difference of the transformation formula for J and the
one for gv and obtain

JoY = JoY — (pv)oY
_ (g*X—l—Qj*)—Q*(X—i—Qv*):Q(j*—g*v*) :QJ*,

that is, J is an objective vector. Thus we can say

*We will give here the definition of a velocity by means of a transformation formula.
It is clear that we do not agree with the comment in some literature that the velocity is
not be objective. In fact this is due to an incomplete use of the concept of objectivity.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



11.3 Objectivity of balance laws 138

3.4 Mass equation. The general mass equation
0o+ div(pv+J) =r
is a scalar equation. This is satisfied if the following holds:
o and r are objective scalars (see Definition 3.2(1)),

v is a velocity (see Definition 3.3),

J is an objective vector (see Definition 3.2(2)),

where r is the mass production and J the mass diffusion.

In case a second velocity v is given the difference v — v satisfies, see 3.3,
(v— )oY = Qu* — o),

that is, v — v is an objective vector. Hence for the flux of the mass equation

J=ow+J=004JF, Ji=0o(v—-0)+J, (I13.11)

where J is again an objective vector. Another scalar equation is due to
gravity.

3.5 Gravitation law. The gravitational law
div(=Ve) = o

is a scalar equation. This is consistent with the fact that we know already
that the mass density ¢ is an objective scalar. Furthermore, the gravita-
tional potential

¢ is an objective scalar,

a definition which is made here.
Proof. The differential equation is

O 0 +div(—-Ve )= o
—

1 —
u = q:= r =
Since u = 0 one has to show that ¢ = —V¢ is an objective vector. Since ¢
is an objective scalar, that is,
poY =¢*

one computes the derivative of this equation. It is
n

Ou;¢" = Ou3 ($0Y) = 3 (O, $)0Y - 01V,

=1
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and since O,t;in = Y;/; = Q;j one obtains
81’;¢* = Z Qij(amq»oy or vz*¢* = QT ((VI¢)OY) :
: i=1

Since QT = Q7! this is equivalent to (V, ¢)oY = QV,+¢*. (This conclusion
is true for every objective scalar.) O

Mass-momentum laws

As another example we consider mass and momentum.

3.6 Mass-momentum equation (Definition). This system of equations
has the general form N
Oro+ divJ =r,

B (ov) + divII =T,

and is called objective, if it transforms between two observers, which are
given by a coordinate transformation (¢,z) = Y (t*,2*), according to the
general law

C* :ZTCOY

for test functions (:R x R® — R with the matrix

Z =D g)Y = [)1( g} . (113.12)
Here besides the quantities of the mass equation pv is the Momentum and
II the momentum flux and f die general force density.

Attention: The system is an arbitrary system of 14n balance laws. The only
constraint of this system is due to the transformation law for test functions.
The matrix Z in (1I3.12) defines this system as a mass-momentum system.
Everything else is a consequence of this definition.

The system can also be written as

a 2] e | 0y | =[F
" lov a7 (sz>k | f
———
= u =g

and is objective, if with the coordinate transformation (¢,x) = Y (¢*,2*) the
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following holds (see (I13.5) or (I5.11))

Q}Y=Z[§4,
L OV o
P y—xz| ¢ SEo ¢ fiir i = 1
(sz)k e} = 7 |: *’U*:| +J§1Ql] (ﬁ;})l ur=1,...,n,
r * j* *
0 n J r
=~ Y:Z/* Z/* ~ Z o~
_f]o t [@*U*]Jrjzl | (1), ’ [f}

=lx o)z v gl 2=l o)
we obtain for the first of the three identities
oY =¢",
(ov)oY = "X + Q(o"v").

The first of these equations, namely that ¢ is an objective scalar, we know
from the mass equation, which is part of our system. For the second of the
three identities we obtain for k,i =1,...,n

~ . n ~
JioY = 0" X+ > QijJ7,
=1
;oY = X; (Xke* + > leQ*’Uz*> + > Qij (ijj* + > leﬁ7j> :
=1 i=1 =1

The first equation is identical with an equation of the mass conservation
(see the proof of 3.4). Therefore it is not surprising, that J := J — gv is an
objective vector (as in the proof of 3.4). The second equation is
~ oo .o .on ~ non ~
oY = 0" Xp X + 0" Xi Y- Qv + Xi Y- QiJ; + 32 > QuQisll;,
I=1 j=1 j=li=1
or in matrix notation
~ - T T . ~ T ~
oy =X X +o@0X +XQF) +ome™
. T . ~ T ~ :
= (X +Qu) (e X) + X (QT) + QI Q" .

~T
We compare this with the known transformation behavior of v.J

(0] )oY = (X +Qu*) (0" X + QJ*)

— (X +Qu) (0" X) + X(QT) + (Qu)(QT)
|
= QW Q"
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Comparing this with (I13.13) we derive that
(M —wJ )oY = Q" —v* J*) QT ,

that is,
H::ﬁ—va:ﬁ—v(gv—i-J)T

is an objective tensor. Finally, we have to consider the source terms. They
become, using the above identities for the derivative of Z,

)-8 8l |
e, ol [m)] v ol [F]

0 0 r*
= {gwm@v*)]+[QJ*]+L*X+Q¥*}’

that is, roY =r*, and

I

foY = o"(X +Qu*) + QJ" +r*X + Qf*
= 0" (X +20Qv") + QI* + r* X + Qf*,
hence N ) . . . N
foY = o"(X +2Qv") + QI +r" X + Qf". (113.14)
Therefore we can state the following theorem.

3.7 Theorem. The mass-momentum system, that means the system in 3.6,
with

J=pov+J, ﬁzgva—f—vJT—}—H,
therefore with arbitrary J and II, reads
oo+ div(ov +J) =r,

~ 113.15
di(ov) + div(ovvt +0JT + 1) =f. ( )

This system is objective (see the definition 3.6), if

o and r are objective scalars,
v is a velocity,
J is an objective vector,

IT is an objective tensor,

where II is the general pressure tensor and f is the general force density,
that is, the transformation rule (I13.14) is satisfied (which contains both r
and J). For the definition of a classical force density as part of f see 3.8.
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The transformation rule (II3.14) does not allow a vanishing force for all
observers, even for the special case that r and J vanish, since then the
inhomogeneous term is o* (X + 2Qv*) containing centrifugal and Coriolis
forces (see example 1.5.5). These forces are also called “fictitious forces”
(de: “Scheinkréfte”, fr: “forces translucides”, it: “forze traslucidi”, pl: “sily
przeswitujace”). The equation (I13.14) can also be written by reordering
the terms of the right-hand side as

foY = o*X + Q20" v* +J*) +r*X + Qf* .

Here the term 20*v* + J* is the sum of the term under the time derivative
of the momentum equation and the term under the space derivative of the
mass equation. Now, if w is a velocity, that is woY = X + Quw*, and
consequently (DwoY)Q = @ + QDw* for the derivative, then rw + DwJ
satifies the following transformation rule using the fact that J is an objective
vector, )

(rw + DwJ)oY =r*(X + Qu*) + DwoY QJ*

=1*(X + Qu*) + (Q + QDw*)J*

=r*X + QJ* 4+ Q(r*w* + Dw*J*).
Subtracting this from the transformation rule (113.14) for f we obtain

(f — (rw + Dwd))oY = g*(X + 2Quv*) + Q(f* — (r*w* + Dw*J*)),

that is, B

f — (rw+ DwJ)
satisfies the tranformation rule in (I113.18), if f is defined as in (I13.17) and
if w = v is taken as standard velocity.

3.8 Classical Force (Definition). The mass-momentum system (I13.15)
(equivalent to 3.6) is equivalent to

0+ odive =1 — divJ
Q:— odivy =r wd, (I13.16)
ov + divll = f,
where f is the (classical) force density given by
f:=f— (rv+Duvd). (113.17)

The classical force density f satisfies the following transformation formula

foV = o*(X + 2Qu*) + Qf*. (T13.18)
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Notation: It is h := 0;h + veVh for every function h.3

Remark: In fact, the mass-momentum system (II3.15) for smooth functions
is equivalent to 3.6, but for distributions please go back to the original system
(I13.15).

Proof. The equivalence of mass conservations follows from
0o + div(ov) = (0; + veV)p + odive = 0+ odivu.
The momentum conservation we write as

f=0,(ov) + div(ovv" +vIT +1I)

= (0o + div(gv + J))v + 0(0pv + veVv) + DuJ + divIl
=rv + DvJ + o(0wv + veVv) + divll

=rv+ Dvd + g’g + divII,

where we have used
div(vJ') = (divd)v + DvJ = (divJ + JeV)v.

This gives the equivalence of the momentum equations by defining the force
as in the statement (II3.17). The transformation rule for the force f has
been shown above. O

Usually one considers the system (II3.15) in the case J = 0. Then this
system becomes

oo+ div(ov) =r,
dr(ov) + div(gvv™ + 1) = rv + f,

where f is the “classical force” in 3.8. If one considers the total mass then
usually r = 0, and in this case the total mass is “conserved”.

3.9 Inertial systems. A coordinate system is called inertial system if there
is no external force in the total momentum balance. It is never clear whether
such systems exist, therefore one always is well advised to have a closer
look to the special situation. Inertial systems, as defined, exist only as an
approximation, the error can of course be very small. For example, there is
always the gravity field of an (unknown) celestial body present.

31t is h == Oth+veVh = 91, h = (1,v)e(ds, V)h for every function h. In the literature

) dt
Dyh. If you don’t mind the other use of the dot as time derivative, use h. Attention: In
most abbreviations there is no reference to v.

one usually writes & instead of h, also one finds D;h (see e.g. [4, Definition 5.1]), %A or
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In this book there are some examples with several observers where one ob-
server says to have chosen an inertial system. We recommend section IV.1
and in the current section 3.10. In the second example we go back to 1.3.5
where the observer is chosen outside of the centrifuge. Here we introduce a
second observer which is turning with the centrifuge. He writes the situation
in his coordinates, that is, the centrifuge has velocity zero. Nevertheless, as
we shall see, the physics is the same for him.

3.10 Example. In [.3.5 we dealt with a centrifuge and we considered sta-
tionary solutions of the mas-momentum system

div,(pv) =0,

(I13.19)
oveV,v + Vp — div,S = 1.

The pressure tensor S we took from the Navier-Stokes equation (13.32).
Ezxternal observer: The observer which we had considered in 1.3.5 we now
call the *-observer with *-equations, that is, everything in 1.3.5 is marked
with a "*’. We had assumed that the centrifuge for him is

vi=w | 2] | = —wAz*, =0,

0

where the matrix A is as in 1.5.5 Therefore, his coordinate system is an
inertial system and the pressure p* and ¢* depend only on the distance to
the axis of the centrifuge and the values of v* imply S* = 0. Consequently,
the equations (I13.19) written with *’ become

0"V oV 0" + Vyep* = 0. (113.20)

Now v*eV«v* = —w?(2},25,0) = —w?Iz* where w is the angular velocity

of the rotating cylinder, and [ is from [.5.5. Hence (I13.20) is equivalent to

Vap* = o*w?Iz*.

Interior observer: Der Beobachter, der sich in der Achse mit der Zentrifuge

mitdreht, hat auch das System (I13.19) zu betrachten, und zwar gilt fiir ihn
v=0, fo¥ =" (X +2Qv")

wegen f* = 0, eine Gleichung die in (I13.18) bei der klassischen Kraft auftrat.
Hier ist Y eine klassische Beobachtertransformation mit ¢ = ¢* und x =
X(t*,x*) = Q(t*)x*. Also ist er kein Inertialsystem. Nun ist fiir ihn auch
S = 0 wegen v = 0, und die Differentialgleichungen (113.19) werden zu

Vep=f. (113.21)
Wegen Q = —w?IQ und QA = —wIQ folgt
foY = o*(X 4 2Qv*) = 0*(Q — 2wQA)z* = o*W?IQx"
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wegen o* = poY somit f = pw?Iz. Also ist V,p = ow?Ix.

Observer comparison: Die Beobachter haben also das gleiche physikalische
Resultat V«p* = o*w?Iz* bzw. Vup = ow?Ixz. Es sei noch bemerkt, dass
der Druck ein objektiver Skalar ist, denn IloY = QIT* Q" und II = pId sowie
IT* = p*Id implizieren poY = p*.

In (II3.16) we have written the term divJ on the right-hand side, which then became
r — divJ. In the same way we can put in the momentum conservation the term divIl
on the right-hand side, which then becomes f — divIl, or we can do it only for a part
of this term. The latter we have already seen in Section 1.3, where we have dealt with
mass points (see 1.3.1 for a single mass point and 1.3.4 for a collection of mass points).
Therefore we make the following remark on the right-hand sides.

3.11 The term J. The differential system is (II3.15), which is equivalent to

Oro+ div(gv) =T,

) - _ (113.22)
Oc(ov) + div(pvv™ +1I) =1,

if ¥ := r — div] and f := f — div(vJT). Show by a direct calculation, that T fulfils the
transformation rule B ) . . B
foY = " (X +2Qu*) + T X + Qf . (113.23)

Proof. The last formula given here in (II3.23) is the transformation rule as in definition 3.6,
if we consider (II3.22) as mass-momentum system. The purpose is to show this formula
independently from the mass-momentum system (I13.14) and from the definitions in the
statement. The transformation rules for system (II3.14) include roY = r* and

foy = 0 (X +2Qu) + QI +r° X + Q¥*
Subtracting (113.23) gives
F—FoY =QI +r'X —TX+Q(f — ).
Using the definition f —f = div(vJT) and r* —F* = divJ”* in the statement, this equation
reads - ) '
(div(vI"))oY = QI + (divI") X + Qdiv(v* I™").
Since div(vJT) = (divJ)v + DoJ, this is
((divd)v +Dod)oY = QI* + (divI*) X + Q((divI*)v* 4+ Dv*J*).

Now, divJ is an objective scalar, i.e. (divJ)oY = divJ*, and voY = X + Qu*. Therefore
the equation reduces to .

(DvJ)oY = QI + QDv*J".
Since J is an objective vector, i.e. JoY = QJ*, the equation becomes

(Dv)oY)QJI* = QI* + QDuv*J*

or .
(Dv)oY)Q = @+ QDv" .

This is the transformation rule for the derivative of v. O
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Mass-momentum-energy laws

As another example, we consider the mass, momentum and energy (the en-
ergy is introduced in section I111.2). For motivation, we compute the transfor-
mation behavior of pvvT, which can be computed from the transformation
rules for ¢ and v. It is

(ovvT)oY = (00Y)(v0Y) (v0Y)T = 0*(X + Qu*) (X + Qu*)"
=X X + 0" (X Q) + (@)X + Q) (@Qu)")
I —
— Q(’U*U*T) QT
_*"T y * x\\ 1 % %\ vl * % T\ AT
= XX+ (X Qv ) + Q) X ) + Qe o) Q
and it follows for the kinetic energy
1
§|v|2 = itrace (ovot),
that
2 2 Ll . T ¥ * % 0" 2 113.24
EpoPyoy = JIX P + (@ X)ele™") + L1 (113.24)
This gives the additional line
1 .9 oT
SIXP XTQ 1]
in the matrix Z for the energy, as we will see in the following definition.

3.12 Mass-momentum-energy equation (Definition). We consider a
system of differential equations

Oro + divJ = r,
B (ov) + divII =T,
Oe+ divg=7.

This system is called objective if it transformes between two observers, whose
coordinates are related by (¢,z) = Y (t*,2*), with the general rule

g* :ZTCOY

for test functions :R x R® — R?*" where the quadratic (1 +n+ 1)-matrix
Z is given by
1 0 0
Z:= |, X 1{2 Of. (113.25)
5|Xy2 X Q 1
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Besides the qantities of the mass-momentum equation the quantity e de-
notes the total energy, q the total energy flux, and g the total energy
production.

Remark: Hierbei handelt es sich wieder um ein beliebiges System von jetzt
1+n+1 Gleichungen (5 Gleichungen fiir n = 3), was nur durch das Gesetz fiir
Testfunktionen eingeschriankt ist. Die Matrix Z in (II3.25) definiert dieses
System als Masse-Impulse-Energie-System. Alles andere ist eine Folgerung
aus dieser Definition.

We can write the system as n + 2 single scalar equations

Qo+ Y 0ndi =r,
;=1

)

A (ovr) + 3. 0p Iy = f, fork=1,...,n,

i=1
n ~ ~
8t€+ Zal‘lql =9,
i=1
or with ﬁz = (ﬁm> ) by an equation for vectors
=1,...,n
0 n JNz r
Or | ov + Z Oz, | 1L =|f
el = lal s
~——
= u =:q

Hence it is of the form in (I13.2) and this system is objective if the transfor-
mation rules (I113.5) (equivalent to (I5.11)) hold where we use the quadratic
(14 n + 1)-matrix with derivatives

1' 0 0]
7 = X Q 0
1 oo oT ’
§|X| X Q 1
0 0 0 0 0 0
XeX X Q+X O 0 | XX/, X0 Q 0

for j =1,...,n, where Xk/j = ij The equations (I13.5) are
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*

o 0
ov | oY =72 o%v*|,
| e | e*
[ ;] e Jj
g" oY =X, Z | o*v*| + z;‘:lQijZ H;f fori=1,...,n,
L i | e’ q;
B o' J; r*
floY =Zy |0 | +X0 7 ﬁ; +7Z | f*
_g e* a;k g*

Due to the structure of the matrix Z (the last column of the first two rows
is null) the properties of the quantities in the mass and momentum part
follow as in 3.7. Therefore, we have to evaluate the energy part of the above
transformation rule. The first identity gives

eoY = %’X‘ZQ* + Q*XO(Q’U*) +e*. (11326)

Comparing this with the rule in (I13.24) for the kinetic energy £|v[* and
defining the internal energy ¢ by

_ Q2
e_E—|—2|v\

we obtain .
goY =eoY — (§|U\2)OY =e" — %|v*|2 =",
that is, € is an objective scalar. The energy part of the second identity is
~ y L 2 % % v 1 * *
oY = Xi(5IXPe+ 07X Qu+ )
< L 2 T L ~TTx |~
+ 3 Qu (5P + X7l ),
which in vector notation reads
. . - T .
oY =(L|X2+ 0" X Qv +eM)X
( 2.| | ~ - T ) (I13.27)
+31XPQT* +(QI' Q") X + Q7.

The energy part of the third identity is
" I v, oT ST -
goY =0"XeX +0"(X Q+X Q)
n . . ~ - T ~.
+ 3 (XeX Ty + X5 QIT))
j=1

1. T =
X X QF + 7,
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that is
go¥ = 0" Xe(X + Qu*) + Q" X)e(o*v* +J) (113.28)
HQT Q)T + L X 2r* 4 XeQF* + §*. '
Defining J, II, and g by
J = ov+J,
I = gvo’ +0JT +11, (113.29)

~ 1

qg=-ev+ §|v|2J +IM v +gq,
we derive, see the following proof, from (I13.26), (113.27), and (I13.28), the
following theorem.

3.13 Theorem. It follows that the mass-momentum-energy system 3.12,
written with arbitrary terms J, II, and ¢ as in (113.29),

oo+ div(ov+J) =r,
A (ov) + div(v (v + 1T + 1) = £, (113.30)
e + div(ev + 2T+ v+ ¢) =7,

is objective (siehe Definition 3.12), if

%,

e=c¢c+ g]v ¢ is the internal energy,

0, €, T are objective scalars, v is a velocity, (113.31)
J, q are objective vectors, II is an objective tensor,

and with IT = IT*Y"™ + 17! where II*¥™ must be symmetric,

f=(r+JeV)u+f,

f is a (classical) force (see 3.8),
ot . (113.32)
g= §\U| + vef + veDuvJ + Duvdll"** + g,

g is an objective scalar.

Here both, II*¥" and I1"%**, must be are objective tensors.

Symmetric case: If 11 is symmetric, choose 1T := II and I1"*" := 0.
Standard case: Tt is II = II° + IT1*, hence 115" := I1° and 11" .= I[I* can
be set.

One can also write

§=ve(3u+£) +Dui(uIT + 1) 4. (113.33)
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(The equations (113.32) do not mean that f is independent of r and J or that
g is independent of r, J, and f, although this is true in many examples.)

Conservation of energy: Es ist g wie in (1I3.32) (siehe (I13.40) im Be-
weis unten) ein objektiven Skalar, somit kénnen wir im Einvernehnmen mit
dem Entropieprinzip (siehe z.B. I11.1.3) sagen, dass die Wahl g = 0 im En-
tropieprinzip der Energteerhaltung entspricht.

Proof. For the properties of g, v, J, r, II, and f see 3.7 and 3.8. That ¢ is
an objective scalar, has already been shown.

Next, insert J* and II*, as defined in (II3.29), in rule (I13.27). Since
L 2 Tk Q* o2 * L 2 *
SIXIPQTT = [ X[7Qu™ + S| X[7QJ
2 2 2
and
QI QM) X =Q(o"v +3) v QT X +(QIr Q") X
. T .
:X.Q'U*(Q*QU*+QJ*>+(QH*QT) X,
this gives
oY = (LIXP + 0" XeQu* +¢*)X
+(5 X[ + XoQu™)(¢"Qu* + Q)
QI QYY" X + Q7. (113.34)
— (ZIXP + 0" XoQu)(X + Q) + e X
¥ y * * * Ty ~%
FGIX? 4+ XeQu)QI* +(QII* QT X + Q7.

From known rules one computes

T ° _ * T\ [ *
(M v)oY =(QII*Q )T (jX +QuY) (113.35)
= (QI* Q") X + Q" v*),
(3l T)oy = @XP + X'Qv* + %”*’2>QlJ* (113.36)
= (31X 2 + XeQu )QI* + Q(3|v*|2T%),
(ev)oY = (L] X2 + 0" Xo(Qu*) + ) (X + Qu*) (113.37)

= (X2 + 0" Xo(Qu*))(X + Qu*) + e* X + Q(e*v*).
Subtraction of (113.35), (I113.36), (I13.37) from (I13.34) gives goY = Qq*.
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Finally the rule (I13.28) becomes, by again inserting J* and II* and using
the formula (I13.17), that is f* = £* + r*v* + Dv*J*,

GoY = o* Xe(X + Qu*) + (Q" X)e(o"v* + J*) + (QF Q):IT*
5 IXP 4+ XeQF 4 7
= 0" Ke(X +Qu) + Q' X)e(20"0" + 3% + Q" Q" (20" + 39"
+§|X|2 + XeQ(f* + r*v* + Dv*J*) + (QT Q)sII* + §*.
Subtracting
(veDvJ)oY = (X + Qu*)e(DvoY)QJ*
= (X + Qu*)e(Q + QDv")J*
= (X + Qv*)oQJ* + XeQDv*J* + v*eDv*J*
one gets using
(Qu*)e(Qv*) = v7e(@T Q%) = (QT Q)i(v v*T) = 0 (113.38)
since QT Q is antisymmetric, the equation
(g — veDvJ)oY
= o' Xe(X +Qu) + (@ X)o(20™v)
+%*\X|2 + XeQ(f* 4+ r*v*) + (QT Q)2II* + (§* — v*eDv*J*).
Then subtracting
(vef)oY = (X +Qu)e(o"(X +2Qv") + QF)
= 0" (X + Qu*)e(X + 2Qu*) + XeQFf* + v*of*
= 0" Xo(X 4+ Qu¥) + 20" X oQu* + X oQf* + v*of*
where one used again (113.38), one is lead to
(g — vef —veDvJ)oY = I;|X|2 +1r* XeQu* 4 (QT Q)eIl*
+(g* — v*ef* — v eDv*JY),

and therefore using roY = r* and (113.24)

G- gm? — vef — veDud)oY
*

= (QT Q):H* +(g" — I‘§|U*|2 — v ef" — v eDv*J").
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Hence if we define v
g:i=q-— §|U|2 — vef — veDuvJ

we have shown

goY = (QT Q)" + g*. (113.39)

Remark: Falls II symmetrisch ist, also auch II*, so ist (QT Q)3II* = 0 und
deshalb g ein objektiver Skalar.

Es folgt im allgemeinen Fall, wenn wir den Tensor Dv nehmen, wegen
(I14.13) die Formel

(Duill)oY = (QQ" + QDv* @) (QI* Q") = (@ Q):11* + Do*aIl*

das heifit die gleiche Transformationsformel wie in (I113.39). Um der Aussage
in dem Hinweis nahezukommen, zerlegen wir Il in zwei objektive Tensoren

IT = II%¥™ 4+ TI""  wobei IT*¥"™ symmetrisch
ist. Da IT¥"™* symmetrisch ist, ist (QT Q)sII*¥"* = 0, und daher auch
(DRI )oY = (QQT +QDu* QT)(QIT™ QT) = (T O):IT* + Du*sIIest*
Indem wir Differenz zu (113.39) bilden, folgt dass
g =g — DusTIrest (113.40)

ein objektiver Skalar ist, d.h. goY = g*. (Die Aufteilung I1"*! gleich IT und
1139 gleich 0 ist zwar mathematisch moglich, aber nicht physikalisch, wenn
wir darauf bestehen g = 0 setzen zu konnen.) O

We finish this section by the following remark, see section 6.

3.14 Remark. If the pressure tensor II is symmetric, then the conservation
of angular momentum is satisfied.

Proof. See the statement 6.6. O
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4 Constitutive relations

A “constitutive relation” describes the dependence of a quantity on other
quantities. A “constitutive function” is a rule how the value of a physical
quantity is calculated from the values of other physical quantities, which
in general are independent variables. Thus the physical quantity, which
is described by a function, becomes a dependent variable. Constitutive
relations describe various concrete materials, they are therefore necessary
for the communication between observers. For example, let w be a physical
quantity depending on the quantities u;, ¢ = 1,..., N, that is, there is a
function @ connecting these quantities

w:@(ula"',ul\f)a

which means
w(ta .CC) = @(ul(ta x)a s ,'LLN(t, .’L’)) :

We then call w a constitutive function. Regarding w we postulate the
following.

4.1 Definition. A constitutive function is called objective if it is the same
function for all observers. So, for example, let us assume the coordinates
of two observers are related by (¢,x) = Y (t*,2%), and w, uq,..., uy are
quantities w.r.t. one observer, and w*, uj,..., v are the “same quantities”
(as defined e.g. by 3.2) w.r.t. the other observer. Then the equation

w(t,z) = w(ui(t,z),...,un(t,x))
for the first observer is equivalent to the equation
w*(t*,x") = w(ul(t*, z%),. .., un(t', z¥))
for the second observer. Observe: w is the same for the two observers.

This definition is essential for the physical treatment of problems. Constitu-
tive functions must therefore be objective, i.e. they have to be independent
of the observer. The physical quantities have different values for different
observers, but the relationships between them are the same, that means,
constitutive functions that express these relations have to be the same for
all observers.

Referenzen: For statements about the independence of constitutive func-
tions see Eck & Garcke & Knabner [4, 5.8 Beobachterunabhéngigkeit], Greve
[5, 1.4 Transformationseigenschaften], REF-?77-.
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Now we give some examples of constitutive functions.

Objective scalars

As simplest example let us take objective scalars, for example, the produc-
tion term of a scalar equation.

4.2 Example. If p is an objective scalar, and wuj,...,uy are objective
scalars, then any constitutive relation between p and (uj,...,uy) is ob-
jective. In other words, if the constitutive function p is given by

p = plut, uz, ..., un), (114.1)

then it is the same function for all observers.

Proof. Let p*, uj,...,u} be the quantities with respect to an observer whose
coordinates are transformed with (¢,x) = Y (¢*,y*). Then it holds

poY =p*, wjoY =uj. (114.2)
From the constitutive relation (I1I14.1), which states
p(t,x) = plui(t, z),ua(t, z),...,un(t,x)),
follows that (set (¢,xz) = Y (t*,z%))
poY (t*,2") = plu oY (t*, %), ugoY (t*,2%),...,unyoY (t*, z%)),
and hence, keepting (114.2) in mind,
P, ) = Bl (), w2, .y (E,3)),

that is, p stays the same function. O
4.3 Example. Let p and uq, ..., uy objective scalars and let p be with

p(t,x) = plt, x,ui(t, z),ua(t, z),...,un(t,x)). (114.3)

Then p is an objective function if and only if p is independent of ¢ and .

Proof. Aus den Voraussetzungen folgt fiir (t,z) = Y (t*,z*)
Pl 2%), u* (", 2%)) = p* = poY
=p(Y (", 2"),u(Y (t",2%))) = p(Y (¢, %), u"(t*, 7)) ,
wobei u* = (uj,u3,...,uy). Wegen Y (t*,2*) = (t* + a, Q(t*)z* + b(t"))
folgt also
Ptz u*(t", 2%)) = p(t" +a, Q(t™)z"™ + b(t¥),u™(t*,27)) .

Indem wir nun bei gegebenem (t*,2*) den Wert a beliebig wéhlen, folgt
dass p unabhéngig von t* ist. Wenn wir dann Q(¢*) = Id und b(t*) beliebig
wahlen, folgt die Unabhéngigkeit von p von z*. O
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Also inequalities are covered by the principle of objectivity.

4.4 Inequality. If u is an objective scalar, then
u >0
is an objective inequality. The inequality u > 0 means actually
V(t,x) e RxR": wu(t,x) >0.

Remark: Transforms wu (affine) linear, that is, uoY = Au* 4+ B, then the
inequality is objective only if B =0 and A > 0.

Proof. If Y is an observer transformation, then u* = uoY > 0, hence the
inequality is objective. O

Objective vectors

Now we turn to objective vectors where we take as example the objective
flux vector J in the mass conservation.

4.5 Lemma. Assume the following is true:

~

J=J(Vo),

where p is an objective scalar and J an objective vector. Then J is ob jective,
that means, it is the same function for all observers, if it is satisfied that

~ ~

J(Qq) = QJ(q) (IT4.4)

for all ¢ € R™ and for all orthonormal transformations @) € R™*"™ with deter-
minant det Q = 1. Supplement: Under these assumptions the constitutive
function

~

J(q) := —a(|q|)q for all ¢ € R"

is objective, where a is a given real function.

Proof of the supplement. For all orthonormal ) we have the identity |Qq| =
lg|. Hence

~ ~

J(Qq) = —a(|Qq))Qq = Q(—a(|Qq|)q) = Q(—a(|q])q) = QJ(q) -

Hence (114.4) is true. O
Proof. Let Y be an observer transformation, then it holds

00Y =", JoY =QJ".
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Now we calculate the gradient by (because the time component of Y does
not depend on z*)

Oy 0" = 3z;(QOY) = (Or0)oY Yorer + > (0z,0)0Y Yirg:
| , =l | |

=0 = Qij
and hence in vector notation Vo* = QT (VoY) or
(Vo)oY = QVo* . (I14.5)

So Vo is an objective vector. Now let (II4.4) be true. Then the equation

~

J(t,x) = J(Vo(t,z)) implies, since J is an objective Vector, that

~ ~ ~

QJ* = JoY = J((Vo)oY) = J(QVe") = QJI(Ve"),

due to the assumption (II4.4) on J. Hence it follows for the *-observer

~ ~

T = J(Ve'), ie Jt,a") = J(Vo (t*,z))

therefore J is the constitutive function also for the *-observer, hence J is

objective. Remark: Also the reverse of this conclusion is true, see 7.10.
O

This result is now used in the mass conservation as diffusion term.

4.6 Diffusion (Example). Let ¢ be an objective scalar, v a velocity, and
a a scalar function. Two phrasings:

(1) Then the scalar differential equation
B0+ div(ev — a(o,|Ve|)Veo) =0
is objective, which means that it has the same form for all observers.
(2) You can also say
oo+ div(gv — an) =0,
a=a(e|Vel)

where, of course by 4.2, @ is an objective function.

Note: The mass diffusion was established by Adolf Fick in 19th century (see
[Wikipedia: Fick’s laws of diffusion]). For the sign of a, that is a > 0, we
have to wait for the entropy principle in section II1.1. See also Hutter &
Wang [9, 17.4.1 Diffusion].
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Proof. 1t is |Vp| like p an objective scalar and therefore @ is a function
depending on objective scalars, therefore @ is the same for all observers by
4.2. Therefore in the mass equation J;p + div(gv + J) = 0, see 3.4, the
vector J = —aVp is objective, ]

Wie geben nun ein Beispiel zum Zusammenhang zwischen objektiven Vek-
toren und objektiven Tensoren an. Wie wir sehen werden, werden um so
mehr Gréflen bei konstitutiven Funktionen benétigt, je detaillierter wir in
die Beschreibung von physikalischen Vorgéngen einsteigen. (Siehe auch Auf-
gabe 7.14.)

4.7 Lemma. Let (¢,2) — {e1(t,x),...,e,(t,x)} be an orthonormal system
of R", i.e.
€j®€; = 5i,j for l,] = 1, o5 (1146)

with e; being objective vectors. Further, let A;; be objective scalars. If II is
an objective tensor, then

T
II = Z )\ijei ej
]

is an objective representation of II. Remark: The fact that the e; are objec-
tive vectors is consistent with the statement (I14.6). Example: The matrix
IT = pld with an objective scalar p has this representation.

It holds e;e(Ile;) = Ay; for all 7 and j, that is, IT has the following represen-
tation with respect to the basis {ej,... ey}

A1 A

(€i°(H€j))i7j:1w,n =

)\nl to /\nn

Proof. Tt is IIoY = QIT*QT, ¢;0Y = Qe;, and AoY = A*. Due to
e ee; = QT e;oY)e(QF ejoY) =eoYee;0Y =4

the system is also an orthonormal system for the new observer. From this
it follows

Z Aer c“;T =Q' Z A5 Qe (Qe; e (since QT Q= Id)
i iJ
=Q" (ZAeie™ )oYQ =Q oy Q = QT QI QT Q = 1"
ij
Thus the representation is objective. ]

4.8 Allgemeiner. In 4.7 kann man natiirlich auler Tensoren II auch andere
Groflen durch ein objektives Orthonormalsystem darstellen. So ist fiir einen
objektiven Vektor J
J=> \ie;
7
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eine objektive Darstellung, falls A; objektive Skalare sind. Definition: Ein
objektives Orthonormalsystem ist ein Orthonormalsystem aus objektiven
Vektoren.

This is a representation of the objective tensor Il or an objective vector J
by an objective orthonormal system. Such representations can be used to
describe inhomogeneous materials. Take for example an objective vector J

T2

I

Fig. 4: “Geschichtetes Material” (aus dem Buch [1])
of the form
J=—-DVo (I14.7)

with a matrix function D (conditions will be derived) and an objective scalar
0. What are the conditions on D so that equation (I14.7) is the same for
all observers? For a *-observer we have J* = —D*Vp*. Since Vp is an
objective vector, we get

JoY = —(DVp)oY = —DoY QVo*.
On the other hand, since J is an objective vector,
JoY =QJ" =—-QD*Vy*,
hence we obtain
DoY QVo* =QD*Vo*.
This is satisfied, if DoY QQ = QD* or
DoY = QD*Q" (114.8)

that is, the transformation rule of an objective tensor. (If D = const and
the constant is the same constant for all observers, it follows (if n > 3) that
D = ald, a a scalar, see 4.14(4). The same holds if D depends on a finite
number of objective scalars, see exercise 7.11.) Now, if n = 2, take D as a

matrix
a O
p=|5 3]
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see Fig. 4. This is for an observer with (x1,x2)-coordinates. If we consider
another observer with (x7,z%)-coordinates we have to use the matrix D*
with the property in (114.8), that is, if

acos® 9 +sin®9  (a — 1) cosdsin¥
(@ —1)cos¥sind asin®v + cos?? |-

costd —sind
sind  cosd

o[z 2w

In particular, if

0 —1 . 10
0=s[? M =[1 0]

This is because the material stays at the same physical place but the coor-
dinates differ. So we can say

4.9 Lemma. Let g be an objective scalar and J an objective vector. If D
satisfies the transformation rule (II14.8) then the equation

J=-DVop
is objective, that is, is the same for all observers.
Proof. If J 4+ DV = 0 we compute

0= (J+ DVp)oY = JoY + DoY (Vp)oY
— QI+ (QD*QN)QVo" = Q(J* + D*V4").
Hence 0 = J* + D*Vp*. O

Therefore, the vector J depends on D and Vo, where D is an objective
tensor and Vyp is an objective vector. Hence making the matrix D public
we get the following lemma.

4.10 Lemma. Let ¢ be an objective scalar, J an objective vector, and D
an objective tensor. Assume

~

J =J(D,Vy).

~

Then the function (M, q) — J(M,q) is objective, that is the same function
for all observers, if for all orthonormal matrices () with positive determinant
and all M and ¢

TQMQ" . Qq) = QI(M.q). (114.9)
Example: j(]\/[, q) = —Mg.

We see that in order to have the same function J for all observers it is
neccessary to add the matrix D as argument to the function J.
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Proof. We assume that J = JA(D, Vo), that is, J is the constitutive function
for this observer. Now, another observer has the quantities J*, D*, o*.
If Y is the corresponding observer transformation, we take ) from this
transformation and set M = D* and g = V* in (114.9). We get

T(QD* Q" ,QVe*) = QI(D*, Vo"). (114.10)
If we use the known transformation rules for D and Vg, which are
QD* QY = DoY and QVo* = (Vo)oY,

we obtain

~ ~

J(D,V)oY = QJ(D*,Vy),

and the left side is, since J is an objective vector,

~

J(D,Vp)oY = JoY =QJ"

~

and it follows J* = J(D*, V*).

Remark: For the reverse direction of the assertion, we assume that J is the
same function for all observers. Then (114.10) follows arguing in the reverse
direction. Now, if for all processes in consideration D* can be any matrix
and Vo* any vector, the equation (114.9) follows. O

A formulation with an orthonormal system is also possible: Let n = 2 and
realize, that for the observer with (¢, x)-coordinates

D= [8 (” = aere1l + egeqT (114.11)

if {e1,e2} is the standard orthonormal system with respect to the (¢,x)-
coordinates, this is of the form in 4.7 (for II). If we consider the other
observer with (7, #3)-coordinates we have to use

* x T x T
D" =aeje]” +e5e5

« | cosv « | sind it Q= costy —sind
U7 _sino | 27 |cosw| ! ~ |sind  cos? |

So in general one considers (I14.11) with objective vectors e;, i = 1,2. Also
lemma 4.10 can be adopted to orthogonal systems. So, for example, if
{e1,e2} is an orthonormal system of objective vectors, the representation

J =—-DVo,

D =ae; €1T + e2 €2T y 4= zL\(|VQ|) )

defines an objective vector J. The considerations are relevant, if one has,
for example, several bodies in a fluid.
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Objective tensors

The objectivity considerations also apply to tensors. This is important for
tensors in the theory of elasticity, see section 5, and in the theory of fluid
dynamics, where we consider the tensor II. The objectivity considerations
for this tensor will be very important.

4.11 Lemma. Let p and € be objective scalars and v a velocity. Let II be
an objective tensor and assume

II= ﬁ(g,a,v, Vo, Ve, Dv)

with an objective function II. Then II is independent of v and depends only
on the symmetric part of Dv. Therefore II can be chosen as

II = ﬁ(g, e,Vo, Ve, (Dv)S) .

Remark: There are of course even more conclusions.

Proof. For the velocity v there holds
v;0Y = Xz + Z Qijv;f .
; .
We calculate the derivatives with respect to z}, and if we take into account
that Xj/wz = ij and XL/Lz = Qj/€7 we get
n

Z(GT] ;)oY Qj, = Opz (vioY)

]:

= Xirgz + 2 0 (Qijv]) QL]C+ZQ7] 22 Vs
J

that is, in matrix notation
(Dv)oY Q = Q + QDv*. (114.12)

If we multiply this from the right with the matrix QT

(Dv)oY = QQT + QDv* Q" (114.13)

with an antisymmetric matrix QQ .4 If we plug this into IloY = QII* Q7
then, by exploiting that II is objective, we get

QII(o*,e*,v*, Vo*, Ve*, Dv*) QT = QII* QT =1IoY
(0oY,e0Y,v0Y, (Vp)oY, (Ve)oY, (Dv)oY)

(0%,€*, X + Qu*,QVo*,QVe*, QQ" + QDv*Qh).

T -Q Q") =-QQ" =-(QQ""

=

o I:I) El>

QAT =(@
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At a certain point (¢, z(;) we can choose the transformation Y such that the
value of ¢ = X at this point can be arbitrary, and such that A = QQ7 is
an arbitrary antisymmetric matrix, with simultaneous selection of () = Id
at this point. (In detail: First choose Q(t§) = Id and let @ for t* # t{; be so
that Q(t5) = A. Now we have the formula X (t*,2%) = Q(t*)z* 4 b(t*) for
all (t*,2*). Then choose b(t}) so that X (t5,z8) = c.) We get at the point
(t5,x§) (with abbreviations €* = e*(t, (), Ve* = Ve* (¢, §) etc.)

~ ~

(0%, e, v*, V", Ve*, Dv*) = I(p", %, c + v*, V", Ve*, A + Dv")

for all ¢ in R™ and all antisymmetric matrices A. Now look at this equation.

If we choose especially ¢ = —v* and A = — (Dv*)A, then we obtain, due to
Do* = (Dv*)® + (Dv*)*,

~

II(o*, e",v*, Vp*, Ve*, Dv¥) ﬁ(g*./ e*,0,Vo*,Ve*, (Dv*)s)

=: II(o*,e*, Vo*, Ve*, (Dv*)®)
with a new constitutive function II. This is the assertion. O

4.12 Constitutive function for liquids. For the pressure tensor the fol-
lowing representation is objective:

II =pld- 9,
S =a(Dv+ (Dv)T) + b div(v)Id
= 24 (Dv)® + b div(v)Id

=2 ( (Dv)® — %div(v)ld ) + ¢ div(v)Id,

-

trace free

a:=mn, b:=C—%n <=C—§nf0rn=3>,

where p, n and ¢ are dependent on (g, ¢, | (Dv)S |).Here

p is the pressure of the liquid (an objective scalar),

n, ¢ are the viscosity coefficients.”

Proof. Due to (114.13) we have

DvoY = QQT + QDv* Q"
~—~—

skew-symmetric

5The notation 7 und ¢ you find in Landau & Lifschitz [10, (15,3)-(15,4)]
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and thus for the symmetric part (Dv)® of Du it is
(Dv) oY = Q (Dv*)* QT , (114.14)

that is, (Dv)® is an objective tensor.

Now it applies for the Euclidean norm of the matrices M, N € R™*™ repre-
senting an objective tensor that MoY = QM* Q" and NoY = QN*Q", and
hence 6
(MiN)oY = (@M*Q"):(QN*Q") = > (QM* Q") (QN* Q")
ij
= > QueMyQuQipNp,Qiq = > okpMpNpyo1g = > My Ny = M*iN*
ijklpq klpq Kl

and therefore

|M|oY = VMM = vV M*:M* = | M*|.
It follows that the Euclidean norm of | (Dv)S | is an objective scalar,
(Do) [oY = [ (Dv*)°],

as well as p and . Thus, the constitutive functions of a and b, also n, ¢ and
p, fall under the Example 4.2. So we can assume in the following, as if these
functions were constant.

Now (Dv) is an objective tensor, see (I14.14), and thus for each orthonormal
system {e1(t,z),...,en(t,x)} we have

divo = Y ezo (Dv) e,

and hence
(divv)oY = Y (e;0Y)e((Dv) oY) (e;0Y)
- Z(eioY)o(C;(Dv*)S Q") (es0Y)
= i(@T ;oY )e (Dv*)® (QT ¢;0Y) = divo*,

because {Q(t*)" el(lt, z),...,Q(t*)  en(t, )} is also an orthonormal system.

Therefore, divv is an objective scalar.

Finally it follows that S is an objective tensor and therefore also II. O

If one replaces a constitutive function of a physical quantity by a func-
tion, which depends on more parameters, the situation usually is changing
dramatically. Therefore one has to take into account the structure of con-
stitutive functions. We now show that under linearity conditions for IT a
representation as in 4.12 is also necessary (see also I11.2.5).

SFor matrices M, N we define MSN := 37, -Mi;Nyj, that is [M|* := 3, | Mi;|*.
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4.13 Theorem. Let IT = f[(g, g,v,Dv) with a symmetric objective function
ﬁ, i.e. ﬁji = ﬁij fori,j5=1,...,n. If II is affine linear in Duw, then II has
the representation in 4.12 where the coeffcients p, n and ¢ dont depend on
(Dv)®. Notice: It is assumed that IT is defined for all values of Dv.

Proof 7. For II one obtains independence of v and independence of the an-
tisymmetric part of Dv in the same manner as in 4.11. Therefore

Ii(o,e,v,Dv) = Il(p, £,0,(Dv)%).
Now II is an objective tensor, that is, IIoY = QI*Q" or
T(g,¢,0,(Dv)%)oY = QII(g*,&*,0,(Dv*)*)) Q" .
Inserting the transformation rules for the arguments this is
M(e",e%,0,Q(Dv")° Q") = QII(¢",£",0,(Dv")*) Q"

where the function II is affine linear in the last argument. For (Dv*)® = 0
we obtain that R N
Ii(g*,£",0,0) = QII(¢",£",0,0) Q"

for all orthogonal matrices ). This implies that the matrix ﬁ(g*,e*,0,0)
(for fixed values of p* and £*) is a constant objective tensor, and therefore,
by 4.14(4) for n > 3, is a multiple of the identity, that is,

~

(0", €",0,0) = p(o*,")1d,

where physically p = p(p, €) is the “pressure”. Then S := pld — II is linear
in the gradient, hence we have for the “stress tensor” S a representation

n
Sij = Y Cij(Okvr + Ov) s Cijii = Cijra(0:€)
k=1
where we can assume that ¢, = ¢ for all 4,5, k,0 = 1,...,n. This is an
objective representation of S with a scalar function ¢;jz; since S is like IT an
objective tensor, that is,

SijoY = 3 QiQ 5%

iy
1,j=1
This can also be written as

% (cijrt(Okvr + Orvg)) oY = Z EZZNC%EZQZ-;Q]-;(%U? + Opr) .
K /L’-] b

" A proof is given in [10, §15], but this proof does not match the mathematical rigour
which we intend to give here, so we do the following proof.
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Using the tansformation rule for (Dv)®, that is (I14.14) which says that it is
an objective tensor, we get that on the left-hand side we can replace

(Okvi + Opvg)) oY = ;Qkié@ﬁ(aié”f + opg) s
.l

therefore

Zcz]klOYZQkal“(avU + O ) ZZc]k[ {{Q”( ; ai’”%)

Since (DU*)S can be any symmetric matrix at a given spacetime point (this
is true by assumption) the coefficients, which are symmetric in k& and [, have
to be the same. This leads to the identity

Z CZ]klOYQka” Z Ql’;Q]_] C~ kl~ fOI‘ all ’L’,j,/];;,flv.
k=1 Ti=1 &

Again we rewrite this so, that we have Q-terms only on the right-hand side,
that is, we multiply the equation by Q; Qg sum over (k, ), and then rename
(k,1) as (k,l). This gives

n
cigkioY = > QﬁijQkEQlTC%ET for all i, 5 k. 1
L7 kI=1

that is, (cijr) is an objective 4-tensor. Now

i7j7k7l:l7"'7n
~ o~ * * *
cijrioY = Cijki(0,€)0Y = Cijri(0*,€") = ¢

so that

n
Chin = ~~Z:~ QﬁQjEQkEQZZNC%ET for all 7,7, k,1[.
i7.j7k7l:1

This means that for fixed values of ¢* and € the value ¢}, = @fjkl(g*,s*)

is fixed, that is, we can treat (c;‘jkl) as a constant objective 4-
i,5,k,l=1,...,n
tensor, which is symmetric in the last two indices. Since S* is symmetric,

this implies, as shown in 4.14(6), that the symmetric part with respect to
the first two indices is of the form

Cijkt = @ (Ok,i01,5 + 01,i0k,5) + "0k 165

with two scalars a*, b*. Now use the fact, that c;j0Y = ¢
aoY = a*, boY = b*, to arrive at

Tkl and similar

Cijkl = a((gkz,iél,j + 5171'5}4;7]‘) + bék,léi,j .

From this the assertion follows (see 4.14(6), (114.32), (114.33)). O
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Here is the used identity for constant tensors of arbitrary size.

4.14 Lemma. We consider a constant objective m-tensor C' = (c¢4,,..., )21 =1,
(see the definition in 3.2(4)). This means that for all orthogonal matnces Q@ in R" with
det @ = 1 the following identity is satisfied:

Ciryoim = D iy Qi Cirenim - (114.15)

We assume n > 2 (for n = 1 there is only Q = Id).
(1) Property (114.15) is equivalent to, for any antisymmetric matrix A,

n n
0= 7_271 Ailgl Cityin,nyim + 7_271 Ai252ci1327i3,»-~,im
" = (114.16)
+-+ Z Azmzmczl,“.,im,l,zm .
im=1
(2) Property (I14.15) is equivalent to
6i1,rcs,i2,“.,i"f + 5i2,rCi1,.s,if;,‘..,im F o i rCin iy 108 (114.17)
is symmetric in r,s € {1,...,n}
for all 41,...,im =1,...,n.

(3) If m =1 then C = 0.

(4) If m = 2 then, if n > 3, the matrix C is a multiple of the identity. For n = 2 it can
have an additional antisymmetric part (see (114.20)).

(5) If m = 3 then C satisfies (I14.15) if and only if C' is antisymmetric in every pair of
indices. If n = 3, then C satisfies for vectors ¢ € R® for some a € R

— 3 .o — . _0 53 762
C(f) = (Zk:lci’]’kgk)i,j:l,...,’n =a §3 0 §1 . (11418)
& —& 0

If n > 4, then C = 0.

(6) If m = 4 we consider only the case n > 3. Then if C is symmetric in the last two
arguments and C' is symmetric in the first two arguments it has the form

C(M) = (Zz,lzlci,j,k,le,l) o =a-(M+M")+b-trace(M)-1d.  (114.19)

,7=1,...,n

Remark: Dieses Resultat ist aus dem Anhang von [19].

Proof (1). Assume (II4.15) holds. Setting @ = exp (sA) with an antisymmetric matrix A,
and taking the derivative with respect to s in (II4.15) at s = 0 one obtains (I14.16). Now
assume that (II4.16) holds. Denote the right-hand side of (II4.15) by

F/(Q) = Z Q!lll e 'Qimimch ..... im for i = (7:17"'77:7”)‘

Consider a smooth curve s — Q(s) with Q(0) = Id. Then with A(s) := Q(s) Q" (s) one
computes

SRR = 3 AuiFi o @)+ 3 AP kis. 00 QL))

to 20 Ak Fi i1,k (Q(S)) -
k=1
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Using (I14.16), we see that the same differential equation holds for the function s —
Fi(Q(s)) — ¢;i. Since F;(Q(0)) —¢; = 0 for all i, we obtain F;(Q(s)) —¢; = 0 for all s and 4.

Since the set of orthogonal matrices with positive determinant is a connected manifold,
we can reach any such matrix with a curve starting at the identity. O

Proof (2). Varying over all antisymmetric matrices one sees that (I14.16) is equivalent to
the fact, that the identity (II4.17) holds. O

We consider property (114.17) in the subsequent argumentations. We do not claim that
this is the most efficient way to derive these conclusions, but at least there is a unified
background.

Proof (3): Case m =1. Then (114.17) reads
0ircs = 0;5,s¢r for all ¢ and r # s.

Setting i = r we get ¢s = 0, and this for all s, hence the result follows. O

Proof (4): Case m = 2. Then (114.17) reads
OirCs,j + 0jrCis = 0isCrj + 0jscir forall i, jand r # s.

Setting i = r, j = s we get
Cs,s = Cpyr forall r# s,

hence for some number a
cii=a foralli.

If n > 3 set i =r and let j # r,s. This gives
cs,; =0 forall j#s.

Thus
C = ald.

For n = 2 set © = 7 = r and obtain
Csr+crs =0 fors#r,

hence for some number b

C:a{é ﬂ+b{_01 H (I14.20)

Proof (5): Case m = 3. Then (I14.17) reads

éi,r‘cs, i, + 5',T'Ci.s. + 6 ,rCig,s
ik 85rCiiak + Ok (114.21)
= 6i,sCT,j,k + 6,7',-Sci,7',k + 5/9,561',]',1" for all i7j7 k and r 75 S

We consider the case n > 3. For r = k = j, and three different i, k, and s this gives
Cisk+ Ciks =0 forall s,k # ¢ with s # k.
For i = j, r = k, and three different i, k, and s the identity gives
Cii,s =0 for all s # 4,
and for j = k, r = i, and different 4, k, and s this gives

cs,j; =0 forall s # j.
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For k =i # j and s =4, r = j this gives ¢i s = ¢j,j.i + ¢i,j,5, which is 0 by the previous
results, thus
Ciiji — 0 for all 7.

Therefore we have seen that
Cijk  is antisymmetric in j, k.

Interchanging two indices leads to a tensor, which again is objective, hence the above
antisymmetry applies to the new tensor. It follows that C' is antisymmetric in every pair
of indices. Every such 3-tensor is objective.

For n > 4 obtain for empty set {r,s} N {i,j}
Ok,rCij,s = Ok,sCij,r

and then for k = s #r
cijr =0 forall r#1,j.

Together with the above antisymmetry it follows that C' = 0. For n = 3 we have
a:=C1,2,3 = —C1,3,2 = €3,1,2 = —C3,2,1 = (23,1 = —C2,1,3,

and all other components vanish. Hence for vectors ¢ € R? equation (I114.18) holds. O

Proof (6): Case m = 4. Let C be any constant objective 4-tensor. We consider the case
n > 3. Equation (I14.17) reads

0i,rCs,j,k,l + 04,rCis kel + Ok,rCijos,l + O01,rCijik,s

= 0i,sCrj,k,1 + 05,sCir kel + Ok,sCijrg + 01sCijrr foralli,j,k,l and r # s.

114.22
Let us assume, that C' is symmetric in the last two indices, that is ( :
Cijkl = Cijik forall 4,7, kL.

Set i = j in (114.22). Then

Oirr(Coyiskeyt + Civs kl) + Ok rCisiost 4+ 010 Cisik,s

= JE,S(Cr,i,k,l + ci,r,:,z) + 0k,sCiiyrl + 01,5Ci i k,r  for r # s and all 4, k, [. (114.23)
For k,l,r, s # i with r # s one obtains

Ok,rCii,s,l + 01rCivik,s = Ok sCiirl + 01,5Ci ik,

This is the characterization of the objective 2-tensor (Ci»iqk»l)k,lzl """ ,» in n— 1 dimensions.

Since n—1 > 2 and symmetry is assumed, the above result (4) implies with a real number
b;
Ciik = bk, for all k1 # 4. (114.24)

For r,s # ¢ with r # s and k = r, | = ¢ one obtains
Ciisi =0 forall s #i. (114.25)
Now, in (114.23), set k = ¢ and let [,r, s # ¢ with r # s. One obtains
01,rCiii,s = O01,sCiyiyi,r  for all ¢ and [, r, s # 7 with r # s.

For [ = r this gives
Ciiyi,s =0 for all s # 4.
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Together with (114.24) this gives

Ciiky =0 forall k#I,

Ciik,k = bz fOI‘ all k’ 75 ’i, (11426)

Ciii,i  so far undetermined.
Now, in (114.23), set r = i and let k, [, s # i (then r # s). One obtains
Cs,iskl + Cis kel = Ok,sCiyiil + 01,sCiik,i-
The right-hand side vanishes by the first identity in (I14.26), hence
Cs,ikt + Ciseg =0 forall k1, s # 1,
or relabeled
Ciikl + Cigjea =0 foralli##jandall k,l#iork,l#j.

Denoting the symmetrization with respect to the first two indices by
1
céyjyk,l = i(cz"j’k’l +¢jiny)  foralli gkl (114.27)

we obtain ¢ j ., = ¢;,; 1, =0 for all i # j and all k,I # i or k,l # j, that is

¢ijra =0 foralli#jandk,l with {k, I} # {i,5}. (114.28)
For {k,l} = {i,j} we get
/ / / /
@iyj *= Cigyig = Ciyjgi = Ciig = Ciiga = Qi
Now let ¢ # j in (114.22). Then for » =i and s # i this identity becomes

Cs gkl F Ok,iCigst + 01,iCi g ks

o ) (114.29)
= 0j,5Ci,ik,l + Ok,sCi,jii + 01,sCi gk, fori# j, and s # i, and all k,[.
As first case in (114.29) let s = j. Then

Cj gkt F OkiCigg0 + 01iCi gk,

= Ciyi,k,l + Ok jCijiq + O jCi gk forall kL.
For k =1 # i, j this gives
Cj ikt = Ciike forallizjand k#1,7,
thus in the second identity in (II4.26) for some number b
b; =0b for all .

For k =1 =i we obtain
Cjgyivi T Cijgi + Cijig = Ciiii,
which by definition of b becomes
Cisivii = b+ Cijjji =+ Cijigs
and for k = [ = j we obtain
Cj.jrid = Civigg T Cisgyini + Cigigii = b+ Cijiig + Cijjis
and interchanging 7, j

Cisiisi = b+ Cjigi + Chiige
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Adding up both equations for ¢; ;;,; we arrive at
Ciriii = b+ Cijji+ Cijig; =0+ 2ai; (114.30)
by definition of a; ;. As second case in (I14.29) let s # i,j. Then
Cs,jk,t + Ok,iCiygis,t + 01iCi g ke,s
= O0k,sCi,j,i 0 + 01,sCij ki for i # jand s # 4,7, and all k, 1.
For k = s and [ = j this gives
Cs,j,s,j = Cijiy foralli## jand s #1,7.

From now on let us consider only C" := (¢} ; x.), kiet,...n 8lven by (114.27), that is the

symmetric part of C' with respect to the first two indices. Since also C’ is a constant
objective 4-tensor (the same for the corresponding antisymmetric part), we can apply all
results also to C’. In particular, the last identity becomes

/ / . . ..
Cs,josj = Cijyiy foralli##jands#1i,j,

which by symmetry means that cé’};)j =}, foralli # j and 7 # j. Hence for some
number a
a;,; =a forall i # j.

Therefore ¢} ;;; = b+ 2a from (I14.30). Summing up, we have shown that C’ has the
following structure:

C;,j,k,l =0 except that
ik ="b forall k+#i,

, (114.31)
C'L,i,i,i =b + 2a for all Z.7
C;,j,i,j = C;,j,j,i = C;,i,i,j = C;,i,j,i =a for all j 7é 7.
This means that
Cijra = a(0k,i61,5 + 01,i0k,5) + bOk,0;;  for all i, 5, k, 1. (114.32)
Or equivalently, for all matrices M = (M,',j)i,].zlw,n
> ChikiMig =a- (Mi;+ M) +b-trace (M) - 6 ;, (114.33)
k=1
that is, C’ satisfies (I114.19). O
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5 Objectivity in reference coordinates

The objektivity can be formulated also in reference coordintes, but it should
be noted that this exists only in Newtonian physics, because in relativistic
physics the reference coordinates are not defined. So let

Lo () = et

be a Newtonian observer transformation. Both the (¢, x)-observer and the
(t*, z*)-observer have a transformation

x=p(t,z) und z*="(t" )

to reference coordinates. Here we assume that both observers choose the
same reference configuration. (Thus we have the situation as in Fig. 123 but
with z* = z. For different reference coordinates see EX:Referenzkoordinaten.)
If we define £ by

- r=optz) <<= z=E((,1)

(that is the inverse of ¢(t,)), this implies

§tw) =z, =&t 2") for (t,z)=Y(t"2"), (I15.1)

that is, the ith component of the reference coordinates §z is an objective
scalar. This can be used to prove the following.

5.1 Lemma. A function (¢, z) — p(t,z) an objective scalar if

p(t,z) =p*(t*,z).

Likewise (t,z) — e(t,z) is an objective vector if
e(t,z) = Q(t")e"(t", z).
Remark: J is an objective scalar.

Proof. pis called objective scalar when this is satisfied for p(t, z) := p(t,{(t, z)).

Hence, if (t,2) = Y (t*,2*) is the observer transformation, -
plt2) = plt, £(1,2)) = " (1,7, 27)) = p (£ 2)

e is called objective vector when this is satisfied for e(t,z) := e(t,£(t,x)).
Hence

if (t,z) =Y (t", x*). O
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Proof of the Remark. In 5.2 we prove ' = QF*. Hence the statement follows
since J = det F'. O

It holds
5.2 Lemma. The deformation gradient F' and the velocity V satisfy

F(t,z) = Q) F* (1, ),

Vit,z) = X, " (", 2)) + QE)V*(t", 2) ,

for t = t* 4+ a.

Proof. Since X (t*,z*) = Q(t*)x* 4+ b(t*) it follows (we remark that the two
observers have the same reference configuration)

plt,x) = X(£', 0" (t',2)) = Q)¢ (',2) +b(t"), t=1 +a.
If we compute the derivative with respect to x we obtain
F(t,2) = D(t,) = QD" (t",2) = Q") F* (", ).
the first assertion. If we compute the derivative with respect to t* we obtain
V(t,z) = Op(t, z) = Opo(t" + a,z)
= X (¢, ¢"(t", 2)) + Q") " (1", 2)
= X (6" (. 2)) + QU (F,2).
the second assertion. O

For the first Piola-Kirchhoff stress tensor defined in Section 1.6 we obtain
the following (please, do not mix the tensor S with the tensor in II1.2.4
which applies to fluids)

5.3 Piola-Kirchhoff stress tensor. Define

S := F~! P second Piola-Kirchhoff stress tensor,
C := F' F right Cauchy-Green deformation tensor,
B := FF" left Cauchy-Green deformation tensor.

Both, C and B, are symmetric deformation tensors. Then it holds for the
tension tensor

1
—Ior = jFSFT or S=JF'(~or)F 1.
This results in the following observer dependencies

S(t7£) = S*(t*7£)v
C(t,@) = C*(t*ag) )
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das heifit, die Werte S;; und Cj; sind beobachterunabhangig.
Observe: Thus the tensor S is symmetric if and only if the tension tensor 11
is symmetric.

Proof. By 5.2 we have for t =t* +a
F(t,z) = Q") F*(t",z), and F*7'(t"2) = F ' (t,2)Q(t").
It follows, we omit the arguments,
C—FTp— (QF*)TQF* — FTQTQF = TP = O*.

Since
J=det F =det (QF") =detQ -det F* =det F* = J*,

and since, due to 3.7, the tensor II is objective, i.e. IToY = QI*QT, we
obtain omitting the arguments

FSF' = —JlI = —J*QI* Q"

and from this S = S*. Or explicitly with argumets, due to the objectivity
oY = QII* QT the fact Y lor = 7* and Qo7* = ), we obtain

FSFI = —JIlor = —JIloYoY lor = —J*QII*or* QT

and from this S = S*. |

5.4 Constitutive function for S. If S is the second Piola-Kirchhoff stress
tensor, then each constitutive relation

S(t,z) = S(z,C(t,z)) (115.2)
defines an objective function S. The same holds for
S(t,z) = S(z,p(t,z), C(t,z)) (I15.3)
where p is an objective scalar.

Proof. In 5.3 we had shown that C(¢,z) = C*(t*,z) and S(t,z) = S*(t*, z).
We plug this into the constitutive relation (II5.2) and obtain S*(t*,z) =

S(z, C*(t*,z)). Therefore the function S is the same for different observers.
The equation (II5.3) takes the same effect, since p(t,z) = p*(t*, z). O
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5.5 Example. A simple example for S is

)\1(&) 0
: )\k(g)ek ekT .

ol
&
I
I
M=

x>
Il
—

0 | An(z)

Then S(t,z) = 5(z) implies

| T AT
—FZ)\kekek F =

1
—Ilor = —FSFT =
oT J J =

Z )\kofekOT (ekOT)T
k=1 -

Sl

with egor := Feg. It is {e1(t,x),...,e,(t,x)} a basis in physical space. The
vectors ey, are objective vectors, since if © = p(t,z) and z* = ¢*(t*, z)

ex(t, z) = F(t, z)e = Q") F" (1", z)er = Q(t")ex (17, 27)

See the example in 4.7 where an orthonormal basis were chosen.
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6 Angular momentum

We are interested in the angular momentum of a medium with respect to a
moving point
ts £(t) € R,

which might be the center of another observer seen from the present ob-
server. The special case, that this point is equal to 0, is usually presented in
literature, an exception one finds in Truesdell [14, 1.8]. Indeed, the descrip-
tion with £ is necessary, if one wants an observer independent formulation
of the angular momentum. So we have the identity (¢,£(¢)) = Y (¢*, £* ("))
for an observer transformation Y.

We start with the usual conservation for mass and momentum 3.7 in the

special case J =0 and r = 0:
00 + div(pv) =0,
' () . (116.1)
O(ov) + div(govv® +1I) = 1.

For this case we define the angular momentum _¢ by a matrix satisfying

Angular momentum _¢:
O+ div(f" +3) =G
7R x R? — R¥3 antisymmetric, (I16.2)
FoY =" Q" — ) A QU =€) + Q.7 Q"

where Y is the observer transformation

In coordinates this equation reads

at/kl + Zaxj(/klvj + iklj) = ékl .
J

This is the form used in DeGroot & Mazur [6, CH. XII §1]. To be concrete
we define the spin as a matrix satisfying

Spin .&:
I =L+

L=@x—-ENolv—E) see 6.2, (116.3)
the moment of stress density,

7R x R® = R3*3 antisymmetric,

the spin, is an objective tensor

Here we use the A’ product as in Truesdell [14, 1.8], in literature usually
the cross product 'x’ is used, it is an equivalent notation:
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6.1 Definition. The products ‘A’ and 'x’ satisfy for a,b € R3

alNb= (a2b3 - b2a3)82 N es + (agbl — b3a1)e3 Ner + (ale - b1a2)61 Neg,

a x b = (azbs — baaz)ey + (asby — bzay)ez + (arby — braz)es,

so that they use just different basis vectors. The Grassman product A’ can
also be defined by

aAb:=a®b—bRa=ab —ba" .

For an antisymmetric matrix R € R3*3 and a vector w € R? the property

0 w3  —Wws
R=Rw):=|-ws 0 w1 — VYaecR}: wxa=Ra
wy =W 0

is true.
We have to show the assumption on .Z in (116.3).
6.2 Basic lemma. The following transformation formulas hold
(2 — €)oY = Q" —€") with O p(e—& =v—E,
(0= &)oY = Q(z* — &) + Qv* = £).

This implies that ¢ in (I116.3) satisfies the transformation rule of _# in
(116.2).

Proof. 1t is
() = X", & (t") for (t,x)=Y(t*, z%)

as in (II1.3), hence
((z = &§)oY)(t", 2%) = X (1%, 27) — X(t%,£7(t7)) = Q(¢7)(«" — £ (")) .
And we compute
1) (@ — &) = 1T — I1.0)€
= Oy + veVz — O — veVE = veV — Ol = v — €.
The transformation rule for £ is

(EoY)(t*) = X(t°,6°(t)) + Q(t)E" (") , (I16.4)

hence we obtain for v — ¢

(v = E)oY)(t*,2%) = X(t*,a") + Q(t")v* — X(t*,€"(t")) — Q(¢")E"(t)
= Q(")(a* = £1(1") + Q) (v" — (1)) -
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These statements imply immediately

ZLoY = oY ((z = &) A (v—E§))oY

= 0" (Q(e" = €)) A (Qa" — &) + Q(v* = &)

= 0" Q" =€) A Q=" — €)) + 2" (Qz" — &) A QU —€Y))
= 0" Q" = E)) A Q=" —€) + QL QT

since for w, z € R3

(Qw A Q2 = (Qu)k(Q2)1 — (Quw)i(Q2)k

=2 Q@ (wpzr —wizg) = (QwA2) Q). (116.5)
k,l
Thus £ satisfies the transformation rule of an angular momentum. O]

We define the specific angular momentum by
I =0 %, similar £ =oLP, S =P, (116.6)

With this definition

6.3 Theorem. The system (II6.1) and the angular momentum equation
(116.2) are equivalent to®
8(1,1})@ +o diV(U - g) =0,
001, (v — £) + divIl = f — ¢, (116.7)
,Q(?(LU)/SP + diVi = é .
Proof. For the mass-momentum system we recall (H3.16) and do the fol-
lowing manipulation: In the mass equation we add divé = 0 and in the

momentum equation ga(w)g’ = QS . This gives the asserted equations. For
the angular momentum we compute

O 7 + div(_Zv") = (0 7°P) + div(_Z (ov)")
= (8ro + div(ov)) 7™ + 00, 7P + gveV I = 00 ,) 7P

which gives the third equation. O

The third equation in (I16.7) can also be written as

8 It is 01,0) = Ot +veV, defined as partial derivative in spacetime R x R3. This is

o
called “total derivative” and one denotes it also by 01 ,)h = h for every function h. See
the footnote to the notation in 3.8.
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6.4 Spin balance equation. The spin .¥ satisfies

Qa(lﬂ))ySP + divy = 211" + G,

where

Y= - NI+,
(x —&) ATl moment of stress density,
3. couple stress density,
G=(r—N(E-0d)+G,
(x — &) A (f — 0f) moment of volume forces,
G (intrinsic) body couple density.
Remark: See Hutter & Johnk [47, Ex. 2.4.4 with solution 2.5.4].
Proof. The third equation of (116.7) with ¢ = £ 4.#°P and the equation
of the next statement are
001.)(LP + . FP) + divE = G,
00(10)LP + 211" + div((z — &) ATI) = (z — &) A (F — 0€)

for %P = (v — &) A (v — &). Taking the difference we obtain
001,0) L + div(i — (z =& ATI)
= 2T + G — (z — &) A (F— 0f).
Hence the assertion holds. O
In the proof we have used the subsequent

6.5 Important identity. We obtain for solutions of (116.1)
001, L + 211" + div((z — &) ATT) = (2 — &) A (f — 0€)

where £ 1= o (z — &) A (v — ).

Proof. For arbitrary 1I we compute

00(1.0) (2 = ) A (v = €)) = 001,y (2 = ) A (v =€)
= (@ = &) N (00 (v =€) + 0(auy(x =€) A(v—§)

=o(v—§A(w=-§=0
= (& = &) A (000,0) — (x = &) A (0d)
= (Jj_g)A(f—Qé)—(x—f)/\ divIl
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that is
0001 ((x =N (W=8) +(x =& AdivIT = (z — &) A (f — 0f).
Now we have to handle the term
(x — &) A divll = Z(T — &) N0, 11,
= ;au ((z—¢) A/H.v) - ; (Or, (z = €)) NI,

= div((z — & AID) — Y ey AL,

where ?

—Y ey ALy = Y Hges Aey = 3 (Ig, — I p)ep@e, = 211° .
gl By By

Hence the claimed equation. O
If IT is symmetric, then .Z satisfies the usual form of angular momentum.

6.6 Conservation of angular momentum. Assume the first two equa-
tions of 6.3 are satisfied. Then it holds: The matrix II is symmetric if and
only if

090,0)((x =& A (v =€) + div((z — &) AIL) = (= ) A (f — 0f).
Hence 7 =2 =o((x =& A (v — £)) by 6.2 is an angular momentum. For
observers for which ¢ is zero the equation reads

0001,y (x Av) + div(z AII) =z Af.
Notice: Here for symmetric II the spin matrix .% is zero.

Reminder: The divergence operator works on the last index of the argument,
here it is

div(w A D) = div(Zw A H.jej) = > 0j(w A1l )

for vectors w and tensors II where II,; = (IL;;),.

Proof. Now, the difference of the equation in 6.5, which is true for any II,
with the equation in the statement is 2II* = 0. Therefore the assertion is
proved. ]

9For vectors 2 Ay = x®y — y®z and t®y = zy’, and for matrices we have M =
(Maﬁ)a,ﬁ = Za,ﬂMaﬁea@’eB
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Hence for symmetric Il there is no spin. The only application with an
unsymmetric tensor II is in the section 17 on liquid crystals.

In order have a spin we consider a moving rigid body as they are identified in
1.6.4(3) for the velocity vector v(t,x) = A(t)x + b(t) with an antisymmetric
matrix function A and a vector function b. Alternatively, one could define
the rigid body in reference coordinates as in 1.6.6

T =@(t,z) = Teen(t) + F(t)z, z€DB,

with an orthogonal matrix F'(t). Then B; := ¢(t,B) is the solid body at
time ¢. The mass x — o(x) is given and the body B is translated so that

the center of mass in reference coordinates z,.,, = 0. Then in physical space

the mass center is Zeen(t) := ¢(t, Z..,), that is, defining o as in (16.4) by
o(t,z) = o(z) since J = det I' = 1 (hence g in B; is independent of time),

B

| elta)a = sen(®) dz = F@) [ o)z 0.
B()

For the velocity we obtain
u(t,x) = Op(t,z) = dcen(t) + F(H)2 = Geen(t) + F() F(£)" (2 — Teen(t))
and with A(t) := F(t) F(t)" this is equivalent to
U(t, @) = Veen(t) + A)(@ — Zeen(t)),  Veen(t) = Feen(t) , (I16.8)

where A(t) is an antisymmetric matrix, that is, we have derived for v the
above mentioned structure. As mass-momentum equation for solid bodies
we take the following system in the distributional version in R x R3

O[oXB| + div[pvXp] =0,
di[ovXp] + div[pvv® Xp] = [f], (116.9)
foY = o*Xp+ (X +2Qu*) + Qf*,
where B = {(t,x); x € By}. It is clear that the following holds.

6.7 Lemma. For a rigid body in empty space the mass-momentum system
(I16.9) holds, if

f=ofPXp, P =Ct)(x — oen(t)) +c(t),

where .
¢=icen and C= A+ AZ.

This is compatible with the transformation rule of f, see (116.9).

Résumé: For a rigid body the mass-momentum equation cannot hold under
a general gravitational potential, only if the potential is approximated by a
linear term like on the surface of Earth.
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Proof. One possible proof is: The left side of the mass equation reads for
scalar test functions ¢

(¢, OtloXB] + div[ovXB])

- / (00,¢ + oveV¢)dL* = — / (0, 0v)o(dy, V)¢ dL*
B B

— [ ¢lo ov)enp dH® + / ¢ (8, div) (g, ov) dL*
0B B

where np is the outer normal of B C R x R3 (and OB is 3-dimensional).
Now, if € 0B then for all times (¢, p(t,z)) € OB hence

(Loft,2)) = (Lo(t.2) = < (t.o(t,2)

lies in the tangent space of OB C R x R3, therefore (1,v)eng = 0. In the
second integral, since divv = trace A =0 in B,

(9 div) (0. ) = (01 + veV)o = ~Lo(t. o(t.)) = S o(a) = 0.

We have proved the mass equation. Analogously we show for the momentum
equation for vector valued test functions ¢

(¢, OlovXp] + div[pvov® Xp] )

= —E/(kaatCk+QUk(U°V)Ck)dL4 = —Z/ ovr(1,v)e(04, V)¢, dL*
v JB v /B

=5 [ Goon(Lv)engdi® + Y / Col(Dh, div) (our, ovxv) dL.
k 0B k B

The boundary term vanishes as before and, since 0,0 + div(pv) =0 in B,
(O, div)(ovk, ovgv) = O (ovy) + div(ovkv)
= 00y, + oveVuy = (0 + veV)uy ,
hence the differential equation implies
(¢, [f]) = (¢, dilovXp] + div[ovo" Xp])
= (¢, [oXp (0 +veV)u]) .
Therefore f has to be as in the assertion f = pf*P X' and f*P in the set B is
5P = (0r + veV)v = (0 + voV)(Veen + A(T — Ten))
= Veen — Avcen + A(:L' - xcen) + Av
= Veen — Avcen + A($ - xcen) + A(Ucen + A($ - xcen))
= Veen + (A + Az)(fv - xcen) 5
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that is, ¢ and C' in the assertion are ¢ = U, and C' = A+ A?. To have the
standard transformation rule for f, that is, the third equation in (I16.9), £P

has to satisfy ) .
fPoY = (X +2Qv") + Qf*P*.

Now

fPoY = CoY (X (t*,2%) — X (', 2le,)) + coY = CoYQ(z* — xl,) + coY

’ xcen

and

(X +2Qu") + QF" = Qu™ + b +2Q(vl, + Al2" — al,)) + QF P

= Q2" = ien) + The) + b+ 20V, + Ale® — 2y,))

+Q(CT (27 — apen) + 7).
Comparison of the coefficients of x* — z7,,, gives
CoYQ = Q +2QA + QC*
and the remaining absolute term is
coY = Q¥ + b+ 2005, +Qc*.

These are the transformation rules for C' and c. O

The angular momentum for the rigid body has the following distributional
version.

6.8 Lemma. For a rigid body in empty space the angular momentum reads
in the space of distributions 2'(R x R3)

O J + div(v /) = [(x = &) A (£ — §) o],

S =@ =& Aw—E) o).
Proof. First we prove that the modified momentum equation
Ao(v — £)Xp] + divio(v — ) vT Xp] = [f — 0€X] (116.10)

holds, since for vector valued test functions ¢

(¢ el —)xp) + divie(v - )o" X))

=~ [, (Aceotv =& + S vsasceoto - &) i

== [ (alcatv =) o= econr(v =&

+E 0 (a0 =) vy~ o Tuydi(v =) ) L
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—— [ (o= ) 0+ D0y(Gol0 - ) vy ) L
B J
+/B (ocotn(v—&) + oo 3 0i5(v = §))art
— <Co('u — f) , at[QXB] + diV[Qi}jXB] >

+ / 0Ce(0(v — &) + (veV) (v — €)) dL*.
B

The first term vanishes because of the distributional mass equation, here
with test function Ce(v — &) (we have to continue v somehow outside B). In
the second term we have (9, + (veV))¢ = €, and dyv + (veV)v = £P for the
momentum equation in B. Therefore

(¢ alotv - Xp] + divle(v — &)v" 5] )

= [ colat — o) aut = (¢, it - déien))

so that (I16.10) is proved.
In the main part of the proof we choose in the weak equation of (I116.10)

- %/B (9 - 0(v = )i + Vi - (0(v = E)pv) + Gro(fP — €)) dL*
=5 [ (@ va ) 00— €+ ol - &) L
k JB
the vector valued test functions ( as
C(t, ) = ;Cm(t?x) (x =& with G+ Qr =0,

that is, we multiply the k-th component of (116.10) with (z—¢); and subtract
the [-th component of the multiple by (2 — &);. We obtain

0=>" ((at +voV) (G — €);) - o(v — &)y,
i JB
+Crt (2 = E)1o(fP — €)k) dr*
=2 [ (@ o) o~ et —
+Ckll(at +veV)(x — §)zl 0(v = &) + Gt (z — E)10(£P — f)k) dr*
=(v— f)z
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The second term vanishes since (k,[) — (j; is antisymmetric, and therefore

With (fk[ = [(T — g)l(/l) — E)AQXB}
0=>" ((@ékl +0oV(i) - (= o — )
k, JB

i (2 — &)10(FF — E')k) dr?
<Ck1 O T + div(_Fuw) + [(x — €)10(fP — €)p XB] > ,

k,l

the assertion. ]
Now we let B; a moving rod with z.e,(t) as center of mass
E E
Bt = { (t,mcen(t) -+ sn(t) + y) 5 >~ 57 y.n(t) = 07 ‘y| <e }

where £ is the length and n(¢) the direction of the rod. The mass density in
B is assumed to be constant and equal to

m m

e 0
3B, fmez’ M7

0=

and v is the velocity in (I116.8). We perform the limit ¢ — 0, that is, we
consider the moving rod in the limit as moving stick of length £,

[0XB] — mu € Z'(RxR3¥) ase — 0,

£
1 1
- / . / " ({1 (1) + sn(1) st (T16.11)
R*J—3
t — A(t) has a limit as € — 0,
and therefore also v in (I16.8). For the angular momentum _¢ this means
S =@ =& N (v—§) oXp]
= [(# = &) A (veen — ) oXp] + [(z — &) AN (A(x — Teen)) 0XB] (116.12)
— (@ = &) A (veen — )mﬂ"‘(x_f)/\(A(x_xcen))mM-
We obtain
6.9 Theorem. If for the stick u we define
I =L+,

Z = (l’-{)/\(vcen_é)mﬂa
S = (=& N (A(x — Teen)) mp,
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then the differential equations become
O(mu) + div(omp) =0,
0 = Veen + AT — Teen) ,
Or(vmpu) + div(vot mp) = £,
foY = (X +2Qu*)mu + Qf*

07 + div(v #) = (& — ) A (EP — Eymp,

where f = fPmy and 5 as in 6.7.

Proof. That ¢ = £ + .7 is true in the limit follows from (II6.12). Since
the mass and momentum equation follows (116.9), where P has a limit and

[f] = £P[oXp] — £Pmpu

and we define in the limit f := f*?my. In the angular momentum we obtain
with the notation of the previous proof

O I+ div(v_Ziy) + [(x — £)10(fF — )1 XB]

— O J + div(v Fi) + (2 — i(fP — Epmp.
Thus the result is shown. ]

Hence for the stick we have an angular momentum _¢ = .Z +.%, where ./
is the spin. If the observer ¢ — £(t) is located at the center t — Zcep(t) of
the stick this spin has a familiar stucture.

6.10 Lemma. If ¢ = x., then for the spin .¥ in 6.9

me? 3 g 3
Y:n/\An<ﬁu%m+m€ )\g) in 2'(R x R?).
Here the measure p, _ is defined as in [.2.8 and Ay is “bounded distribution”

in ¢ as ¢ — 0. In detail

(€t ) pieny = | Clien() .
1 2
(€5 Ae) grxrn) = /REA‘ /z (C(tsween(t) + sn(t)) — C(t, Teen(t)))s* ds dt .

Proof that Ay is bounded. For real values test functions ¢ € C5°(R x R?), if
supp( C [-R, R] x R3,

‘(C, AL) (RxRn)

= /R %4 / [C(t, Zeen(t) + sn(t) — C(t, Teen(t))] 8% ds dt

TR s R
3
<Iclen [ g [ o dset < G0
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which says that A, are locally bounded distributions in /. O

Proof. For every test function ¢ in C°(R3*3), with ((¢,z) being antisym-
metric for all (¢, z),

<C y>:<C (x_f)A(A($_xcen))Wlﬂ>

C, (= Teen) A (A(x — Zeen)) mu) (2 — Zeen = sn)
/ / , mC(t, Teen(t) + sn(t))s(n(t) A A(t)n(t))s* dsdt,

and by writing

C(t,x) = C(t, )3 (n(t) A A(t)n(t))

this is ,
1 2 ~
— / / /1 mC(t, Teen(t) + sn(t))s* dsdt . (116.13)
R*¥J—3
We split this into two expressions by writing

C(t, Zeen(t) + sn(t))
= g(t, Teen(t)) + (Z(@ Teen(t) + sn(t)) — g(t, mcen(t)))
The first term in (116.13) gives the integral

= [ = mC(t, Teen(t))s” dsdt
R ¢ -4

/Rg(t,xcen(t))l<?/g . dé)l <Z, e u> -

me?
12

Nl

The second term in (I16.13) gives the integral

= /R % /i m(E(t>$cen(t) + sn(t)) — g(t,xcm(t)))SQ dsdt = <57 i3 )\é> .

This is the result. O

7 Exercises

7.1 Gruppeneigenschaft. Zeige: Eine Menge G von Matrizen hat die Gruppeneigen-
schaft bzgl. der Matrixmultiplikation genau dann, wenn die zugehdrige Menge der Trans-
formationen 7 (wie in 1.1) die Gruppeneigenschaft bzgl. der Hintereinanderschaltung hat.
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7.2 Antisymmetrie. Sei Q eine zeitabhingige orthogonale Transformation, also Q QT =

Id. Zeige, dass dann Q QT antisymmetrisch ist.

Lorentz transformations

7.3 Lorentz transformation. Zeige, dass die Lorentz Transformation L.(V, @) die De-

terminante 1 hat.

Solution. Beziiglich der orthonormalen Vektoren

R

hat die Lorentz Transformation nach (I12.4) die Matrix

v \4
1 1
v \7 5 gl

deren Determinante gleich 1 ist. Auf dem zu den beiden Vektoren senkrechten Raum ist

die Transformation die Identitat (siehe (112.4)).

O

7.4 Einstein’s addition theorem. In 2.2(3) zeige QT V in die Richtung von £v*. Dann

gilt mit v := Qv*
V+v
v = P E———
1+C—2V0v

Solution. Es ist B.(V)Qu" = Qu™ + (v — 1)VeQu* V = yQu*, wobei V = IXZI'

Objectivity of differential equations

7.5 Exercise. In the momentum equation of (I13.16) the term gv — f is an objective

vector.

Solution. The second equation of (I13.16) is gv — f = — divIL. Here f is a classical force

with the rule (II3.18) ) )
foY = 0" (X + 200") + Qf* .

And voY = X + Qu* implies, see the computation below,
oY = (X + ZQU*) + Qu*,
so that
(o0 —f)oY = Q(o"v" — £7),
a transfomation rule like divII has. To derive (II7.1) we note that
v = (Or +veVy)v = 0w+ (Dyv)v.
Taking the derivatives of the transformation rule for voY (see above) gives
(0:0)0Y + ((Dyv)oY)X = i« (voY)
=X + Qv 4+ Q0" .

(117.1)
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Since X = voY — Qu* (see above) we obtain
X+ Qu* 4+ Q0™ = (8w)oY 4 ((Dyv)oY)(voY — Qu™)
— (D0 + vOVa0)0Y — (D)oY Q"
=00Y — (Q + QDu=v" )",
since ((Dyv)oY)Q = Q 4+ QD,=v* (see the derivation of (I14.12) in 4.11), therefore

o

voY = X + 200" + Q0 + Dyrv 0" = X + 200" + Qv*,

which is (II7.1). O

Objectivity of functions
7.6 Constitutive relations. Sei u ein objektiver Skalar sowie a und b objektive Vektoren.
Zeige:

(1) Die Beziehung u = u(a,b) ist objektiv, d.h. @ ist dieselbe Funktion fiir verschiedene
Beobachter, falls

u(Qa, Qb) = u(a,b)
fiir alle Werte von a und b und alle orthogonalen Matrizen ) mit positiver Determinante.

(2) Dies ist erfiillt, falls es eine Funktion @ gibt mit
u(a,b) = u(aed).

7.7 Objective inequality and equality. Es seien a und b objektive Vektoren. Dann
ist

aeb >0
eine objektive Ungleichung. Ebenso die Gleichung

aeb = 1.

Solution. Ist (t,x) = Y (t*,2) eine Newton’sche Beobachtertransformation, so gilt aoY =
Qa™ und boY = Qb", also

aeb = (Qa™)e(Qb") = a"eb".
Also ist u := aeb ein objektiver Skalar, somit u > 0 dieselbe Ungleichung fiir alle

Beobachter und u = 1 dieselbe Gleichung fiir alle Beobachter. (]

7.8 Material derivative. Ist v eine Geschwindigkeit und g ein objektiver Skalar, so ist
auch
g := 0:g +veVyg

ein objektiver Skalar.

7.9 Transformation formula. Es sei w ein objektiver Vektor und w definiert wie in 7.8
mit einer Geschwindigkeit v. Zeige: Dann gilt die Transformationsformel

. o
woY = Qu* + Qu*
o
Beachte: 10 benotigt v zu Definition, wihrend w™ mit v* definiert ist.
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Solution. Es gilt nach der Kettenregel
O (woY) = (Brw)oY + 3 Xi(dy,w)oY

ap}f (woY) =3 Qij (0, w)0Y .
Wegen woY = Qw™ gilt
OI; (on) = Q&rjw* y
Oy (woY) = Qu* + Qdw™,
also wegen voY = X + Qu*
woY = (dyw + veVw)oY = (dw)oY +voYe(Vw)oY
= (Orw)oY + 1 (Xi + 3 Qijv;) (9, w)0Y
i j

= O (woY) + > vj‘(?]; (woY)
J
= Qu* + Qirw* + > ’UJ*'Q&,,TU)* = Qu" + Qu*.
5 :
O

7.10 Objective vector. Seien J und ¢ objektive Vektoren mit der konstitutiven Gle-
ichung fiir beliebige ¢ R
J=J(q)-

Zeige: Ist J objektiv, so folgt

~ ~

J(Qq) = QJ(q)

fiir alle ¢ € R™ und alle orthogonalen Transformationen Q € R™*™ mit Determinante 1.

Solution. Let Y be an observer transformation, then it holds
JoY =QJ", qoY =Qq" .

Since J is objective, it follows for the two observers

J*(t*,x*):J(q*(t*,x*)), J(t,x):J(q(t,x)),

and hence
QJ(q") =QJ" = JoY (since J is an objective vector)
= J(goY) = J(Qq") (since q is an objective vector).

Hence J(Qq") = QJ(¢") where ¢"(t*,z") is an arbitrary vector in R". O
7.11 Objective tensor. Sei n > 3 and II ein objektiver Tensor, der nur von objektiven
Skalaren abhéngt. Dann gibt es ein p € R, so dass

II = pld,
und p héngt von jenen objektiven Skalaren ab.
7.12 Objective tensor. Sei S ein objektiver Tensor, ¢ ein objektiver Vektor. Zeige: Die

Gleichung N N
S = S(q) mit S(q) := gq" fiir alle g € R"

definiert eine objektive Funktion §, d.h. sie ist dieselbe Funktion fiir alle Beobachter.
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7.13 Objective tensor. Sei S ein Tensor. Es gelte, dass Sn fiir jeden objektiven Vektor
n einen objektiven Vektor ergibt. Zeige, dass dann S ein objektiver Tensor ist. Hinweis:
n kann jeden Vektor annehmen.

7.14 Representation with respect to a basis. Es seien D = (d;;)
Matrizen mit

und E = (ei5),.

ij ij

dij = > Aeerier;, erx = (ersi); ,
k

wobei A\, € R Zahlen seien. Zeige:
(1) Es gilt
A1 0
D:ikwwf:E - ET .
k=1 0 X,

(2) Sind Ag objektive Skalare und ey objektive Vektoren, also Aoy = A} und exoY = Qey,
so gelten die Transformationsformeln

EoY =QE*, DoY =QD"Q".

7.15 Entropy. Es sei 7 ein objektiver Skalar und es seien (g,v,e) Groflen, die sich wie
die Dichte, die Geschwindigkeit und die Energie verhalten. Es gelte mit einer objektiven
Funktion 77
n=1(e,v,e)
Dann folgt mit einer neuen konstitutiven Funktion 7
~ e
n=ie.e), e=e— .
2)'

Bemerkung: Es ist also (o, v,e) = ﬁ(@ e— 2w

7.16 Deformation. Sei 7 eine objektiver Skalar und F' transformiere bei Beobachter-
wechsel wie der Deformationsgradient, d.h.

FoY = QF” fiir alle orthonormalen @ mit Determinante 1.
Es sei
n=1(F)
mit einer objektiven Funktion 7). Zeige dann:
(1) Esist n/p FT symmetrisch.
(2) Dies ist zum Beispiel der Fall, wenn n = 77(FT F) mit einer Funktion 7.
Beachte: Es ist n/p ' = (3,17, F_,vk)jj.
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II1 Energy and entropy

Entropy principle in the course of time

The entropy principle is considered as an essential contribution to continuum
physics. Let us give a short historical overview. The origin of thermodynam-
ics are seen in the paper [99] von Sadi Carnot 1824. Later Emile Clapeyron
1834 in [102] and Rudolf Clausius 1850 in [103] (see the contributions in
[100]) have revisited and extended it, also William Thomson (Lord Kelvin)
in the paper 1848 [121].

The entropy principle was formulated in the 19th century by Rudolf Clausius
and was used in the development and optimization of machines, that is, in
the transfer of heat to motion, see [http:www.animatedengines.com]. The
heat was produced in coal-burning stoves and later partly replaced by liquid
fossil fuels. These fundamentals of thermodynamics are also now formulated
in an axiomatic way and taught to students as the laws of thermodynamics.
Here is an example:

[MIT, Lecture on Thermodynamics (Spakovszky, Fall 2008)]:

Zeroth Law. There exists for every thermodynamic system in equilibrium
a property called temperature. Equality of temperature is a necessary and
sufficient condition for thermal equilibrium.

First Law. There exists for every thermodynamic system a property called
the energy. The change of energy of a system is equal to the mechanical work
done on the system in an adiabatic process. In a non-adiabatic process, the
change in energy is equal to the heat added to the system minus the me-
chanical work done by the system.

Second Law. There exists for every thermodynamic system in equilibrium
an extensive scalar property called the entropy, S, such that in an infinites-
imal reversible change of state of the system, dS = dQ/T, where T is the
absolute temperature and d(@ is the amount of heat received by the system.
The entropy of a thermally insulated system cannot decrease and is constant
if and only if all processes are reversible.

It is important to understand the historical concepts since only this way it
is possible to recognize the achievements of the entropy principle.
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References: The history is contained in [.Miiller [11, Grundziige der Ther-
modynamik] and Hutter [8, Fluid- und Thermodynamik], in particular in
the section [8, 6.1 Grundsétzliches sowie geschichtliche Bemerkungen|. Also
see [Wikipedia: Second Law of Thermodynamics] or as a somewhat older
version [133]. It is suggested for interested readers also to look at Truesdell
[96] which is a comprehensive study of the history.

The “Zeroth Law of Thermodynamics” states that there exists a temper-
ature, and this temperature is important for the physical behavior of the
system and it is related to the energy and entropy. The entropy we treat
in section 1 and the energy in section 2. But do not forget that this abso-
lute temperature is connected with the temperature as measurable quantity,
that is, there exist “thermometers”, see 6.1 and 6.2. This temperature is
the historical basis for the entropy principle.

The “First Law of Thermodynamics” postulates that the system of conser-
vation laws, that is the mass and momentum balance, has to be completed
by a conservation equation for the total energy

e+ divi=7

(where we discuss here mostly the case of smooth functions only). Here
e is the (total) energy density of the system, the vector field ¢ is the
corresponding energy flux and g is the energy production. All these
variables are functions of (¢, ) and they are studied in section 2. The energy
flux ¢ contains the heat that is supplied to the system. The total energy
density e contains the kinetic energy, we studied it already in 11.3.13.

The “Second Law of Thermodynamics” postulates the existence of a quan-
tity which is called entropy. The property that “the entropy of a ther-
mally insulated system cannot decrease”, is not quantified in the text above.
Therefore we refer to the properties of the entropy in the book of De Groot
& Mazur [0, Chapter III] (see also Prigogine & Defay [91, Chapter III]):

[De Groot & Mazur (1962), Chapter III page 20]:

“According to the principles of thermodynamics one can introduce for any
macroscopic system a state function S, the entropy of the system, which has
the following properties.”

“The variation of the entropy d.S may be written as the sum of two terms”

1) dS= d.S+ d;8,

(2) d;S>0 (“The Second Law of Thermodynamics”), (I110.1)

d : -
(4) d.S = TQ (“Theorem of Carnot-Clausius”),
“where d.S' is the entropy supplied to the system by its surroundings, and

d;S the entropy produced inside the system.”
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After a remark, with reference to the next pages of the book, it is said:

[De Groot & Mazur (1962), Chapter III page 21]:

“We may remark at this point that thermodynamics in the customary sense
is concerned with the study of the reversible transformations for which the
equality (2) holds. In thermodynamics of irreversible processes, however,
one of the important objektives is to relate the quantity d;S, the entropy
production, to the various irreversible phenomena which may occur inside
the system. Before calculating the entropy production in terms of quantities
which characterize the irreversible phenomena, we shall rewrite (1) and (2)
in a form which is more suitable for the description of systems in which
the densities of the extensive properties (such as mass and energy ....) are
continuous functions of space coordinates. Let us write”

s d
S = ., =2 = 2 dL"
(6) Aﬂé Do T ), e
d

S .
(7) dt = - /av Js,tot.VV dH ! ’

(8) ®S_/a@%
14

dt

“where s is the entropy per unit mass, Js ot the total energy flow per unit
area and unit time, and o the entropy source strength or entropy production
per unit volume and unit time.” (The notations of measures are changed
compared with the original and one has to set n = 3.)

Here V is the test volume and vy the outer unit normal on 9V. It is meant,
that the equation

d
— gmmz—/twwmw”+/a@"
dt Jy oV v

holds. The text continuous as follows:

[De Groot & Mazur (1962), Chapter III page 22]:
“With (6), (7) and (8), formula (1) may be rewritten, using also Gauss’
theorem, in the form”

0
/ (a(gs) + diVJsﬂgOt — O’) dL" = 0.
|4

“From this relation it follows, since (1) and (2) must hold for an arbitrary
volume V', that”
0 .
(10) &(gs) + divJsior = 0,
11) o>0.

“These two formulae are the local forms of (1) and (2), i.e. the local math-
ematical expression for the second law of thermodynamics.”
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So fare the historical overview. Therefore it is common that nowadays one
assumes that the “Second law of thermodynamics” is satisfied in this local
version

o+ divip =0 >0, (I110.2)

where we set 1) for the entropy (in older versions it is n = gs where s denotes
the “specific entropy”, i.e. the entropy per unit mass) and v for the entropy
flux (in the above notation Js ;»¢). For the entropy production we use the
notation o of DeGroot & Mazur. Hence it is clear how the entropy principle
becomes a manifest in a differential inequality. At this point we remark
that the quantities “entropy” and “entropy flux” are not given a priori, as
for example by the theorem of Carnot-Clausius (siehe dazu (I110.1)), rather
they are determined by the context in which they arise. They result in the
special physical situation, that is in the differential equations and in the
constitutive equations.

Mathematical equivalent versions of the entropy principle

Now we show that the inverse conclusion also holds, that is, the formulation
with test volumes is equivalent to the differential inequality. If V C R" is a
test volume then we define the entropy of the material in V

S(t) ::/Vn(t,a:) dL3(x).

Then from (I110.2) it follows with Gauf’ theorem, since V is a fixed domain,

%S(t): /V on(t, ) dL3 (z) = /V (= divi(t,z) + o(t,2)) dL(2)

= [t )eny (2) A2 () + / o(t,) dL3 (),
ov 14

hence

%S(t) + U(t, x)evy (x) dH?(2) = / o(t,z)dL3(z) >0, (I110.3)

)% \%

or for mathematicians

g - o\, 3(x) = x)evy (x 2(x
dt( S(t))+/\/ (t,z) dL°(x) /8‘/11;(15’ Yoy (z) dH?(z) .
>0

Since this is true for all V, this statement is equivalent to (II10.2). That
means, that the time derivative of S plus what of v is moving out of V' (or,
minus the amount of 1 wich enters V') is positiv (nonnegative).
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References: The entropy principle one finds, here only for example, in
DeGroot & Mazur [6, Chapter III Entropy law and entropy balance], in
L.Miiller [87, 5 Entropy principles|, and in Wilmanski [15, 6 Entropy prin-
ciple]. Further we recommend from the recent literature Hutter & Wang
[9, 17 Thermodynamics-Fundamentals, 18 Thermodynamics-Field Formula-
tion].  We mention in the mathematical literature Feireisl [39, 1.3.3 The
second law of thermodynamics| and also Feireisl & Novotny [40, Chap. 2
Weak Solutions, A Priori Estimates].

The entropy inequality is just the differential inequality (I110.2). This in-
equality is always true, as long as one does not leave the basic principles.
So, the entropy inequality (I110.2) is undisputed.

Entropy in limit situations

However the entropy inequality can be of different form if one considers a
certain limit. It always has to be justified why (II10.2) is no longer the
exact way to formulate the entropy principle. There can be several reasons
for this:

e If the limit is a distributional problem then, in the simplest case, one
can asume that (I110.2) stays with the same form 0,H + div, ¥ > 0,
but H und ¥ are distributions in the space D'(U). This e.g. covers
problems with surfaces or moving Dirac distributions (see section 6).

e The entropy principle splits into several inequalities, e.g. if a thin layer
becomes a hypersurface. This way a separate entropy inequality is
formed on the interface, and this inequality is separated from the en-
tropy principle in the surrounding bulk. This is the case in Alt &
Witterstein [20] where an isothermal phase field model is performed.

e A thermal radiation leads to an additional entropy production term
as in Greve [5, 6 Entropieprinzip, S.222] and Hutter & Johnk [17,
2.3.5 Entropy Balance|. If one starts in the relativistic case with an
inequality like (I110.2) such entropy production term will arise if one
considers the nonrelativistic limit ¢ — oo. But this production term
has an extra justification.

This are just three important reasons.
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1 Entropy inequality

What is entropy? The entropy 7 is a quantity for which the “entropy prin-
ciple” holds, that is, it has a nonnegative production term. And it is an
objective scalar, that is, it is transformed for two observers by noY = n*
where Y is the coordinate transformation.

1.1 Entropy principle. Let P be a class of physical processes. Then there
exist for each process in P variables 7, the entropy, and 1, the entropy
Sflux, such that

o:=0m+ divip >0 (III11.1)

in the domain &/ C R x R™ in which the process is defined. Here o is
the entropy production.! The differential equation dyn 4+ divyy = o is
supposed to be a scalar equation. It is called entropy identity. See also Fig. 1.
Important: Of course, the entropy on the whole (7, 1) depends on the process
P, but how is not said here. It is not unique, if the processes described by
‘P are not detailed enough.

71.3.7.7 Entropy principle The entropy principle reflects the experience that
thermodynamic processes are dissipative and irreversible. In later chapters it
will be shown how this experience leads to the concept of entropy and to the
entropy inequality. Here, the entropy principle is stated in four parts in an
axiomatic manner:

(a) there exists an additive objective scalar quantity, the entropy;

(b) the specific entropy and the entropy flux are given by constitutive
equations;

(c) theentropy production is non-negative for all thermodynamic processes;

(d) the temperature is continuous across an ideal wall.

Fig. 1: From I.Miiller [37, Sec. 1.3], according ’(d)’ see 6.1

The property that the entropy identity is a scalar equation is motivated by
the entropy inequality o > 0. The reason is, that this inequality must hold
for all observers (see the next statement and 11.4.4).

1.2 Property. The equation (III1.1) is a scalar one if according to I11.3.1

noY =mn",
poY =" X + Qu*,
ooY =o*.

This says that i is an objective scalar. Since o is an objective scalar, the
inequality o > 0 is objective.

! The notation o is adopted from DeGroot & Mazur [6], which here does not collide
with the notation S for the stress tensor.
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Remark: We mention that the fact that the entropy is mathematically non-
trivial (i.e. not zero), is not stated in the definition. But it is clear that
the entropy is the physical entropy with their physical properties. It is the
subject of the following sections to explain what these properties are.

The entropy equality is objective, if its weak version
/ (0uCn + V¢t + Co) AL = 0 for ¢ € C(Us R) (1111.2)
u

holds for test functions ¢ which transform with (oY = (* (see section 6 for
the distributioal entropy). Also the entropy inequality is equivalent to

/ CodL" >0 for ¢ € C§°(U;R) with ¢ > 0. (I111.3)
u

Here Y is the observer transformation. We have the freedom to choose the
constitutive equations of entropy and entropy flux, but finally the entropy
inequality must hold as a scalar differential inequality. On the other hand
it is obvious, that an entropy inequality for a class P can be true only if the
proof of this inequality requires knowledge on the differential equations and
constitutive relations, that characterize P. Often it is neccessary in order to
understand the situation to go to the distributional formulation in section 6.

Entropy in gas theory

It is the task to calculate in concrete examples the entropy production and
to ensure its positivity by requirements on the constitutive equations. This
means that for concrete materials the constitutive relations must be chosen
in such away that the entropy principle holds, wherein the entropy inequality
o > 0 does require special knowledge of the entropy and the entropy flux.
Thus the choice of the entropy is part of describing a concrete material,
the entropy is included in the constitutive functions. Here we compute
constitutive functions in a special case, namely we take the fundamental
example of gas theory.

1.3 Example from gas theory. The set of physical processes P is deter-
mined by the solutions of the equations

Oro + div(pv) =0,

(I111.4)
Oe + div(ev +q) = —p divo + g,

where o, €, p and g are objective scalars, v a velocity, and ¢ an objective
vector. Further, for P we assume conditions which are related to the entropy
principle

o=0m+ divyy > 0.
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Assertion: This principle is fulfilled for P, if:

n="n(e.e), p=ploe),

n=on,+ (e+p)ne (Gibbs relation),

v =nv+mn.q (Clausius-Duhem flux),

o=Vn.eq+n.9>0 (Residual inequality).
The representation of (1,v) has the required objective property (see 1.2).
Differential equations for a gas: The equations (II11.4) are the conservation
of mass and the equation for the internal energy. This applies to ideal gases,

that means for fluids without viscosity (see 11.3.13 and (II12.5)), where one
sets g = 0 as realization of the fact that the energy is conserved.

b

Proof. 1t follows with n = (o, ) and ¥ = nv + 1y that
o = 0om+ dive) = O + veVn + ndive + divyyg
= 7(; + ndive + divi)y

(e}

if h := (0; +veV)h 2 for every funcktion h. Since n = 7j(p,¢), it follows

ﬁ = 77’95+ 77’55'
Since the differential equations for ¢ and € imply
5+ odive =0,
£+ (e +p)dive + divg = g,
we obtain
o= 79/ + ndive + divyy = 77/05 + n/gg + ndive + diviyg
= (n =170 = ne(e +p)) dive + 17eg — n7e divg + diviyg
= (n =110 —ne(e+p))dive + 17eg + Vipreoq + div(tho — nreq) -

The last term vanishes because of the choice of 1. The first dive-term van-
ishes if the pressure p is selected according to the Gibbs relation. Altogether
the assertion follows. O

Conseqences of the entropy principle

2 We prefer h := 91,0)h = Oth+veVh as abbreviation. See the footnote to the notation
in I1.3.8.
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When is the entropy principle in this particular case fulfilled? It is fulfilled,
if the pressure p is given by the Gibbs relation and if for the heat flux ¢ the
second law is satisfied in the form V7n..eq > 0. In addition g = 0, that is,
we assume conservation of energy. This means, that the two variables p and
q are related by constitutive equations to the new function 5. In detail this
means, we assume 7. 7% 0, that the pressure p fulfills

1
Ne

p=—(n—o0n,—ene) (I111.5)

and that the heat flux ¢ is given for example by Fourier’s law

q=q(0,e,Vnic) =0, |Vne|) V.

R (I111.6)
with a scalar ¢ = ¢(g,¢,|Vn|) >0,

which Joseph Fourier postulated in the early 19th century, see [Wikipedia: Joseph Fourier]
and [106] (we mention (III1.12) where Fourier’s law is written with the help
of temperature). Then it follows

0= Vieq= C|V77’a|2 > 0.

We mention that this inequality also applies to non-isotropic material, for
example, with a term ¢ = M V.. where M is a positive semidefinite matrix.
This leads to the entropy inequality

0 = Viceq = VoMV > 0.

If M is an objective matrix then ¢ remains an objective vector (see 11.4.9).

Therefore the entropy principle leads to equations, here the Clausius-Duhem
flux and the Gibbs relation, and to a residual inequality. Here this inequality
is 0 = Vn,.eq > 0 which we call residual inequality. These conditions on the
process P involve the entropy function 1. There are also theorems that say
how the functions II and ¢ have to look if the entropy inequality is satisfied.
Such sufficient conditions one finds for example in [112] and [19, Section
15].

Empirical temperature

Die gemessene Temperatur (siehe z.B. Fig. 3 and 6.1) war historisch weit
vor der theoretisch fundierten Temperatur in Gebrauch. Im 19. Jahrhundert
hat William Thomson (Lord Kelvin) den Zusammenhang mit der absoluten
Temperatur hergestellt. Heutzutage wird die zu messende Temperatur mit
der theoretischen Temperatur, siche die Gleichung (III1.7) bzw. 1.6, identi-
fiziert. Mit dem Zusammenhang von empirischer Temperatur und theoretis-
cher Temperatur haben sich Physiker allgemein auseinandergesetzt, wobei
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besonders zu empfehlen sei Hutter & Wang [9, 17.2.5 Empirical Tempera-
ture, Gas Temperature and Temperature Scales]. Weiter siehe auch I.Miiller
[37, 1.3.2.4 Determination of A¢], sowie Truesdell [96, 11H. Critique: Em-
pirical and Absolute Temperatures], ..............cccccooeee.

Temperature @ and internal energy e as differential forms

We now provide the relationship with the somewhat older literature, in
which the entropy is based on differential forms. This has only a limited
validity, since it describes the entropy principle only in special situations,
such as above in the description of gases in 1.3. We now are not interested
in ideal gases, we treat the Gibbs relation separately.

1.4 Gibbs relation. Let p = p(p,¢) and n = 7j(p, &) with 1. > 0. Define

0 = — the absolute temperature,
nie

| =& — 6n the Helmholtz energy (1I11.7)

(inner free energy).

Further, we denote with upper index “sp” the corresponding specific quan-
tities, that is, in a region where p > 0 we define

T g =1 P ::£7
1 o o o
1

v*P := — the specific volume.

Then the following statements are equivalent:
1) n=on,+ (e+p)n- (Gibbs relation as in 1.3).
2 ( P +p8p)7]Sp re = 0.
4) dfP = —nPdf — pdvP.

5

(1)

(2) n

(3) 0dn®® = de®? 4+ pdv®  (see the introduction to this chapter).
(4)

(5) d(e? 4+ p*P) = 0dn*® +v*Pdp (e°P 4 p*P is the enthalpy).

(

6) d(f® +pP)=—nPdo+vPdp (fP + pP is the free enthalpy).
The free energy is also called Gibbs energy.

The statements 1.4(3)-1.4(6) are identities in the space of differential forms
with (p,¢) as the independent variables. If 1,.. has a sign, physically nega-
tive, then (p, @) can also be chosen as independent variables (see 1.5 below).
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With f = f(g, 0) it then follows from 1.4(4)? (see also the last statement in
1.6 below)

0 Sp Sp 0 Sp 0 sp p
_ = —p—P =L II11.
and expressed in terms of f
0 20 (f
—f=_ — (L) = I111.9
0 no g ( Q) p. (I11.9)

Proof (1)<(2). It is

0 1 0 0
sp SP | P sp _ _
25" (P HPT) 5 /2 (@agn 77+(8+p)8€77>
and therefore (2) is equivalent to (1). O

Proof (3)<(1). Statement (3) can be written as

i 1
dn™ —nre de® —nrepd <Q> =0.

~

For each function h = h(p, &) we know
dh = hiydo+ hiode.

We sort in the above expression the p and £ derivative. The e-derivative is
equal to

0 0
P o, SP
8577 77 Eage 9
which is in general true, and the p-derivative is
0 o 0 o o1 0n e+p
agn 7],5805 nlépag Q _ ag Q + 77/8 Q2
1 0
-2 @afgn*n+nfa(€+p) ,
which again is the left-hand side of (1). Therefore (3) is equivalent to (1).
O

Proof (4)<(3). Because fP = &P — n°P, we obtain
dfP = de® — d(0P) = e — 0y — P df,
and therefore with statement (4) we get
de®? — 0dn = dfP + 9P df = —pdv°P,

which is exactly statement (3). O

3 The formula is the same for the variables (g,¢) and the variables (o, §)
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Proof (3)<(5). Assertion (5) is
ansp _ d(ESp + psp) ) dp = de%P + d(pvsp) _ 5P dp — deP + pdvsp 7

which is (3). O

Proof (4)<(6). Assertion (6) is
dfP = —dp®® — P db + vP dp
= —d(v®p) —n**dO + vPdp = —n** df — pdv*P,
which is (4). O

The statements of this theorem change if the parameters change on which
the entropy depends. In particular, this is true if the entropy depends on the
gradients of these variables as treated in section IV.11. Therefore we make
no use of differential forms. The definition of the absolute temperature 6 in
(IT11.7) only used that beside its dependence on p the entropy is given as a
function of the internal energy, where it is assumed that n.. > 0.

References: For the dual variables in connection with Gibbs equation see
Hutter [8, 6.9 Zustandsgleichungen]. For the inverse absolute temperature
see the mathematical treatment of the Legendre-Fenchel transform.

Temperature 8 as dual variable to e

We now introduce the inverse absolute temperature g = % as the dual
variable of the internal energy €. The dual function of n we denote by .
Here we do not write down the dependence on p.

1.5 Energy and inverse absolute temperature. Let 1 be an entropy,
which is a function of € and other variables (these are not written here, but
taken as parameters). It is assumed that n/... # 0 (physically 1. < 0).
Then, instead of € one can also take

B :=mn.(e) the inverse absolute temperature

as independent variable (an e-interval is mapped to a [-interval). If we
define ¢ as dual function to n, that is,

n(e) +¢(8) = Be for B =nr(e), (I111.10)

then
B=mnele), e=vpB),
pig=(1e) ", e = ()",
1 =nec(e)prps(B) for € and § as above,
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and

n given:  p(B) = enre(e) —n(e) for B =n(e),
p given:  n(e) = Bypp(B) — p(B) for e = pr5(B).

Note: The functions usually depend on other variables, but in a way that
the consideration does not change. This is true if the variables are

(e,u1,...,uy) and (B,ui,...,un)

and the transformations are given by

o~

B =pBEu,...,uy) and e=2&(B,u1,...,un).

The dual variables € and 5 also allow ¢ to be calculated from the entropy n
and vice versa, the entropy n from .

Proof. The equation (II11.10), written in the variable ¢, is

n(e) + ¢(ne(e)) = nr=(e)e.

The derivative with respect to ¢ of this identity is

nie(€) + rp(ne(e))nrec(e) = niee(e)e +nre(e),

which due to the condition 7:..(¢) # 0 is equivalent to

pig(nie(e)) =e.

Thus
-1
¢ =)
is proved. The other statements are direct consequences and the last as-

sertion follows, by differentiating 8 = n/.(¢/5(8)) with respect to S and
obtaining 1 = 7+cc(¢/5(8))#35(5)- 0

By this result we could be tempted to use the inverse temperature rather
than the temperature as variable, but traditionally the temperature is the
variable which is considered, in fact, the temperature can be measured
(see 6.1 and Fig. 3). The inverse temperature is, however, a Lagrangian
parameter as one can see in (I114.4). We will now introduce the absolute
temperature 6 as an independent variable. Then the internal free energy f
plays the role of . Hence f can be calculated from the entropy 7, and vice
versa, the entropy 7 can be calculated from the inner free energy f.
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1.6 Absolute temperature. Let in 1.5
€ €|€min, Emaz| be mapped to S €]0, 0o[

(it is n.c > 0 and 1. maps |emin, Emaz| to 0,00, and it is /.. < 0, so the
mapping is monotonically decreasing). Then we define, with ¢ as in 1.5,

1 1
0:=—- =
B 77’5(5)

() := 6(,0(%) the inner free energy.

the absolute temperature,

Hence it follows from (II111.10)

f=e—6n.
It follows 1 1
— = fr99(0)): for 6 =
0< 03 f@@( )77 56(5) or 7]’6(5)
and
n given:  f(0) =e—6On(e) fir o !
Vell: = £ — = —:,
()

fgiven:  n(e) = —fiy(0) fore=f(0)—0fy(0) = —6° (g) 9’

Remark: In this statement the Gibbs relation is not used.

Proof. All assertions follow from the identity

n+ ¢ =pBe (I111.11)
in 1.5. From (III1.11) it follows
1. 1
n+ éf =5°
and hence
On+f=e,

which was to be proven. Further it holds

and
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Consequently with (III1.11)

n=Pe—p =5/~ 05~ 3 =—fu.

The statement for the second derivatives follows by taking the derivate of
1
7)

n(e) = *ffe(n/€<€

with respect to e

nie(e) = _f’09<0)(n/:(€)) e = f’@@(a)z:ig:g ’

which gives the stated formula. Alternatively, we take the derivative of the
equation

#(8) = 51 (3)
with respect to
@ip(B) = f(0) + Bfe(0)05 = f(0) —0f0(0)
and get after a further derivation
wip8(B8) = (f = 0f10) 16015 = —0f100(0) - (—6°) = 6° f199(6) ,

what is plugged into the equation 1 = /.. - p/33. O

1.7 Example. As an example we consider the entropy function
n(e) =cloge +d fore >0,

where ¢ and d may depend on p. Then one concludes

(1) B=ni(e)=¢, @B)=Be—n=c—cloge —d=c(1+log2)—d.
(2) 0= % =5, fO)=e—0n=0(c—n)=0(c—d—c-log(ch)).
Thus € = c¢0. Hint: In IV.2.5 we will consider ¢ and d depending on p.

In 1.6 we use €,;, = 0 and g4, = 00. The constitutive equations are
usually given in the variables (o, #). Then Fourier’s law (cf. (II11.6)) for the
heat flux ¢ reads

R (I111.12)
with a scalar a = a(p, 0,|V0|) > 0,

where the sign is due to the entropy inequality.
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2 Energy equation

What is energy? In the introduction of this chapter we have made clear, that
the existence of energy is the content of the “First Law of Thermodynamics”.
The total energy e, which we already introduced in I1.3, has different aspects:
It is a variable

e which contains the kinetic energy, that is, e = ejnt + exin, where for a

single fluid with velocity v the kinetic energy is ey, = %\v|2 and the

internal energy e = € (see (I112.6)).

e which depends on the absolute temperature 6, and so it describes the
interaction between the kinetic energy and temperature (see 1.4).

e whose transformation behavior is that of ey, (see (I112.3)).

e which with its equation closes the existing system of mass and mo-
mentum equation as shown in (I112.5).

The energy identity is the last equation of the

2.1 Energy system (Definition). In Section I1.3 we have already learned
about the energy, and we have considered in 11.3.12 the general system

do+ divJ =r,
By (ov) + divII = f (I112.1)
e+ divi =7,

which was defined as mass-momentum-energy system. This definition
says that the system is transformed from one observer to another observer
with the matrix (we use the notation in (II1.3))

1 0 0
7 = 1X 1@ 01 . (1112.2)
SXIP X Q1

Here e is the (total) emergy, the vector field ¢ the corresponding energy
flux and ¢ is the total energy production.

In particular, the energy is transformed by the equation

eoY = %’X‘QQ* + 0" X o(Qu*) + e*, (I112.3)
which is the same transformation rule as for the kinetic energy eyin := §|v|2

in (113.24). The definition means that to the energy belongs a mass density
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o and a velocity v. We then had shown in I1.3.12 that with

II=ovv" 40" +1I, (I112.4)
- 1
g=ev+ §|U|2J +IY v+ ¢,

the general mass-momentum-energy system can be written as

Mass-momentum-energy system:
oo+ div(ov +J) =r,
8 (ov) + div(evv™ +vIT +11) = f,

e + div(ev + 22T+ v+ ¢) = 7, (IT12.5)
with transformation rules as in (I112.6)
and representations for f and § as in (I112.7).
Here, see (113.31),
e=c+%v|?, ¢ internal energy,
0, €, r are objective scalars, (1112.6)

v is a velocity, i.e. voY = X + Qu*

J, q are objective vectors, II is an objective tensor,

and for the right-hand sides in the momentum and energy equation, see
(I13.32) and (113.31),

f=(r+JoV)v+f,

f a classical force, i.e. foY = o* (X + QQU*> + Qf",
. N (I112.7)
g= §|v|2 + vef + veDvJ + (Dv)" Il + g,

g an objective scalar.

Of course, (Dv)*$II = 0 if IT is symmetric (see 11.3.14). For the definition
of the internal energy ¢ it is important to deduce the differential equation
for the kinetic energy (analogous to (13.32)).

2.2 Lemma. From the mass and momentum balance in (I112.5) it follows
9, 12 (Lo T
Oy 2]1)\ + div 2\1}] (ov+J)+1I" v
1
= vef + §]v|2r + ve(DuvJ) + Duill.
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Proof. With h := (0; + veV)h = J(; ,)h it follows from the first equation of
(I112.5)

0+ odive = 8,0 + veVp + pdive = dyo + div(gpv) =r — divJ.
From there we conclude with the product rule

dr(ov) + div(ovo™)

= ( 0o+ div(ov) )v+ o( Oy + veVu ),
I — I —|
=r — div]J = ’[())

thus, the second equation in (I112.5) becomes?

00 + divIl = o(dpv + veVv) + divIl

= —(r — divJ)v + 9;(ov) + div(ovvT + II)

= —rv — DoJ 4 9(ov) + div(ovv® +vJIT + 1)
= -r1v-DvJ+f=F.

(Hence the second equation in 2.3 is shown.) For the kinetic energy we now
compute

% o 1 o 1 o 1 o o
(5102)° = 5108 + 5e(1v) " = 513 + ve(ed)
1
= 5]’0]2(1' — divd — odivv) + ve(f — divII)
1

_ <§|v|2> divo + 5[ (x = divd) + vef — vedivil
= —(Q]v\2> dive — div(HTv + 1\1}]2.])

2 2

1
+uvef + 5\1}]21' + > vjVu;eJ + Duill,
J
where we used
div(IT" v) = ve divIl + Dvell,
1 1
div<§]v|2J> = S0 divd + 5 v, Vel
j
Therefore ]
8t<§]v\2> n div(§\v]2(gv + ) +11° v)
1
= vef + §]v|2r + ve(DuvJ) + Duvill,

that is the assertion. OdJ

‘Tt is veVu = (veV)v = 220300 = (Dv)v
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We now derive an often used representation of the conservation laws (I1112.5)
for the variabels (o, v, €).

2.3 Lemma. The general mass-momentum-energy system (I112.5) is equi-
valent to °
oo+ div(ov+J) =r,
0(0rv +veVu) + divlil = f, (I112.8)
Oe + div(ev + q) = — (Dv)° T + g.

This system one can also write in the form (I112.10).

Reminder: The assumption g = 0 is known as energy conservation and
this is possible since ¢ is an objective scalar. Also all terms of the energy
equation in (II12.10) are objectiv scalars including (Dv)® $II. The right-hand
side of the momentum equation is the classical force f which includes the
fictitious forces f7%¢. Hence f = ffi¢ 4 £°0 where £°% is an objective vector
and contains e.g. the gravitational force. The assumption that £/ is zero
is known as inertial system. This can be true only for certain observers,
since it is not an objective term, see (II12.7).

Proof. The second equation of the claim was shown in the previous proof.
Subtracting the equation for the kinetic energy 2.2 from the energy equation,
we obtain, due to e = £|v|* + ¢,

e + div(ev + q)
~ 1 .
=g — (vef + 5\1}]21' + ve(DvJ) + Dusll) = g — (Dv)® 311,

where we used (II12.7) for g. The equations (III2.7) contain also the trans-
formation rule of f and g, that is, f is a classical force and g an objective
scalar. O

We mention that the first and third equation we used in 1.3 for the special
case J =0, r =0, Il = pld, g = 0. The energy equation for the internal
energy ¢ in (I112.8), also called the “thermal energy equation”, is often used,
this is why we have derived this version of the system. We require now for
the original system (I112.5), what is equivalent to (II12.8), that the entropy
principle is satisfied. The following is true

2.4 Theorem. For solutions of (II12.5) the entropy principle is satisfied
with

n=1n(e,e), Y =nv+nd+neq,
if in the differential equations (let 7. > 0)

H=pld-S, n=on,—(+p)ne,

5 The inner product for matrices is MeN := Zij M;jN;; = MeN and the inner product
of vectors vew = v;w;.
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and if the following residual inequality
o =112 (DV) S + 71r + Vi1 p0d +11cg + Viproeq > 0 (I112.9)
holds. Remark: By Gibbs relation p is a function of (p,¢).

Here the tensor S is defined as S := pld — 11, please, do not mix it with the
tensor S in elasticity theory where in I1.5.3 the connection with IT is written
down.

Proof. The differential equations (II12.5) are equivalent to the system in 2.3,

which is written as (define h = 9;h + veVh = 91 ,)h for each function h)

5—1— odivv + div] =r,
0v 4 divIl = £, (I112.10)
£ 4+ edive + divg = g — (Dv)° s

Now because n = 7(p, €)
=100+ 1€
and hence
0 <o=09m+ divp = O + veVn + ndive + div(yp — no)
=1+ ndivo + div(y — n)
= 7}/05 +n.€ +ndive + div(¢) — nv)
= nro(—odive — divJ +r) + 7/ (—e dive — divg — (Dv)® 311 + g)
+ndive + div(y) — no)
= (Dv)*+((n — on7p — ene)1d — ..10)
+17o(—divd + 1) + 1/ (— divg + g) + div(¢ — o)
= (Dv)>:((n — o7y — enve)Id — 1.1)
+11ot + Vi ged + 1029 + Vipcoq + div(y —nu —n1,d —n2q) .

The choice of 1) makes the last term to 0 and the Gibbs relation the first
one. From this the statement follows. O

The residual inequality in (I112.9) contains five terms. In the easiest case all
single terms are assumed to be greater or equal 0, e.g.

o= n,.Dv):S + Nt + Vi, ed
| 1 1 1

+ neg + Vniceq >0.
| 1 1 L 1

>0 =0 >0 =0 >0

For a standard equation of a gas or of a fluid there is no mass source or
sink, that is r = 0. Moreover we have the general inequality % =ne>0
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and n = 7)(o,¢) is a concave function in (p,¢), which is quite standard (see
IV.2.5 and Miller & Ruggeri [57, Chap.6 1.2 Universal Principles of the
Constitutive Theory]). Then the system (I112.10) with II = pId — S and
g = 0 can be written as

0+ divl = —pdive  with V,,eJ >0,
ov+ div(pld— S) =f with (Dv)°:S >0,
£+ divg = (Dv)°:8 — (¢ + p)dive  with Vn.eq>0.

This shows that in principle the system is a solvable system of differential
equations.

In chapter IV we will get to know different versions of constitutive equa-
tions for the free energy and entropy. In all cases we will use the entropy
inequality, how it is developed in this chapter. In many cases we have to
deal with

o =11-(Dv)° 38 + Ve > 0. (I112.11)

Now a statement about the constitutive equations of terms satisfying the
residual inequality in (II12.11). Here we now take (o, v,6) as independent
variables.

2.5 Proposition. Consider solutions of (I112.5) assuming the standard case
r=0,J =0, and g = 0. Suppose that Il and ¢ are given by constitutive
functions depending on (,0, Vo, V0, (DU)S) and that IT is symmetric.
Then it holds: If n > 3 and II and ¢ are (affine) linear in the variables
representing derivatives, then objectivity and the entropy principle imply
that they are of the form

II=pld—5S, p=po,0),
S = 2d(0,0) (Dv)° + (o, ) div(v)Id,
q=—c(o,0)V0

with objective scalars p, a, b, and ¢, satisfying

2
TS0, ¢>0.

a>0, b+ —
n

This shows that the stress tensor S and the heat flux ¢ have no cross terms,
if both satify the linearity assumption for derivatives. This statement is in-
tended to complete the statement in 11.4.13 (see also [19, Proposition 11.5]).

Proof (Objectivity of q). Besides the constitutive equation for ¢ in the formulation of the
statement let us assume sthe more general constittive relation

q=q(o,v,0,Vo,Dv,V0).
Then, since the function g is objective, it follows for another observeer

¢ =qlo",v",0%, Vo, Dv*, V™).
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Since goY = Qq", we obtain, applying known transformation rules (the rules for p and v
and their space derivatives in (I1I14.5) and (114.13)),

Q(0", X +Qu*,0",QVe",QQ" + QDv* Q" ,QV6")

- Q(/I\(g*7v*7 9*7 VQ*7 D’U*7 Vo*) .
For a given (t*, ™) we can choose an observer transformation (the following is analogue to
the argumentation in the proof of I1.4.11), such that at this given point Q(t*) = Id, and
such that X (t*) is a given vector and Q(t*) QT (t*) a given antisymmetric matrix. This

implies that ¢ has to be independent of the v-variables and the antisymmetric part of the
Duo-variable. Thus with a new constitutive function

q=q(0,0,Vo,(Dv)°, V),

and since (Dv)® is an objective tensor (see the transformation rule in (114.14)), the above
identity now becomes

q(e",0",QVe", Q(Dv*)° Q" QVH")
= Qa(e",0", V", (Dv")*, V0").
For zero value of the derivatives, that is for vanishing value of V*(t*, z*), (Dv*)® (t*,z*),
VO*(t*,z") (for example choose a constant solution) we obtain
q(0%,07,0,0,0) = Qq(e",0",0,0,0) .
Since Q(t*) can be any orthogonal matrix independent of the values of (¢, 6*), this implies
(0",07,0,0,0)=0. (1112.12)

Using (II12.12) and since ¢ is (affine) linear in the variables 9,0, 9;0, and 9;vy + Orv;, we
have a representation

= L0000+ % bij(0,0)0;
=

=1

<.

+ > Cir(o,0)(Orvr + Orvr)
k=1
with coefficients a;j;, bij, and c;jr, where we can assume that ¢ = cyp for all 4, k,1 =
1,...,n. We know that p, 6 are objective scalars, that ¢, Vo, V6 are objective vectors,
and that (Dv)® is an objective tensor. This information and the identity goY = Qqg*, that

18
n

inY = ~Z Q[{q;:

i=1
implies

k
= > Qa5(0",07)0;0" + 37 Qub(e",07)050"
J=1 Gi=1
+ 2 Qﬁaikl(g*79*)(aﬁvzf +&fv£)
k=1
Now fix (¢*,2*). There is a process (o*,v",0") with given values and space derivatives
at (t*,z"). Thus fixing o (¢t*,z") and 6*(t",2"), varying over all spatial derivatives at
(t5, z5), we see that the following identities have to be satisfied at (¢35, xg):
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Z?:Iaij(g*’ 6*)Qﬁ - Z?=1Qﬁa"ﬁ(9 0") for all i,;’
Zy:lzij(g*, 0*)QJ; - Z§:1Q17b;;(g 9*) for all i,‘j’

S imafini(e, 0@z Q= S, Qti(e’ %) for all i,Fo T

Note, that for the last identity we have used the symmetry of c;x; in k and . The first
identity is equivalent to

aij(0",07) = 3775_,Q7Q 5075 (e",07)  forall i, j

and all orthogonal matrices ) with positive determinant. This says, that (for fixed values
of " (t",2") and 0" (t*,2")) the tensor (a;(0",0%)); ;_, _, behaves like a constant objec-
tive tensor, which implies that it is a multiple of the 1dent1ty (see I1.4.14(4)). The same
follows for the b-term. The third identity is equivalent to

Cini(0%,07) = 35511 Qi@ Quitn(e”, 07) - forall d k. L,

and all orthogonal matrices ) with positive determinant. This says, that (for fixed values
of o"(t",z") and 6"(t",2")) the 3-tensor (Ciri(0",0")); 1., behaves like a constant

objective 3-tensor, which is symmetric in the last two indices. This implies that it has to
vanish (see 11.4.14(5)). Thus it follows that

¢ = a0t + B 0io (I112.13)
with two objektive scalars a and 8 depending on (g, #). O
Proof (Objectivity of I1). For I1 one obtains independence of v and the antisymmetric part
of Dv in the same manner as for g. Then
[i(¢",67,0,0,0) = QIi(¢",67,0,0,0) Q"

for all orthogonal matrices Q. This implies that IAI(Q*7 0*,0,0,0) (for fixed values of p* and
0*) is a constant objective tensor, and therefore, for n > 3, is a multiple of the identity,
that is,

Mi(e",6",0,0,0) = p(o",67)Id

Then IT = pld — S and S has a representation

3

1

Sij kZ jk(0,0)0K0 + Z bijk(0,0)dr0
=1
+ E Z]kl 0, )(8kvl +8lvk)a
k,l=1
where we can assume that c;jr = cijuk for all 4,5, k,0 = 1,...,n. Now II and then also S

is an objective tensor (see 11.4.14), that is

SijoY = Z Q~Q]; )

'le

This leads, with the above notation, to the identities

ZZ:laiijkE = Z{;ZlQJQJ;am for all 4, 7, k,
ZZ:lbiijkE = Z?leQJQJIb;;’; fOI‘ all i,j, k,

D am1CikQuEQy = 2005, QQ5c5m  foralld,j,k, L.
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Again we rewrite this so that we have Q-terms only on the right-hand side. This gives,
that (aijk)i%k:l """ ,» behaves like a constant objective 3-tensor. This implies that it is
antisymmetric in each pair of indices (for n = 3, for n > 4 it follows that a;;; = 0), hence
aijr +ajir = 0. Therefore this term gives no contribution to the symmetric part of S. The
same follows for the b-term. The third identity gives that (Cijkl)i"j’k’lzl"n’n is a constant
objective 4-tensor, which is symmetric in the last two indices. Since S is symmetric, which
is assumed, this implies that the symmetric part with respect to the first two indices is of
the form
Cijkl = a(dk,i(sl,j + 5l,i6k7j) + bk, 10i,5

with two scalars a, b (see 11.4.14(6) for this statement). Thus it follows that
Sij = a(@ivj + 8]'1)1') + b diV'U . 5¢7j (III214)
with two objektive scalars a and b depending on (g, 0). O

Proof (Entropy inequality). 1If r = 0, J = 0, and g = 0 then we have for the
entropy production

0fg&72(DUF25—%0V(%>N}2(va:S——%V@q}
= 2a| (Dv)® 2 + b( dive)? — %\veyQ — gve.vg

using the special representations (I112.13) and (I1112.14), and exploiting the
symmetry of S. We consider this as a quadratic equation in (Dv)®, V6, Vo).
For this one shows that there are local solutions where at a point (tg,xg)
the gradients (Dv)® (to, 7o), VO(to, z0), and Vo(to, z0) have arbitrary given

values. Consequently the quadratic inequality is non-negative if and only if
6

2
a>0, b+-a>0, a<0, B=0.
n

® For each n x n-matrix [M|* = |M — L (trace M)Id|* + L (trace M)>.
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3 Mixtures

Wir betrachten eine Mischung von verschiedenen Spezies, so dass, im All-
gemeinen, die Anziehungskréifte der Molekiile derselben Spezies sehr ver-
schieden sind von den Anziehungskraften der Molekiile verschiedener Spezies.
Unter anderem héingt das davon ab, wie die Molekiile aussehen. Wir betra-
chten ein Kontinuumsmodel, d.h. wir sind hier an den raumlich weitreichen-
den Konsequenzen interessiert. Gegeben ist also ein System von Massen,
wobei « der Index der Spezies mit der Massendichte o, > 0 sei, fiir die wir
die Massenbilanz

dy0a + divJ, =1, for all o (I113.1)

fordern. Dies heifit, dass die einzelnen Massen miteinander mit der Rate
r, reagieren, und dass sie sich radumlich mit dem Fluss ja fortbewegen.
Bei jeder dieser Gleichungen handelt es sich wie in 11.3.1 um eine skalare
Gleichung, d.h. g, und r, sind objektive Skalare und es gilt die Transfor-
mationsregel B B
JaoY = 05 X +QJ,

wobei Y wie immer die Beobachtertransformation sei. Dies ist erfiillt, wenn
wir beziiglich ja wie in I1.3.4 die Aussage machen, dass

joz = 0aVa +Ja,

wobei v, eine Geschwindigkeit und J, ein objektiver Vektor ist.

Da sich die Komponenten der Mischung gegenseitig beeinflussen, also gegen-
seitig Kréfte ausiiben, erzwingt dies weitere Aussagen iiber die Dynamik. So
wird die gesamte Fliissigkeit mit einer Geschwindigkeit v transportiert, und
die Frage ist, wie ist v zu verstehen? Im Allgemeinen haben wir je nach
Materialkomposition die folgenden Optionen.

3.1 Mean velocity. With objective scalars a, one defines a velocity
v=> a0 if Dlaa=1. (I113.2)
(0% «

(1) Barycentric velocity. Define the mass fractions

Co = Qo , where p := )" 03 > 0 the total mass.
9 B

Then the corresponding mean of velocity is

V=) Calq -
«
(2) Mean molar velocity. Define the concentrations, or molar fractions,

N,
N ::WawithN::ZN/3>O, 0a = My N, ,
B
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where M, = const is the molar mass and N, the molar density. Then the
velocity mean is

V= Ngvq -
(0%

Remark: These variables are used for solids in Fig. IV18.

Ezxplanation: In general one denotes by Mol the amount of substance in
chemical reactions, i.e. the amount of individual particles (atoms, molecules,
ions, electrons, photons), for information see [Wikipedia: Mol].
Comparison with IV.2.4: It is N, = %% the molar density where (realize the
different notation) n, is the amount of substance.

(3) Dominant species. Let 3 be the dominant component and
V=7 0q8Va =Ug3.
(6%

Remark: This one obtains in the limit 2% =0 fir a: a % 5.

op

We shall use various reference velocities, which can all be written
as weighted averages of the component velocities v, in the following
way

v'= Y aw, ( Y &= 1)- (24)
i i=1
where a,, @, , ..., a, are the (normalized) weights. In the following

table we list four amongst the most useful choices of weights and
corresponding reference velocities and diffusion flows

weights ag relerence velocity v = Eiaqv; diffusion flow
e = py (g — v9)

mass fractions ¢;  barycentric velocity v = Zgcquq Ji = pi(vg— v)

molar fractions »; mean molar velocity »™ = Zinqv; JP = pi(vg — o™
Pivy mean volume velocity o = g pjvyog D = pi (vi — v0)
Sin nth component velocity vy = Zj diavy J[ = pi (00 — )

Fig. 2: From DeGroot & Mazur [0, Chap. XI §2]

In a single fluid often dependencies on the velocity drop out by objectivity,
see e.g. [1.4.11. For mixtures the situation is quite different, since differences
Vo, — Vay Of two velocities v,, and v,, are objective vectors, as for example
the relative velocities uy = v4 — v in (I113.4) below.
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Proof. The property (1113.2) says

voY =Y (agoY)v,0Y .
e

Since a,, are objective scalars
agoY = a}, (II13.3)
we obtain since v, are velocities

vo¥ = Y a(X + Qui) = Y arX + QY alvl = X + Qv*
(0% o «

since the sum of the a} equals 1 (this is true in all examples). Hence v is
indeed a velocity. O

For a given velocity mean v the relative velocity of species a is defined
as

Ug 1= Vo — V. (I113.4)

Because of
ua0Y = va0Y —voY = (X + Quj) — (X + Qu*) = Q(v}, — v*) = Qu,

the quantity u,, has the transformation rule of an objective vector, therefore
it may occur in constitutive functions.

References: As introduction we recommend I.Miiller [11, 7 Mischungen
und Mischphasen] and Miiller & Miiller [13, 8 Mixtures, solutions, and al-
loys|. The following cassification of mixtures you find in Hutter & Johnk
[47, 7 Theory of Mixtures].

It depends a concrete material which velocity mean one has to consider. If
you consider a mixture of Class I the velocity mean is not prescibed. If you
consider a mixture of Class II you have to choose a barycentrical mean, then
there are the following fundamental identities

Z OalUa = 0 and Z QaVa UaT = Qov UT + Z OalUq uaT . (11135)
) « ey

The left equation is treated in (II13.8) and the right is subject of IV.9.1. In
the following we denote the different classes of mixtures by I, II, III.
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Mixture Case I

The equations in this Case I are the individual mass conservations (II13.1)
with 4, = 0 but arbitrary J,, the momentum balance for the common
velocity v, and at last equation the energy balance for e, that is,

Mixtures Case I :
0100 + div(gav +Jo) =1, fira=1,...,m,
9, (ov) + div(ovv" +vIT +1I) =,

1 ~
dre 4+ div(ev + = |v)? T+ v +q) =7,
2 (IT13.6)

0:= ) 0q total mass, v velocity,
[e%

J:=>Js, r:=> 1,4,
(67 «

e=c+ §|U\2 energy, f, g see (113.32).

The individual mass equations are scalar laws as in I1.3.1 and therefore also
the equation for the total mass p

Oo+ div(pv+J) =r.

Hence this equation together with the momentum and energy equations in
(IT13.6) are supposed to be a mass-momentum-energy system as in I1.3.12.
The additional entropy equality is a scalar one and does not belong to the
equations of the system. However, it gives restrictions on the quantities of
these equations, for example constitutive relations. We will consider mix-
tures of Case I in section IV.6 where we apply this to the growth of bones
(IV6.1), and we will use it in section IV.11 for modelling of the components
of reaction-diffusion systems (IV11.2). There we deal with a solid body
(IV11.8) which we take as a dominant component, and further we consider
chemical reactions in (IV11.21).
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Mixture Case 11

Besides the individual mass equations (I113.1) with velocities v, we assume
individual momentum balances

Ot(0ava) + div(0avVa Vol + V4 J P 4+10,) = fa . (IT13.7)

The joint velocity v is defined as barycentric mean so that with u, defined
as in (I113.4)

0V = 0aVa, equivalentto > pqus =0, (I113.8)
(0% [0

which follows from the definitions of ¢ and v

%:Qaua:zo;ga(va_v>:;Qava—(zga)vzo.

«

In addition we postulate a single energy equation so that altogether

Mixtures Case II :
0100 + div(0ave + Jo) = 1q,
Ot(0ava) + div(0avava® + vaJat +11,) = £,
fira=1,...,m,

de+ divi=7, —_

0:= ) 0o total mass density,
«

v velocity as barycentric mean,

€ = Emiz + §|v\2 energy, ¢, g see examples

f, as in (I13.32) for each .

The mass and momentum equation are for each « by definition a mass-
momentum system as defined in 11.3.6. In IV.9.1 we will perform the mass
and the momentum equation for the total mass ¢ and the velocity mean wv.
This together with the energy conservation will be a mass-momentum-energy
system in I11.3.12. The entropy equality is an additional scalar equation
and it provides with additional constitutive equations and inequalities. As
example we consider the fractionation in section IV.9 and the arrangement
of space objects in layers, see section IV.16.
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Mixtures of Case III

In this case one has also energy equations for the single species. But the
entropy equality still is a scalar equation and serves all species.

The above classification of mixtures one finds in Hutter & Johnk [17, 7 The-
ory of Mixtures|. In [17, 7.1, p.255] it says: “The three just described classes
of mixture theories may also occur in a mixed form; all the more, such mixed
forms are often applied in practice. For example, the dispersion of a pollu-
tant in the groundwater is formulated by a model which contains elements
of classes I and II. The pollutant and the water form together a mixture
of class I; the polluted water together with the soil a mixture of class II.
All combinations are thinkable, and it lies in the talent and depth of physi-
cal understanding of the scientist who develops a model to make the choice
appropriate to a given situation.”

Hier we consider only mixtures of Class I and Class II.
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4 Lagrange multipliers

Als Ergénzung zum Entropieprinzip sei noch folgende allgemeine Prozedur
genannt, die sich auf das Masse-Impuls-Energie System anwenden lasst. Wir
betrachten eine Menge P’, die aus Grofen (u¥, ¢, gF) fiir k = 1,..., N sowie
(1,1, o) besteht zwischen denen konstitutive Beziehungen gelten. Es sei eine
Klasse von physikalischen Prozessen P definiert durch Elemente in P/, die
den Erhaltungsgleichungen

ouF + divgk =gF for k=1,...,N (I114.1)

gentigen und ggf. noch weitere Bedingungen erfiillen. Liu & Miiller machen
fiir die groBere Klasse P’ die folgende Annahme.

4.1 Lagrange multipliers. Folgendes wird angenommen: Es gibt Multip-
likatoren Ay, k =1,..., N, so dass fiir die Groflen in P’ gilt

N
om+ divp —o = 3 A - (O + divgh — g"). (1114.2)
k=1
Bemerkung: Ay sind in der Regel Funktionen der Grofien in P’.

4.2 Theorem. Es erfiille P’ die Gleichung in 4.1. Dann ist fiir physikalische
Prozesse in P die Entropieungleichung fiir (n, ) erfiillt, falls

c>0.

Remark: Also gilt das Entropieprinzip fiir P, falls in P’ gilt

N
o :=0m+ divip — 3 Ay - (Opu® + divg® — gF) > 0.
k=1

References: Siche die Arbeiten I. Miiller [117], I-Shih Liu [112], und auch
im Buch von I. Miiller [87, 5.4.3 Rational Thermodynamics with Lagrange
multipliers] sowie im Buch von I-Shih Liu [86, 7.3 Method of Lagrange Mul-
tipliers|. Ebenfalls sei Wilmanski [15, Theorem in 6.2. Entropy Inequality])
erwahnt. Ich habe in dem Paper [18] von der Lagrange Methode Gebrauch
gemacht.

Ingo Miiller sagt in seinem Buch [37, 5.4.3.3 Lagrange multipliers]:

“Thus we may think of the field equations as constraints:
The fields that satisfy the entropy inequality are constrained by
the requirement that they must be solutions of the field equations.”

Die klassische Bedeutung von Lagrange-Multiplikatoren ergibt sich aus dem
Beitrag [Wikipedia: Lagrange-Multiplikator], worin unter anderem gesagt
wird:

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23


https://de.wikipedia.org/wiki/Lagrange-Multiplikator

II1.4 Lagrange multipliers 222

“Die Bedeutung der Lagrange-Multiplikatoren in der Physik
wird bei der Anwendung in der klassischen Mechanik sichtbar.
Hierfiir wurden sie von Lagrange eingefiihrt. ...

Eine physikalische Zwangsbedingung, die die Bewegung
einschréankt, erscheint als Nebenbedingung des Extremums. ...

”

Allerdings lasst sich diese Prozedur nicht anwenden, wenn man distribu-
tionelle Erhaltungsgleichungen hat. Aus diesem Grund verzichten wir hier
auf diese sehr effiziente Methode. Wir werden sie aber in Situationen, wo
sie gebraucht wird, explizit benutzen, so zum Beispiel

e in der Astrophysik, wo die Energiegleichung durch die Entropiegle-
ichung ersetzt wird, siehe IV.16.12.

e bei Phaseniibergéingen, wobei hier nur die Arbeit von Niezgodka &
Sprekels [78, 3.2 Thermomechanical model of dynamical phase transi-
tions] genannt sei.

e beim Beweis des Entropieprinzips fiir hohere Momente, siche REF-
multiply...

References: Als mathematische Literatur verweisen wir auf das Buch [10]
von Feireisl & Novotny. Siehe z.B. [40, 4.1], oder [40, 3.5.5], wo das Masse-
Impuls-Entropie System gelost wird, wobei ein J-Term in der Massengle-
ichung proportional zu —Vp verwendet wird. In [40, 3.6.6] wird dasselbe
System ohne den J-Term genannt.

Um zu zeigen, wie effektiv diese Methode von Liu & Miiller funktioniert,
geben wir hier die Version fiir das Masse-Impuls-Energie System fiir Fliissigkeiten
(I112.5) mit J = 0 an:

0o + div(ov) =r,

B (ov) + div(gvo™ +10) = f, (I114.3)

dre + div(ev +TTT v +¢q) = 3.
2

Es sei nun P’ die Menge der Funktionen, fiir die e = e+ £|v|* und n = (o, €)

ist. Dann folgt

7<7> = 77’95 + 77’5;5)
|v]? °

= (1o + ?7'57)5 — rcve(v) + 1ree

und daher vermuten wir (es ist 7, = # nach 1.6)

2
AQ = /’7/{_7 + 77,€|U2| ) A'u - _77/57), Ae = 7’]/5 . (11144)

Hierbei seien Ay, A, := (Ay,),—; , und A, die Multiplikatoren. Es gilt mit
diesen Multiplikatoren 4.1, was im folgenden gezeigt wird.
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4.3 Theorem. Mit den Multiplikatoren in (I114.4) gilt fiir das System (I114.3)
fiir alle Funktionen in P’

o+ div(nu +n..q) — o
= Ay (Oro + div(ev) — 1)

- (IT14.5)
Ay - (04 (ov) + div(evvT +10) — )
+Ac - (Ope + div(ev +TT v + q) — 7)
wenn
[v]? o
0 =gt + e (1 —vef +) (I114.6)

+Dv:((77 —onrp —ene)ld — 77/61_-[) + Vnceq.

Proof. Man mache unter Benutzung von (I114.4) &hnliche Manipulationen
wie im Beweis von 2.4. 0

Es sei bemerkt, dass das Entropieprinzip nur die Positivitat von o als Ganzes
verlangt. Mit den Definitionen in (I13.32) ergibt sich @r —vef 4G =g
und das Verschwinden des Dwv-Terms ergibt die wohlbekannte Darstellung
des Drucktensors

H=pld—S, 0=n—on,—(e+p)n:

mittels der Gibbs’ Relation. Wir sehen also, dass das Entropieprinzip ein-
erseits wohlbekannte konstitutive Gleichungen im System beinhaltet und
andererseits in der Residualungleichung

O ="MnNr+n:g9+ neDvsS + Vn.eq > 0

miindet. Diese Ungleichung wird in der Regel dadurch verifiziert, dass alle
Terme einzeln grofler oder gleich 0 sind. So wird r = 0 gesetzt, da es
sich um die Gesamtmasse handelt, und die Energieerhaltung sagt g = 0.
Der Stresstensor wird mit DveS > 0 und der Warmefluss mit Vn..eq > 0
gewahlt. Es sei jedoch betont, dass nur die gesamte Entropieproduktion
o > 0 sein muss (siehe z.B. IV.6.3).

Entropy equation versus energy equation

Es sei noch folgende nichttriviale Anwendung genannt, die manchmal be-
nutzt wird. Fiir Losungen des Systems (I114.3) sei die Entropieungleichung
o > 0 erfiillt, wobei o wie in (I114.6) definiert ist. Da der Multiplikator

1
Ae:'l’]/5:§>0

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



II1.4 Lagrange multipliers 224

in (I114.4) {iberall nichtnull ist, folgt daraus, dass die Energieidentitit eine
Linearkombination der {ibrigen Differentialgleichungen von (I114.3) und der
Entropiegleichung ist. Also ist (I114.3) &quivalent zum System

0o + div(ov) =,
0y (ov) + div(ovv® + 1) =rv + f, (1114.7)
O + div(nv +n:.q) = o (gegeben in (1114.6)).

Voraussetzung dafiir ist, dass o wie in (I114.6) in den Termen des Systems
(I114.3) ausgedriickt werden kann. Also kann das Masse-Impuls-Energie
System auch geschrieben werden als Masse-Impuls-Entropie System. Man
findet die Schreibweise mit Entropieidentitat gelegentlich in der Elastizi-
tatstheorie und héufig in der Astrophysik, wobei wir als Beispiel IV.16.12
angeben.
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5 Dissipation inequality

What is free energy? The internal free energy f is a variable which is
calculated from the internal energy and the entropy by the formula

Fee—on. (I15.1)

We have two interpretations of this formula, one is more mathematically
and the other more physically:

e The variable % is the dual variable to € and ¢y = % f is the dual

function to the entropy 7. That is 7+ ¢; = §& (see 7.3 and 1.5).

e The Gibbs relation says that the pressure on one hand is expressed
by the inner free energy, p = of/, — f, and on the other hand by the

entropy, p = 0(n — on:,) — € (see 1.4(1)).

The total internal energy f!°! contains still the kinetic term like the total
energy, that is, we have

frot ::f+§|v\2 :€+g\v|2—9n:e—9n. (I115.2)

We only consider the case of a smooth variable f in a mixture of materi-
als, that means, here the case of distributions is not considered. Equation
(IT15.1) we have met in the introduction of temperature in 1.6.

Here at the end of the section we will present a principle in the isothermal
case, which goes back to the dissipation inequality. We start from the general
mass-momentum-energy system

oo+ div(ov +J) =r,

9, (ov) + div(ovvT +0vIT +1I) =,

de + div(ev + 5[oPT +T" v+ q) =7, (I115.3)
f=(r+JoV)o+f,

g= %MQ + vef + veDuJ + (DU)A M +g.

The functions f and g are as in (I113.32), i.e. f is a classical force and g an
objective scalar. The system (I115.3) by 2.3 is equivalent to

oo+ div(ov+J) =r,
0(0pv +veVu) + divil =1, (I115.4)
Oe + div(ev + q) = — (Dv)° T+ g.

We show
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5.1 Dissipation inequality. Let the entropy inequality in 1.1 be satisfied
for the entropy n and the entropy flux

ES nv—i-% +.
—_——

Clausius-Duhem

Then the free energy f in (I115.1) satisfies

O f + div(fv —09) + (Dv) il — g+ Ry = —00 < 0 (115.5)

where Ry is defined by

1
Ry = (8, + veV)0 + ve.(gq + ¢) (I115.6)

Proof. The two relevant equations are the energy equation (1115.4) and the
entropy identity in 1.1

de + div(ev 4 q) + (Dv)° il — g =0,
o+ divp =0 >0,

which is with (IT12.10) and the decomposition ¢ — v = Sq + 1
£ 4+ edive + divg + (Dv)° il — g =0,
73+17divv+ div(éq—&—&) =0c>0.

Indem wir die zweite Gleichung mit 6 > 0 multiplizieren, schreibt sich dies
als

€ + edivo + divg + (Dv)* sl — g =0,
O+ 0Ondivo+  0div(ke)  +0dive =60 >0. (I115.7)
= <Iiivq+—l9v(é)-q
Bei der Differenz dieser Gleichungen fallt nun divg weg, und wir erhalten
0> —fo = ¢ — 0+ (e — On) dive
+(Dv)* eIl — g — ev(%).q — 0divy.
Mit der freien Energie f ist nun wegen (0n)° = 01 + (00 + veV6)
£ — 0n + (e — On) divo
— 74 1(0:0 + veV0) + f dive
= O f + div(fv) + n(0:0 + veV0),
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also folgt wegen —60 divz; = div(—@if/;) + Vo)
0> —00 =0, f + div(fv — 09) + (Dv)> s — g+ Ry,
wenn Ry := n(d; + veV)l — QV(%%(] + V0. O

The quantity Ry contains terms with spacetime derivatives of 6.

References: See e.g. [50, 4.4.3 The Dissipation Inequality] for the dissipa-
tion inequality. The entropy inequality can be found there in [50, (4.4.15)].
See also [Wikipedia: Clausius-Duhem inequality], where also the dissipation
is quoted.

Adding up now equation 2.2 for the kinetic energy,
2, 2 (Lo T
Oy 2|v| + div 2\v| (ov+J)+1IT" v
| (I115.8)
—5\1)]21' —vef —Du3(Tl +vJT) =0,
to the equation in (I115.5), one gets the

5.2 Free energy inequality (6 variable). Let

~ 1
f=¢e—0n, ¢=w—nv—5q-

If the entropy principle is fulfilled for (7, ), then it holds

1 ~ ~
s frr + div(ft"tv + §]v|2J +1" v — 977!1) —g
+Ry = —00 <0.

Here f'°' is the (total) free energy defined in (I115.2). The term g can be
found in (II15.3) and Ry in (I115.6).

This identity is equivalent to the entropy principle, i.e. to the entropy in-
equality. This equivalence can be seen easily if the above conclusions are
carried out in the reversed direction. We now consider the isothermal limit.

5.3 Comment. Passing with § — const it is expected that Ry — 0. To
show this is not at all obvious. If the limit § — const is considered, one
really takes a sequence of solutions with ¢ — oco. The entropy principle
shows that V(%)oq is in L' in spacetime, which is a natural bound on the
solutions. But for the sequence it is not clear that this implies that Ry really
converges to 0, since it contains the term —GV(%)oq. This difficulty can be
avoided if one assumes —fo — %V@oq < 0, which is usually fulfilled.
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In this limit, motivated by 5.2, one considers

1
ftot:f+g|v|27 ptot = ftoty © oI + T 0 + @
2 2 (I115.9)

gttt = gh}]? + vef + veDvJ + (DU)A dl+g.

Here ft! is called (total) free energy and ¢! the free energy flux. The
quantity ¢' is not zero as it is the case of the entropy princple, quite the
contrary, if the data have e.g. a force f so g’ has to contain the term vef.
Only a part of g'°® (in the above formula g) is an objective scalar and only
an objective quantity can be zero. The right-hand side of the differential
equation in 5.2 is oy := —fo and because of this one formulates the

5.4 Free energy inequality (6 = const). For all physical processes in P,
which are isothermal, there is a (total) free energy f!° and an associated
flux !t such that

of = atftot + diVLptOt _ gtot <0.

Here, the function ¢** on the left-hand side one has to choose in such a way
that the left side of this inequality is an objective scalar. Only then the
inequality is observer-independent.

It is now clear that the free energy inequality is a consequence of the entropy
principle in the isothermal case, i.e. if # = const > 0, and if no heat flux
is present in the equations describing the material. Besides this there are
similar comments for the free energy inequality as for the entropy principle.
Usually, if ¢ is the total mass and v is the velocity, the free energy is given
by the formula in (I115.9), that is, by the inner free energy.

5.5 Conclusion. Let the mass and momentum equation
Oo + div(ov +J) =r,
0(0rv +veVu) + divll = £,

belong to the set P and let f%! ! ¢! be given by (I115.9). Then the
free energy inequality 5.4 is equivalent to

of =0 f + divp + (Do) sl — g < 0.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



II1.5 Dissipation inequality 229

Proof. As a consequence of the two equations, which belong to P, we derive
(IT15.8). Subtracting this from the energy equation we obtain

v

. 1
0>o0p=0 (fLOL _ §O|v|2) + div (gp”‘)[ ~ 3 2(ov4J) -1t 1;)

1 .
—g"t + §|’U\2r + vef + Dus(IT + vJT)
=0, f + divp + Dwill — g,
the assertion. O

The inner free energy f = € — 07 is an objective scalar like the inner energy
g, therefore the (total) free energy f'°* has the same transformation rule as
the energy e. If one decides to accept a constant temperature 8 = const,
one looses the energy equation and has a free energy inequality instead
of the entropy inequality. This is the necessary consequence of the fact
that the temperature is a constant. Often the free energy inequality is
applied without knowledge about the temperature, i.e. one does not realize
how terms depend on the constant temperature. Therefore the free energy
inequality is adequate for such problems. But in general 6 is variable and
one has to use the energy equation for e, concerning this matter see the note
1V.3.4. In the next chapter we will get to know examples where we use the
free energy and examples where we use the entropy.
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6 Distributional entropy

It is not a big deal to generalise the entropy principle to the case of distri-
butions: If i/ C R x R™ (physically is n = 3) is the domain of consideration,
there exists an entropy H € D'(U) and an entropy flux ¥ € D'(U;R")
such that

Y= 0,H + div, ¥ >0 in D'(U), (I116.1)

which means that
(¢, 0l + divg W )py) = 0 for all test functions ¢ >0 T

These formulations apply, for example, to the case

e where the entropy and entropyflux is given by a function 7, that is
H = [n], and a vector field v, that is ¥ = [¢/], which in general are not
continuous. For example, on the boundary between two media, these
functions may have jumps.

e where the mass is concentrated on certain moving points, hence one
has to deal with 1-dimensional distributions in spacetime R x R".
Therefore also the entropy is concentrated on these moving points.

In the first case H = [] and ¥ = [¢)] with a function 7 in ¢/ and a vector
field ¢ in U. Therefore the entropy principle (I116.1) is equivalent to

Y= O[n] + div.[v)] > 0in D'(U), (I116.2)
which means that

/(@C -1 4 Vetp) AL < 0 for all test functions ¢ > 0,
u

where we assume that the underlying mass-momentum-energy system is
written in the distributional space D’ ()

oule] + div[d] = ],

dov] + div[l] = [f], (1116.3)
aule] + divlg] = [3].
As elementary example we want to measure the temperature. Since 7/, = %

for the temperature 6 we see that the inverse temperature is a multiplier (in
this connection see section 4). This indicates, that the temperature at an

TBsist (¢, %) := (¢, OH + dive¥) = — (8¢, H) — (V(, ¥). Die Aussage lautet
mit Quantoren V(€ 2(U):(¢>0= ((,%)>0).
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interface is continuous (see Fig. 1(d)), and in fact, in the following example
this will be the main assumption. In 6.1 we consider the case of a solution
with velocity v = 0 (at least for one observer), and that there is no reaction

or diffusion in the mass conservation, hence J = 0 and r = 0. Consequently
f=f Il=1I,e=¢c?% G=gq, and § = g. Thus (I116.3) becomes
atQ =0 )
div[II] = [f], (I116.4)
Oe + div[q] = [g] .
We show

6.1 Thermometer. Let &/ = R x (D, US U D,,), where R x D, is the to
be measured area and R x D,, is the position of the measuring instrument.
We will give a situation in which no velocity occurs, i.e. v = 0. Under these

assumptions the momentum and the energy equations in 2'(U) are *
(1] = po Id pirx D, + Pmld prxD,, 5 [f] = f, urx D, + £ HRX D,
le] = €0 URX D, + Em HRX Dy 5
[9] = Go Rx D, + G LR D, » [9] = go RX D, + Gim HRx D,y -

q q
(V] = 22 iRx D, + - HURx D,
0, O

Under the assumption that the external forces are 0, and that the entropy
flux has the Clausiuc-Duhem form, it follows that

0o =0, on R xS.

This is under the condition that on the boundary no entropy or entropy
flux is present. Remark: This implies that the absolute temperature in the
contact zone S between the region and the measuring stick is the same. If the
temperature in the region is higher than in the measuring stick then g,evp >
0. Thus, the measurement affects the temperature in the region. If we wait
long enough, so 0,, will be approximately the same throughout the whole
measuring stick and then this is taken as a measurement of the temperature
in the region. Remark: The representation of [¢] is the assertion that the
entropy principle in each domain is the classical one of Clausis-Duhem.

Proof. For H = [n] and ¥ = [¢)] the entropy inequality

Y= 9,H + divl >0 in Z'(U) (1116.5)

8 Since v = 0 there is no kinetic energy in [e].
9Bs ist ua(E) := L*(ANE) fir E C R x R®.
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Abs

100 1—373'

50 1323

Abb. 485, Die gebriuch-

lichen Quecksilberthermo-

meter mit ibren Funda-
mentalpunkten,

Fig. 3: “Die gebrauchlichen Quecksilberthermometer mit ihren Fundamen-
talpunkten” from “Grimsehl’s Lehrbuch der Physik”. It shows the tempera-
ture in Fahrenheit [°F], Réaumur [°Ré], Celsius [°C] and Kelvin [K] (Absolute
temperature). It is 0°C = 273.15 K, see [Wikipedia: Kelvin].

is valid. The assumption that the Clausius-Duhem identity holds outside
R x S, means that the entropy identities
q{)

o + div(;) =o0p>0in R x Dy,

0N + div(%) =0, > 0in R x D,

m
hold. The fact that no entropy occurs on R x § means that in (I116.5) we
have
H = noprx D, + NmMRx Dy »
G G
U= Lugsp, + 2 ugyp,
7p 0

m
Y = OoliRx D, + OmMURx D,, -

Thus the distributional differential identities and the entropy inequality
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(I116.5) mean for test functions ¢ € Z(U) that for j =1,...,3
/ (/ (8327C “Po + Cfoj) dL3 + / <8I,C “Pm + Cfmj) dLg) dLl =0,
R Do Dm,
/ ( / (0:C - €0 4+ Voq,) dL? + / (¢ - e + VCoqm)dL3> dL' =0,
R Do D'm
1 ‘
/ (/ (¢ -m+ VC‘(@ o) + (o) dL?
R o o

+/ (afc *hm + VC.(F(]m) + Co_m) de) dLl =0.

This leads to the following equations on the time independent boundary
RxI',withn=vp, =—-vp

m?

Pm = Po
gmell = (Go®ll,

1 1

— — = qm)en=20.
(eoqo qum).

Since during the measurement g,en # 0, from this it follows
0, =0, on R xS.

Hence the measurement requires an arbitrary g,en. O
This result gives rise to the following remark.

6.2 Empirical temperature. In Hutter & Wang [9, 17.2.5 Empirical Tem-
perature, Gas Temperature and Temperature Scales] it is said: “It is, how-
ever, not possible to define the temperature in a direct manner. It must be
defined indirectly via the notion of thermodynamic equilibrium. One says:
Two systems have the same temperature, if they are in thermal equilibrium
with one another.” The daily perceived temperature is based on this effect.

In the second case we apply the distributional mass-momentum-energy sys-
tem to colliding particles. In addition to the distributional mass-momentum
system in 1.3.1 we prove an equation for the kinetic energy (see also [19,
7.11)).

6.3 Kinetic energy of a mass point. It follows from [.3.1 for the trajec-
tory t — &(t) with mass t — m(t) in 2'(R x R™)

0 loPme) + div(TlvPome) = (5ol + vef)ue . (I116.6)
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Proof. Let t — £(t) be the movement of a mass point with mass ¢t — m(t)
as in [.2.9. Then

d/mm . m : :
S (51ER) = TP + méed = JIE7 + ot
and therefore, since §(t) =v(t,&(t)),
<C, 8t(%|5\2#§) + diV(%EFW‘E) >
<3tCa *|§\2N§ >

2/ (RxR")

m. -
—{ve¢, = 2 >
P'(RXR™) < ¢ el ome 7' (RxR™)

- [ @te.60) + é0avete.c0) "0 P

-/ jt(ats())) "opar= [ cee0) (" éwPR) ar

- [ e 0w + et ) at
= (¢, (51€P +E°f)ug> = (¢ (GlvP +vef)ug )

2’ (RxR™) 2'(RxR")

We obtain

6.4 Mass-momentum-energy equation for a mass point. If the mass
point is given as in 6.3 then there are equivalent:

(1) The distributional equations

Or(mpe) + div (mope) = rpg
Or(mop) + div (mvoT Be) = (rv+ ), (I116.7)
O ((e+ 5 )pe) + div((e + Fv[*)vme) = (5lv]* + vef ) e

in 7'(R x R™) are fulfilled.

(2) Ttis v(t, &(t)) = £(t) the velocity, and the ordinary differential equations
m=r, mé=f, &= const (I116.8)

are satisfied.

Proof. Wir nehmen zuerst die Aussage in 1.3.1. Dann gehen wir zur En-

ergiegleichung und ziehen die Formel (I116.6) fiir die kinetische Energie ab.

Es bleibt d;(epe) + div(evpe) = 0. Wie bei der Massenerhaltung in 1.2.9 ist
dies aquivalent zu € = 0. O
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Now we are able to formulate the collision problem where for example two
particles collide and produce a whole family of particles.

6.5 Collision of mass points. Let ¢t €] — oo, tg[+— £¥(t) the trajectories

before the collision and ¢ €]tg, co[ — 5?_ (t) the trajectories afterwards where
a = 1,...,amer and 8 = 1,...,Bmaz. The collision takes place at the
spacetime point (tg,zo). Let the distributional conservation laws for mass,
momentum, and energy

0o + div(pv) =0,
dr(ov) + div(ovvt) =f,
Ore + div(ev) = vef

be satisfied in 2'(R x R")!, where
0= Sl + Xl
a ] +

f:.= Z fg[lgg + Z ffll,gﬁ
a 8 +

me o B mi
P (67 —
e = %:(5_ + 5 [v[F)pea + Zﬁ:(ar + 5 ] )“ﬁf )

Conclusion: In the time intervals | — oo, to[ and |tg, oo for all particles the
equations in 6.4(2) hold and the energies are constant. And at the collision
time to

ng :Zmﬁv
a B

Zwﬁz%ﬁﬁ,

[0}

« . 5 .
S (e + Sole?) = e+ ZEER).

Remark: The velocity v is used only in the points (t,z) with x = £*(¢)
for t < tp und x = ﬂi (t) for t > tp. The multiplication with v is relevant
only in these points. In the proof there is v(¢,£%(t)) = £2(t) for t < ty and
o(t, €5 (1)) = € () for t > to.

Proof. Wenn, wie im Beweis von 1.3.2,
« B . « B
Oy ( 2o 9% o + 2 gmg) + div <Z 92 vpea + 3 gwﬂgs)
« E; a B +

B
=3 rea + > TLBeS
a B +

10 Attention: o is a distribution and gv is the multiplication of this distribution with a
bounded vector field v.
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one obtains for test functions ¢ € Z(R x R™;R), as in the proof of 1.3.2,

0= <atC7 (Zggﬂgg ‘*‘;Qillg) >

+ < Ve, (S gumee + X glong ) > - < ¢ e + Sl >
o B + «a ] +

to

-5 [ e (- Flete o)+ ne )

o0

+x [T ( - Gl egm) e w)
B ’

B Jto

(0% k/j
+((t0) (2 92 (1 70) — S 9 (t70) )
o 5
which gives the ODE equations and

B
> 92(t,xo) = 2 g4 (£, 20)
a B

the identity in the collision point (¢, zo). O

6.6 Examples. We define v® := £%(t;) and vf = ff(to).

(1) Elastic collision. Baz = Qmaer = 2: This collision we treated already

in 1.3.2. If we choose €% = eﬁ = 0 the collision laws are

m! +m :m_lk—i—mi,

2
mbol +m?2v? = mivi + mivi )
1 2 1 2
m m m m

— 1,12 — 1,212 +1,,1 12 +1,,2 12

v |©+ i = v + v .

e e e P e
An elastic collision preserves the masses, that is, m}r =m! and mﬁ_ =m?2.
There is a twodimensional degree of freedom for this collision.

(2) Explosion. ez =1, Pmaxr > 1: If we define Uﬁ =v_ + u’i we have
the following laws

If the inner energies 5€r are nonnegative the body must be hot enough to

explode.
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(3) Coalescence. mar = 2, Bmaz = 1: Two bodies collide and as a
result one body is formed. The mass conservation and the conservation of
momentum says that

1 2
m_ mZ

m+:m1,+m1,, v+:—v£+—vz.
m4 m4

Hence the initial conditions (m.y,v4) for the combined body is prescribed.

The definitions u! :=v! —ov,, u? :=v? — vy lead to

(0%
er = X (e + St ).

«

This gives the temperature of the resulting body. The temperature is mainly
determined by the relative velocity by which the bodies are colliding.

In the general case, hence also in all three examples, the definitions

m:=Ym® =Y"m" (assume m > 0),
a B

B
m< m .
vi=Yy —ov =% —J“vf_ (barycentric mean),
a m ] m
u® =v® —v, uizvi—v,

at the collision time ty lead to
Smtut =0, Smiu =0,

«

B
S (2 + o) = S (e + ).
e} 2 ﬁ 2
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7 Exercises

Entropy

7.1 Ubung. Der Druck sei als Funktion p = p(g, ) gegeben, ebenso die innere Energie
e =£(p,0). Es gelte pe/, + 0prg = € + p. Berechne daraus die Entropie, wenn die Gibbs
Relation erfiillt ist. Mache die Probe.

Erinnerung: Die Temperatur 6 hingt von der Entropie wie in (III1.7) ab.

Zeige: Als Funktion n := 7j(p, 6) lautet die Entropie

o gsp ) ~ e 5P (3,0
ifp(g,e):/ Zrp0.0) )de—/ P6@9 454 ¢,
) 0 Qo0 e

wobei n°P; %P, p°P die spezifischen Groflen (wie in 1.4) bezeichnen, und go, 6o, C sind
Konstanten.

Die Gibbs-Relation, eine Folgerung aus dem Enttropieprinzip, ist eine differentielle Be-
dingung an (p,e,n). Sie driickt eine Grofle durch die anderen aus. In dieser Aufgabe ist
(p,e) gegeben und 7 wird dadurch ausgedriickt.

Part 1: Notwendige Bedingung fir die Existenz von n. Mit n = 7)(o,¢) sind die beiden
gegebenen Gleichungen
Oni.=1, n—on,—(E+pn.=0, (1117.1)

wobei 0 = 0(p,¢) und p = p(p,€). Mit der spezifischen Entropie

sp 1
==
o
lauten die beiden Gleichungen
1 1 n eE+p
n°P = N = —, 'Sp,zf = — - .
W= e =g My (g)’e 220
Also gibt es n°? genau dann, wenn
1 _ sp o sp o <5 + p)
(55),, =™ De=0"0e=~(T57) . (Ini7.2)

Nun schreiben wir n als Funktion von (g, 0), also
n = n(0,(e,0)) =:1(e,0).

Wenn wir fiir beliebige Funktionen h dasselbe tun, also h = ﬁ(g, €(p,0)) =: %(g,&), SO
gelten die Kettenregeln

hig=higrng, h/g:hﬂg—f—h/gg/g

oder

was ergibt

]Al_:_s-i-p N _<5+ﬁ> :_<5+p> 1 :_ﬁ/99—(5+m 1
020 020 /< 020 J 1981, 02028, 020
~ 1 1 1 1 g 1 1 &
bl o (5)m (3 ()G = i
00 00/ "o 00/ g 00/ 10E 1 020 0%0¢E,
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Dann wird aus (II17.2)

1 g:/ __ﬁ/99_(g+m

029 ° 0262
das heif3t

QE/Q —+ 9’?51/9 =+ p. (III74)

Also, wenn diese notwendige Bedingung fiir € und p erfiillt ist, existiert »°* und damit 7,
was zu beweisen war. O

Part 2: Gibbs Darstellung in (g,0). Die Gibbs Relation in (g, ), siche (III7.1), ist
n—on,=(E+pne,
wobei die rechte Seite wegen der notwendigen Bedingung (1117.4)
= (01 +0P19)n7e = 0ErgNc + D16

ist, und die linke Seite, wenn wir (III7.3) fiir  benutzen,

Sk

- - 9 ~ - . ~
:nfg(nlgf 5/0 E’g) = 7Qn19+gn/5€/g.

[

=
=1

Also ist die Gibbs relation dquivalent zu

ﬁ_gﬁle 25/97

oder in der Schreibweise fiir die spezifischen Grofien
TR+ =0, (I117.5)
eine Darstellung, die wir jetzt benutzen werden. O

Part 3: Darstellung von . Indem wir (IT117.5) durch ¢* dividieren und in g aufintegrieren,
erhalten wir

- © 510(8,0) -
(00 = - [ 2220 g+ o)
o ¢
mit einer Konstanten go und einer zu betimmenden Funktion 6 — C(0). Indem wir diese
Identitat nach 0 differenzieren, erhalten wir

en, ~,9 ~ »S
7/90%(1Q+C/9(9): /I;(Q79)

S BV S I B
- QU’G(Q79) - QW’5(975)5/9(979) - QGE 9(979) - 98/9(979)

nach (I117.3) fiir n. Indem wir die notwendige Bedingung (III7.4)

~ ~ 2~s
Oprg—p=ec—0,=—0¢E"
nach 0 differenzieren, erhalten wir 0p g9 = _92‘?’20 = —g2(§s,1;) 10, also ist
e (E%)0(0,0) 1 e
Cr0) =~ [ EDCD 54 Lami.0) = 2000
o0 0 0 0
und somit ~
0 gﬁ‘;P ,9 -
C(8) = C(bo) +/ 16(00,0) 45
0o 0
Indem man C(6) in obige Formel einsetzt, folgt die Behauptung. O
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7.2 Ideales Gas. Wende 7.1 an auf
e=cvol, pte=cpol,

mit ¢, > c,. Zeige:

n= cvglog£ +const-p, y:= @,
o7 Cy
7.3 Lemma. Gegeben sei eine Entropie der Gestalt n = 7(e, u1,...,un) mit beliebigen
Groflen u1,. .. ,upn. Essein/e >0 und /.. # 0. Sei
o ) -
g, ULy UN) = ———————————
y U1, s UN 77/5(577-01,~~~7UN)7

fO,ur,...;un) = —0n(e,u1,...,un) fiir 0 =0(c,u1,...,un).

Dann ist

f’0:*77a f’ui :7077/1”

fir i =1,..., N und auflerdem gilt

3 >0.

f/9977’65 =0
Solution. Aus f = e — 6y folgt, wenn man beziiglich ¢ ableitet,

f’@e’s =1 7077’5 76’57] - 79/6”]‘,

also
fro=—n.
Die Ableitung beziiglich u; ergibt

f/Ge/ul +f’u,, - 7977/11,,, 79/11,777

also wegen f/g = —n

.f"u; = 76"]’(1, .

Energy

7.4 Energieerhaltung. Sei p, wie in [.3.1 Lésung der Impulsgleichung wie dort. Zeige,
dass dann fiir die kinetische Energie die Gleichung

m . m
8t(§|1)|2”,§) =+ le(§|1}|2vu§) = q;.fug

im Raum der Distributionen gilt.
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IV Various applications

After we have introduced the basic principles, we will now give some exam-
ples in which the objectivity and the entropy principle resp. the free energy
inequality are used. We will also get to know some explicit solutions, which
give an insight into the various applications.

1 Tidal period

We study the effect of gravity on the system of Earth and Moon. We look
at this problem from the center of mass which can be considerd as inertial
frame. This is an important usage of the notion “inertial frame”, which we
defined in 11.3.9, where we have already pointed out the fact, that inertial
frames can be used only approximately. Because of the importance of this
notion in physics we will come back to this fact in 1.1 and ask the question:
What can the obsever do to exclude fictitious forces? In this example we
use only the mass-momentum system of Earth and Moon, and in addition
the equation of gravity.

So, we as observer with coordinates (t*, x*) see the two celestial bodies (de:
Himmelskorper) from a certain position, let’s say, Bgawn(t*) C R? is the
domain occupied by the Earth and Bygeon (t*) C R? the one occupied by the
Moon. The mass densities are (t*,2%) — 0, 4, (t*, 2*), which is positive in
Bgaren (t*) and 0 outside Bgaren(t*), and (1%, 2%) = 0fjoon (t*> "), which is
positive in Byioon(t*) and 0 outside Byioon(t*). The total masses of Earth
and Moon are given by

MEarth(t*) = /3 QEarth(t*vx*)dx*7 MMoon(t*) = /
R

RS Q?{/IOOH(t*7 x*) dx* °

(Later in 1.1 we will show that the conservation of mass implies that Mg,
and Myjoon are constants.) Then
(t%,2%) = Ogaren(t", 2") + OMoon (17, 77)

is the total mass distribution of Earth and Moon. The center of mass of the
system (de: Schwerpunkt des Systems) we denote by zf;, defined by

0= /R (G (.27 + Ghioon(t",27) ) " — ) da®. (IVL)
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For this system the mass and momentum equations are in the sense of dis-
tributions (we use the formulation for L*°-functions)

8t* [Q}**jarth + QK/Ioon] + din* [(QEarth + QK/Ioon)v*] = Ov
* * * . * * * T *
8t* [(QEarth + QMoon)v ] + dlvft* [(gEarth + QMoon)U v+ 11 ]

= [g(gEarth + Qlﬂ{/Ioon)v¢*] ’
leI*(_[vfﬂ*¢*]) - [QEarth + Qlt/loon] )

(IV1.2)

where the last equation is the equation for the gravity field ¢*. That the
gravity of Moon and Earth is the only force term f* := g(0}..t1 + vioon) VO
means that the coordinate system (¢*, z*) is supposed to be an inertial one
(see the discussion in I1.3.9 and the one following 1.1). It then follows (see
Lemma 1.1) that the center of mass satisfies Zj = 0, and we will then
normalize the inertial observer by an uniform motion (de: gleichférmige
Bewegung) so that zj = 0, that is, we let the observer be located at the
center of mass.

Other effects like the gravity of the Sun are neglected (this has an effect
mainly when Earth, Moon, and Sun are positioned on a line, which gives
rise to a spring tide (de: Springflut)). Therefore besides the gravity of the
two celestial objects there is no other source which influences the system
essentially. Havng done so it follows that the main effects of this system
are a combination of the centrifugal force (de: Fliehkraft) and the attrac-
tive force (de: Anziehungskraft). (To this see Fig. 1, [Wikipedia: Tide],
[Wikipedia: Marée], and [136].) Both forces are in fact related to each other,
which is in some sense obvious since in the equations (IV1.2) there is only
the g-term. We mention that we do not consider any varying temperature,
the movement we treat is purely mechanical.

Ebbe
Fliehlralt : Anziehungskraft
— Erde —

’ Mond Achse
| Erde-hond
FILLDET t
Madirflut Zenitflut
Ebbe
Gemeinsamer Massenschwerpunid
[Wikipedia Picture] Erde - Mond

Fig. 1: Tide (Observe that the axis of the Earth is inclined)
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To come out with argumentations which are simpler, that is, they con-
tain only the main effects, we make some special assumptions. We as-
sume that Earth and Moon are both approximated by balls Bgan (t*) =
B g (Tharn () a0 Batoon () = Bty (#1005 (1)), where the mass den-
sities of,.¢p, (t%50) and 0};,0n (t*, +) are constant in Bgaren (t*) resp. Buyoon (t*)-
Further it is assumed that v* and IT* is located in Bgayth (t*) resp. Buoon (t),
where the bodies are rotating around themselves. It is shown in 16.5 that
a rotation changes the shape of a celestial body. These rotations results for
the Earth in a small change by around 3% of the ball, so we do not consider
it here (or, which is not realistic, we assume that there is no rotation). Also
we assume that the distance between Earth and Moon is constant. Indeed,
the movement of them is like a Kepler ellipse (as in 1.3.3), the distance
varies between 356.400 km (perigee, de: Perigdum, Erdndhe) and 406.700
km (apogee, de: Apogdum, Erdferne), see [Wikipedia: Moon], but this dif-
ference in distance is only about 1.3%. To make things concrete, here is a
list of constants:

Rgarth = 6371.0 km (this is the mean radius),
Mearen = 5.97219 - 10* kg,

Rioon = 1737.10 km = 0.273 Riareh ,

Miioon = 7.3457 - 10?2 kg = 0.012300 Mgarth ,

Th — xy = 384.402 - 10® km (mean semi-major axis).
Earth Moon
The potential ¢* can be split into ¢* = Phan + Prioon With

div(—=[Vogarm)) = [05arm)»  AV(=[VONoon)) = [0h100n] - (IV1.3)
First we show

1.1 Lemma. Under the assumptions above the equations (IV1.2) imply that
the centers zy, ., and xy; ., fulfill the differential equations

Eharth = 9V ONoon (%) Tharth) -
Eoon = 8V Earth (¢ Thoon) -
The observer can be chosen so that zj; = 0 and then (IV1.1) reads
0 = Marth@hanen () + Matoonigoon (1) (1V1.4)
where Mgarin and Myioon turn out to be constants.

Hint: This choice of the observer makes his coordinates to an “inertial sys-
tem”. How he manages this: 1. Position: Center of mass of Earth and Moon.
2. Rotation: Orientation on stellar objects (not planets and not the sun).
Then approximately no other forces are present.
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Proof. Let 0" := 0%, 41 + OMoon P€ the total mass. The mass and the mo-
mentum equation of (IV1.2) are in the weak sense for n € Z(R x R3; R)

0= / (Opm + v eVn)o" d(t", ™) (IV1.5)
R4
and for ¢ € 2(R x R3;R3)

0= / (- Co(0™v™) + D¢3( v ™" +11%)) d(t*, 27)

e (IV1.6)

+ [ olar v at o).
R4

First we treat the mass equation. Let us look at the Earth, that is, we only
consider test functions n with support in a neighbourhood of By, (t%).
Translating this to the center of the Earth

BRpwu (0) = {y € R?; y+ 2,0 (1) € Bhan (1)}
nt*,y) =",y + Thumt))

o (t",y) = 0" (t", Y + Thaun(t”))
Ut y) =0t Y+ Tann ()

where 7 has support in a neighbourhood of Bgy, ., (0). Since V77 = V=
and Op1) = Op«n + @y, (1)@ V1 the transformed mass equation reads

0= [ 70+ (77 = b ()oV7) ().
We now choose 7(t*,y) = b(t*)¢(y) where b € C°(R; R) and ¢ € C°(R3;R)

with ¢(y) = 1 for y € Bgy,,,(0) and support in a neighbourhood of
Brp... (0). With this the integral becomes since p* vanishes outside Bg,_ ., (0)

0= / FonTd(t", y) = / b () / G, + Tharen(t) dy .
R4 R B

REarth(O)

- MEarth (t*)
Since b is an arbitrary test function, it follows that Mg, is constant. Next

we choose 7(t*,y) = a(t*)ey(y) with a € C(R;R3) and (y) = y for
y € Bry,.., (0) and support in a neighbourhood of Bg,, ., (0). Then the
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integral becomes

0= [ T+ (7 = o) "0

=L by )~ daa()eale) dyar
BREarth
= [awe [ sbady ar
R BREarth(O)
=0
# L[ b 0) () dy) 4t
BRE'Lrth

* MEarth / ~k [k -k * *
= [ a(t”)e| V(T Y) — Tpaen(tT)) dy ) dE
Lo (o gy 7T = 1) )

3
= Mg rth/ a(t*)o</ v (tF, ") dzt — i th(t*)) dt*.
“ R 47TR]??‘:arth BEarth(t*) "

Since a is arbitrary we conclude

Tharth (1) = VEaren (£7) == 4R3/B . )U (", a")da" . (IVL.T)
Earth Earth

Similar we obtain by looking at the Moon that Mooy is constant and

3

oo (t) = Uonlt) 1= oy — [ 0l
4 Moon Bl\[oon(t)

In these integrals an arbitrary rotation of Earth and Moon is included,
because we assume that these bodies are spherically symmetric (but on the
other hand a rotation leads to an ellipsoidal shape as shown by Newton, see
16.5).

We now come to the second and third equation of (IV1.2), the conservation
of momentum paired with the gravitational law. According to the support
of the Earth we write

Cty) o= C(t",y + Tham ()

¢ (t",y) = ¢ (t",y + Thean(t))
Tt y) = 0 (Y + T (1))
(%, y) o= I (t*, y + T (1))

where Z has support in a neighbourhood of Bg, ., (0). Since IT* =TI}, ., +

IT% where HEarth concentrates on the Earth and II;

Moon> on the MOOH, we

Moon
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obtain for the momentum equation

0 | RIS
IRXBRI’E}arth(O)
DG (G (7" = #aeen)” + e ) ) A1)
+ Coa0hman Ve ) d(t"y)
RXBREarth(O)
Choose now C(t*,y) := 1(y)b(t*) with b € C°(R;R?) and ¢ € C5°(R3;R)
with support in a neighbourhood of Bg,_ ., (0) and ¢ (y) = 1 for y in the

closure of Bp,, ., (0). With this the integral becomes (the term with D¢
vanishes)

Gy

(now do partial mtegratlon in t%)

* d * ~x% * e
= / b(t )'(‘ dt*(/ OFarthV dy) +/ 90Farth VO dy) dt
R BREarth(O) B 0

REarth(

QEaurth:J;k dy dt” + /I‘Q /B gQ*Earthv¢ dy dt*

Rparen(0 Rparen(0

Since b is an arbitrary test function we obtain

(]

or in the original coordinates

QEarthg* dy> :/B gQEarthv¢ dy
0

REarth REarth(O)

d / * * * * * *
¥ OFarthV dzl = / 90Farth V¢ dz”.
dt ( BEarth(t*) ) Bgarth (t*)

Using (IV1.7) we remark that

3Mg

* * * arth * * -k

/ OEarthV dz™ = 4 R3 vidat = MEarttharth ’
Bgartn (t*) TLhparth  Braren (t*)

and we obtain

(MEarthiEarth) = / gQEartthﬁ* dz*
BEarth(t*)

SgME rth * * * *
- ﬁ ( v¢Earth dz” + v¢Moon dz ) :
7T Earth BEarth (t*) BEarth (t*)

= 0 (see the text)

Since Vg, (1%, %) = C(af, 4, (t*) — 2*) with a constant C' by (12.21), the
first integral vanishes. Since x* — @11oon(t*, 2*) is harmonic in Bgapn (t¥)
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hence also the components of z* — V@y,on(t*, 2*) are harmonic, we con-
clude from the mean value property of harmonic functions

3

W / v¢iloon(t*ﬂ I*) dz* = v¢1§loon(t*? anrth (t*» :
T Earth  Bearen ()

Therefore
(A[Earth‘ilﬁarth). (f*) - gAfEarthv¢Krloon (t*v anrtll(t*)) :
In the same way it follows near the Moon

(Aﬁ\’l()‘)ﬂj"iloon) ’ (IL* ) - g]\/jl\rlo(mV(pEarth ({* ’ miloon (t* ) ) ’

and the sum of both terms is

g (]\/[E‘drtthSK'Ioon(t*? anrth (t*)) + ]\/fl\’IOOHV¢EaI‘th<t*7 xK’IOOH(t*>)>

inr’loon<t*) _ anrth(t*) + J:Eal'tll(t*) _ ‘riloon(t*)
47 D3 47 D3

- g]\'f[Earth]\/Il\rIoon( ) =0,
thus #j = 0. Hence without producing a fictitious force the observer can be
chosen so that xj = 0. O

Thus the two centers perform a movement in a two dimensional plane, which
we called to be the (z7,x3)-plane. Since we assume a constant distance
between Moon and Earth, x5, (t*) — 2§, (t*) moves on a circular line in
the (x7,x3)-plane. This means that the eccentricity 0.0549 of the Moon is
set to be zero.

1.2 Lemma. For a circular movement of a3, (t*) =25, (t¥) in the (27, 25)-
plane we consider different variables with the transformation

t=t*, xz=Q(")z",

cos (wt*)  sin (wt*) 0
Q(t") = | —sin (wt™) cos(wt*) 0,
A ; ! (IV1.8)
GM
w2 = ﬁ ;M := Mgarth + Mioon

where D is the (constant) distance between Moon and Earth. Then
LEarth -= Q(t*)xaarth(t*) y LMoon ‘= Q(t*)x&oon(t*)
are constant vectors with

0= MEarttharth + MMooanoon P D = ’xl\/[oon - anrth| .

We can choose the coordinates so, that both points Tgarn and Tyeon lie on
the x1-axis with negative value of zg,tn and positive value of Zyioon.
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Proof. From (IV1.4) it follows that

(1) = Thioon(1) — T () = — 7 (1)
—=x ==z —x =——2x .
MEarth Moon Moon Earth MMoon Earth

(IV1.9)
The differential equations for the motions of Earth and Moon are

* *
TMoon ~ TEarth

.ok * Lk .
Tharth = 8V PMoon (+) TEarth) = GMMOOH| * —x |3
TMoon — TEarth

o G Mnioon * S o GMyoon M *
- D3 (mMoon - lEarth) - D3 MMoon LEarth >
hence oM
ok o *
LEarth = — D3 LEarth -
Similarly
* *
sk _ v¢* ( * ) — GM TEarth — “Moon
LMoon = 8V PEarth\* LMoon) = Moon |2 — 3
Earth Moon
o GMMoon * * o GMEarth M *
- D3 (anrth - xMoon) - D3 ME'}rth L'Moon >
hence oM
ok o *
LMoon = — D3 LMoon -

: . . .
Since D = |2}, 41, — Thoon| PY assumption is constant,

o GM
Y=\ "ps

defines a constant w and the differential equations are satisfied for

anrth(t*) - Q*anrth> xl*{/loon(t*) - Q*xMoon )

cos (wt*) —sin (wt*) 0
Q" = | sin(wt*) cos(wt*) 0],
0 0 1
with constant vectors Tgarth and Znoon if the coordinate % is chosen ap-
propriately. In fact, i%, ., = —w%Emh and Iy, = _wle*VIoon' If we
let
Q(t*) — Q*—l
we have proved the assertion and |2}, 1, — Z3ioon| = [TEarth — ZMoon- O

Thus in the new coordinates we turn with the same speed as the Moon
surrounds the Earth, it is a period of approximately 27.3 days,

2
P Moon

WhMoon = , Puoon = 27.321582 d  (“sidereal period”) .
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However our w is defined in a different way,

1
M)2 3
w=C 3)2 with G = 6.67384 - 1011 " 5
D2 kg s

M = Mgaren + Mytoon = 5.97219 - 1024 - (1 4 0.0123) kg,
D := |ZMoon — TEarth| = 384399 km = 3.84399 - 108 m,
so that

[N

(6.67384 - 10711 - 5.97219 - 10%* - (1 4 0.0123))
3
(3.84399 - 108) 2
_ \/6.67384 +5.97219-1.01231 1 2

1
w= -
S

~ WMoon -

(3.84399)3 - 101 s 3.7520-10°s 27.285d

Distribution of Tidal Phases

Tidal Day
Tidal Period Tidal Period

/48 I A VO YA L N Y A
\ I[N\

21/ \ L/ \I/ [ \l/ ]
% 7 N4 N

SEMIDIURNAL TIDE

BwWw N RO N W
I
1
—
L
I

Tidal Period Tidal Day

Higher  Lower A
High High Watef /

}Water /‘\ [Tida

\patum/ | \ | / Rise

\ [T \1/  Tidal \ [/

\ | Higher | Range N/

\ [/ Low Water[ | [ / Tidal |

Amplidude=

Lower Low Water MIXED TIDE 1/2 Range

Range/ | \ /

\

J[ Tidal T~ /
|
|

AU N RO RNW

Tidal Height (in feet above or below the standard datum)

Tidal Day
Tidal Period
2 Py PN
1 /1N /
o 4 N /
1 /| Datum N / N
- —-/ —
5 ~ L7
DIURNAL TIDE

Fig. 2: Temporal variation of ebb and high tide (from Wikipedia).

Let us now focus again on the momentum equation near the Earth, which
tells us more about the tidal period. In particular, it answers the question of
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two high tides during a tidal day, which is due to a combination of centrifugal
force and force of attraction, both induced by gravity.

1.3 Theorem. Let dgain < 0 < dmoon, Where Trarh = dpartn€1 and
TMoon — dMooneh hence MEarthdEarth + MMoondMoon = 0. Then the mo-
mentum equation in (IV1.2) near the Earth Br,, ., (Earth) becomes
8t(QEarthU) + diVm(QEarthU UT + HEarth) = f’
f = fiide + 90Earth VPpareh + 2wW0Earth (—v2,v1,0)

ftide = W2QEarth (xly T2, O) + gQEarthv¢Moon )

GM
w2 - F ;M = Mgarth + MMoon; D = dnMoon — dEarth

where f;;4. is the force induced by the gravity between Moon and Earth.
Remark: The explicit form of f;;4. will be shown in 1.4.

Proof. The momentum equation in (IV1.2) in a neighbourhood of the Earth
reads

O (OBartn?”) + dives (Opartn” vt M) = 7 1= 0050 VO™,
where ¢* = @parin + Prioon 18 the gravity potential of Earth and Moon. We
transform the coordinates to (¢,xz) = Y (¢t*,2*) = (t*, Q(t*)z*), where Q(t*)
is defined in 1.2. Then the transformed momentum equation is

O1(oparnv) + dive(0Barthvv" + Hparn) =

where the quantities are given by

00Y = 0", ¢oY =¢",

voY = X + Qu*, oY = QII*Q" ,
and where f is given by (not writing arguments)

foY = o"(X +20Qu*) + Qf*,
o'(X +2Qu") = o"(X+2QQ" (v-X))

(@ - 2QQ" Q)z" +2QQ" v)

= o((QQ" —2(QQ"))z +20Q" v),
Qf* = 90puin@VY" = 90Bartn Ve

= 90Barth VOgarth T 90Barth VO ioon -

Hence
f = opan((QQT —2(QQ")%)z +2QQ"v)
+90Barth VOgarth + 80Barth VOMoon
= fide + 208artn@ Q" ¥ + 90Baren Viartn
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where

ftide = QEarth(Q QT - 2(@ QT)Q)m + gQEarthv(pl\vIoon .

Since t* — Q(t*) is given, we compute

QAT —2(QQ")? =w’I, 2QQ" =2wA,
1 0

1 0 0] 0 -
I:=]0 1 0|, A=|1 0 0
0 0 O 0O 0 0

1 | —v
Ix= |2z |, Av=|
0 0

Therefore we obtain

f= ftide + 2WQEaLrth(*v% U1, 0) + gQEzlrthv¢Ea1't11 )
ftide - W2QEarth (3517 €2, 0) + gQEathV(bMoun :

O

On the surface of the Earth fi;4. has besides a term which shows in the
direction of the normal two terms, which are directed towards the two vectors
(REarth, 0,0) and (—Rgarth, 0,0) in an almost symmetric way.

e Y

{ ;: U Vol A\ 3 { Q 3§ i
LI A LU T Y . L A 1
Y N \\ \’\ \\ \'\ \\ I\\ hY AN hY N Y N
— —_ |

_ — | I S .
PR N L / / ’ / / / ! / ! ! !
- / _/ py - y 7 E / / / /
A Y Y e
L I A/ N/ N N N NN/ B¢ N/ R I/ S N/ AN NN NN SN SR S N T |

Fig. 3: Tides on the surface of the Earth (plotted are tangential compo-
nents). Left: azqe all terms. Below: Detail near the plain of the surrounding
Moon. Right: First summand of a;ge.
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1.4 Lemma. With = Zgarth + Rpartn with || = 1 the tidal acceleration
aside defined by
ftide = OFEarthtide

satisfies the following identity:

B G Mytoon G Mytoon |ZMoon 6 LEarth
Atide (x) - _ 3 — 3
|xMoon IE| |-7;Moon anrth‘ 0
0 S
GM Rgarth GM G Myioon
- 3 0 + REarth ( 3 3 ) 62
‘-Z'Moon - anrth' 53 ’xMoon - anrth| ’xMoon - .’L“ 53

Proof. Writing © = Zgarth + REarthé with [€] < 1 one obtains

ftz’de
2
Atide = =w (3717 T2, 0) =+ gv(bMoon
OFEarth
GM G Myioon
= 1. I 3<$17$270)+ I /_3(wMoon_x)7
|LN’Ioon - «LEarth‘ ’lLMoon - «L‘
hence
M x1 1 dMoon — 1
Atide o e + p
- 2 T =2 —&2
CTY]\/[Moon A{Moon|xl\loon - IEarth|3 0 |-73Moon - TP — 23
Since
€ dEarth + REarthgl M
€2 | = REarthé? and — TdEartll - dMoon - dEarth
M
T3 REartn§3 oon
by (IV1.9), this is
M dEarth + REarthEl
= 3 Riartn&2
l\r’Ioon|$Moon - anrth‘ 0
1 dMoon - dEarth - REarthEl
+ m — REartn§2
TM — X
oon _REathfi’)
1 1 dMoon - dEath
- ( 3 3 0
|-TMoon - 'E‘ ‘xl\/loon - anrth‘ 0
0
M
]VIMOOH|$MOOH - anrth|k R
Earth$3
M 1 REarth'Sl
+ ( 3 - 3 ) RE&I’th&Q
]LfMoon|:EMoon - $Earth| |171\'Ioon - 5L‘| R
Earth$3
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O

In Abbildung Fig. 3 ist die tangentiale Kraft gezeigt. Der Anteil der normal
zur Oberfliche wirkenden Kraft ist auf der Erdobefliche nicht vom Gravi-
tationsfeld der Erde zu unterscheiden, er ist vielmehr von dieser abzuziehen
(was eine Storung der Erdanziehung von der Grole < 10_48% bedeutet, siehe
hierzu das Ende von Abschnitt 1.4).

GOT992 NASA/GSFC

o 0 20 30 40 30 & T O S0 W0 10 120 130 om

Fig. 4: Tide actually on Earth.

Bei der Auswirkung der Gezeiten auf den Meeresspiegel ist zu beriicksichtigen,
dass die Erde pro Tag eine Drehung um die eigene Achse macht, wobei die
Erdachse nicht senkrecht auf der Verbindung Erde-Mond (in Fig. 1 gezeigt)
steht, sondern gegeniiber der Bahn des Mondes geneigt ist. Deshalb ist der
FEinflufl nicht einfach zu berechnen, zumal auch die Landverteilung in der
Realitdt zur Hohe des Meeresspiegels beitragt (siehe Fig. 4). Die Erdrota-
tion hat auch zur Folge, dass in jedem auch inneren Punkt der Erde der
Abstand vom Mond innerhalb eines Tages variiert und somit die Kraft auf
den betreffenden Punkt nicht konstant ist. Das hat wiederum zur Konse-
quenz, dass die Erde permanent etwas “durchgeknetet” wird und dadurch
Wirme entsteht.
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2 Fluids and gases

In this section, the equations for a liquid or a gas are treated, that means
the equations for mass, momentum and energy. We have already considered
these equations in (II12.5) and for

J=0, r=0, IIsymmetricc ¢g=0 (Iv2.1)

(these specifications are possible due to the objectivity of the quantities)
they have the following form:

Mass-momentum-energy system:
Oro + div(ov) =0,
dr(ov) + div(ovov® +11I) = f,

. T .
e + div(ev +1I" v + q) = vef (IV2.2)

o mass, v velocity, ov momentum,
¢ internal energy, e=c¢+ §|v|2 total energy,

IT pressure tensor, ¢ heat flux, f force.

The variables are (p,v,¢) are the quantities we are searching for, and for II
and ¢ we use constitutive equations (the symmetry of IT implies II* = II),
which are subject to restrictions due to the entropy principle. This has been
shown in II1.2.4 in a general setting. It has been shown that the entropie
inequality implies certain equalities as well as a residual inequalilty. And
there is the possibility of using the temperature (see I11.1.4 or I11.1.6)

0— 1

(e €)
instead of €. This means that now the variables (p,v,#) are the unknown
variables instead of (o, v,¢). We assume that this transformation is bijective.
Furthermore (see also I11.1.4 or I11.1.6), the internal free energy f in the new
variables (p, 6) is given by

) 77/6(975) >0

f=e—0n, (IV2.3)

in detail, since f = ]?(Q,H),
Flo0,0) = —0n(0,e) for Ofi(0,e) =1. (IV2.4)
We will show in 2.1 below that n(o,e) = —f/9(0,6). Therefore we can

consider ¢ in the new variables

~

e==2(p,0) = f(o,0) — 9]?/0(97 0),
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and for the Gibbs relation, a consequence of the entropy principle, also in
the new variables

p=5(0.0) = of,(0.0) — f(0,6).

We prove that for the Gibbs relation the following lemma holds.

o~

2.1 Gibbs relation. Let n = 7)(p,¢) and f = f(p,0) with § > 0. Assume
(IV2.3) holds, where the variables depend on each other. Then the equations

n—one,—(+pn:.=0, On.=1 (IV2.5)

are equivalent to

p=ofo—f, e=f—0fn. (1V2.6)

Here the following is satisfied

fro=-n, f’g:_‘gn’g-

~

Ezplanation: The assumption on € and 6 means 6 = 6(p,¢) and ¢ = £(p, 0)

~

where 0 — £(p,0) is the inverse of € — 6(p, €).

Proof (IV2.5)=(IV2.6). We first write the equation (IV2.5) for 7, due to
Nie = %, into
0(n —on1p) = (e+p) =0
or
p=0(n—en,)—e=—obn,—f

where we have used the definition of f, from this definition also
e=f+0n (IvV2.7)
follows. In the equations for p and € we have only to plug in
n=—fu, On,=—f, (IV2.8)

to get the result. These two equations we obtain when we use the definition

(Iv2.7) of f

o~

f(zQa 9) - 5(@, 9) o Qﬁ(gvg(g, 9))

and compute its derivatives. Because then

fro=ewg—0neeg—n=1—=0nc)eyg—n=-n,

'/Q =E&rp— 97]/Q - 97]/58/0 = (1 - 97]/5)&“/@ - 97]!0 = —HT]IQ,
the two equations in (IV2.8) as stated. O
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Proof (IV2.6)=(IV2.5). We use the equation for the free energy and the
equation for

On=c—f=~0fy

in order to obtain n = — f/y. Then we write the equation for the free energy
in the form

o~ o~

f(Qa 9(@~€)> =¢&—- 9(@75)77(075)
and calculate the derivative with respect to ¢
Jr90e =1—0:.n—0n,

what is, due to n = —f/p, the identity 1 = 0n/.. Next we do the derivative
with respect to o

f’g +f’6"9'g - _0’97/ - 07]’9

and obtain fr, = —0n,,. The representation of p results therefore again
using the equation for the free energy

p=ofro—f=o0fo+0n—ec=0(n—on, —c.

Thus we have shown

One=1, 0(n—on,)—(p+e)=0,
quod erat demonstrandum. O
A version of 111.2.4 is the following

2.2 Entropy theorem. For the system (IV2.2) the entropy inequality

o:=0m+ divyy > 0

is satisfied, if f = f(g, ) with # > 0 and
II=pld—S5, S symmetric,
p:Qf’g_f7 ng_ef'ea

and if for the entropy including flux and production
1
n:_f’97 ¢:77U+§q7

1 1
~ e Neg>0. V2.9
o 0DvS+V<0>-q_O (IV2.9)

Remarks: Here we assume again the relation (IV2.3). Because of the as-
sumption (IV2.1) the stress tensor S is symmetric.
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Es sei bemerkt, dass die Darstellung IT = pld — S sozusagen nur aus dem
Entropieprinzip folgert. Der Spannungstensor .S ist definiert in der Residual-
ungleichung fiir o, siehe (IV2.10), und hat daher nur die Ungleichung (I1V2.9)
zu erfiillen. Bei dieser Prozedur fiel die Definition des Druckes p in der Gibbs
Relation (IV2.5) ab.

Proof (with e-variable). 1t is (as in the proof of I11.1.3)

o=0m+ divip  (because of ¥ = nv + 1))
= O + veVn + ndive + diviy

=1+ ndive 4+ divehg (since fj = (Or +veV)h).

We assume (see also II1.1.6) that (o, ) are independent variables and that
17 =1(0,€). Then one computes

n="000 + 1€
and since it follows from the differential equations for g and ¢ (see 111.2.3)

5+ odive =0,
£+ edivo + divg = —Dwell,

we get
o= 73 + ndive + divyg = 77/95 + 77/55 + ndive + diveg
= Dv:((n — N0 —1nree)ld — T]IEH) — 1. divg + divig
= DuiS + Vireeq + div(so — 112q) ,

if

Si=(n—ng0—nee)ld — L, (IvV2.10)
and if v = n/.q. Thus, if
n=1n(e.e), Y=nv+ne.q,
then the entropy principle o > 0 is fulfilled if
o =DuviS + Vniceq > 0.

From 2.1 and the of IT it follows that

1
0:77 , ne>0, n—ony—(e+pn.:=0,
e

so dass also .
S:i=n(pld—1I) =n.5 = 557

quod erat demonstrandum. O
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The following proof only deals with the variable 6.

Proof (with 0-variable). Es gilt zunichst wie im ersten Beweis

o=0m+ divey  (wenn ¢ = nu + 1o ist)
= 0in +veVn + ndive + divipg

=1+ ndivo+ divipy  (wenn ho= (0 + veV)h ist).
Die Darstellung n = — f/¢ bedeutet n = 7(0,0) := —f (0, 0), weshalb nun
N="1100+ 77/95-
Aus den Differentialgleichungen fiir o und e folgt wieder
§+ odivve =0,
€+ edivv + divg = —Dwvell.

Dae =¢(p,0):= f(0,0) — 0frg(0,0) ist jetzt

o

o o
=€r,0+ €190

und wegen 1 = 17)(0,60) := —f/9(0,0) ist daher

Mg o0 o
)

= (n/Q 76/9M>5+ Dog,

Erp Erg
Nun ist
o=—fr00: Mmo=—"Ffr00,
5g:f’g_9f’9g7 E’HZ_Qf/06~
Also gilt
o Lo, Lo
T T
und es folgt wie im obigen Beweis
f o 1o
o= 17 + ndive 4+ divyg = 79—1— 55 + ndive 4+ diveg
fro 1
= Dv-(( 0 ~3 ) = divg + divipo
= 7D1}oS+ V(§>oq+ div(to — gq)
1 1
= 5DuiS +V(5)eq,
if
M=pld—S, vo=7
p free 1
§T1t T T

wobei die letzte Identitét gleich
p=0n+fro—e=fro—f
ist. Explanation: Es sei bemerkt, dass wir verschiedene Abhéngigkeiten in der Entropie

n=1(o0,€) =1(e,0)
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hatten, also ist 1/, = 7/,(0,€) von 1/, = 17/,(0,0) verschieden (eigentlich miissten diese
Ableitungen mit 7/, und 7/, bezeichnet werden), obwohl wir beides in verschiedenem
Zusammenhang gleich bezeichnet hatten. In der Physikliteratur sorgt die folgende Defi-
nition fiir eine eindeutige Interpretation:

on PN @ e

Es werden als Index die Variablen genannt, die konstant gehalten werden. Dies definiert
in eindeutiger Weise das Koordinatensystem (das sind diese Variablen plus die Variable,
beziiglich der die Ableitung genommen wird). O

Let us summarize the consequences of the entropy theorem. It is sufficient
that in the differential equations (IV2.2)

H:pld—s, p:Qf/Q—f, €:f—9f/9 (IV2.11)

hold. Moreover, the stress tensor S and the heat flux ¢ satisfy the entropy
inequality

1 1

—-Dus + V(4

o 0 ved + 0

Thus, it remains to choose in (IV2.12) the stress tensor S and the heat flux
q such that o > 0. This is satisfied if, for example,

).q >0. (IV2.12)

1
DuiS > 0, V(Q).q >0. (1V2.13)

The simplest case is, see I11.2.5, that

Linear stress tensor:
S = 2a(o,8) (Dv)° + b(o, 0) div(v)Id
2
a>0, b+=2>0
n

Linear heat conduction:

q=—20,0)V0, ¢>0 (IV2.14)

a shear viscosity,
2

b+ —a bulk viscosity,
n

¢ heat conductivity.
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With this choice of S and g the differential equation read

Fluid equations:

Oro + div(ov) =0,
di(ov) + div(ovv™ +pld - S) =f,
e + div((e + p)v — Sv + q) = vef (IV2.15)

0
Qf’g_fa 6:5+§|U|23 5:f_9f’9a

p =
f=1f(0,0), S and g satisfy (IV2.14).

=)

Or written differently, with h = 0;h + veVh for each function h and under
usage of I11.2.2 for the kinetic energy,

Fluid equations:
0+ odivo =0,
00+ Vp — divs = £,
£+ (e + p) divo + divg = DutS (IV2.16)

p=of,— f pressure, e= f—0f internal energy,

f = f(o,0) internal free energy,
S and ¢ satisfy (IV2.14).

o . . .
Note: v = Jv + veVu is a quadratic term in v.

2.3 Lemma. Prove the statements (IV2.15) and (IV2.16).
Proof (IV2.15). See the above text. O

Proof (IV2.16). See I11.2.3. For your completeness: For the kinetic energy
we have, see II1.2.2, for solutions of the mass and momentum conservation

8t<g]’u|2> + div(g\v\zu + 1t ’u) = vef + Duvill. (IvV2.17)

Subtracting this from the energy equation for e = ¢ + g\v\Q, we get
dye + div(ev + ¢) = — (Dv)> 311
and since & = Oe +veVe

£+ edivo + divg = — (Dv)® ¢
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Since II = pIld — S the equation becomes
£+ edive 4 divg = —pdive + (Dv)°:S.
And the symmetry of S gives (Dv)S ¢S = DwiS. This is the assertion. O

In the general case the stress tensor S can depend also nonlinear on (D’U)S,
and still satisfy the entropy principle. As example we take Rheology, see
[Wikipedia: Rheology] (de: [Wikipedia: Rheologie]), and the Dirichlet prob-
lem in the next section 3.

Ideal gases

The choice of the entropy n and the free energy f is crucial for the type of
liquid or gas, which we want to consider. The simplest case is the “Ideal gas
law” (see [Wikipedia: Ideal gas])

PV =mRT, p=P, 0=—,0=T,

<IE

e (IV2.18)
U=cyT, UZEp:E,R:CP—Cv>O,

where cy and cp are positive constants. The constant R is the specific gas
constant.

2.4 Gas constant. The universal gas constant R is, see [127],
J kg
K - mol m - 52] '
The specific gas constant R ist
R . m?
TArers

M = E, m [kg] mass, n[mol] amount of substance.
n

R = 8.314472

[J:Pa~m3, Pa =

R= M molar mass (molecular weight),

From [Wikipedia: Molar mass|, see also [Wikipedia: Molecular mass]: “In
chemistry, the molar mass ... is a physical property. It is defined as the mass
of a given substance (chemical element or chemical compound) divided by
its amount of substance.”

For example, the molar mass of water is
g

M0 =2 My + Mo = 2-1.00794 -2 +15.9994 7 = 18.01528
mol mol

g
mol
and the one of air
My, =28.014 -2 My, =31.998 9| My, =39.948 9
mol mol mol
Mdryair = 78% MNQ +21% ]\4'02 + 1% MA?"

= (0.78 - 28.014 + 0.21 - 31.998 + 0.01 - 39.948)L = 28.97i .
mol mol
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Masse m . Teilchenanzahl N
e ——m = N - m(1 Teilchen)— (V] =1
\ Avogadro — Konstante
Dichte Molare Masse N, — N
s ™m AT
r(} -i__- ,‘l;{r — = .
1n = 6,022 107" —
Molares Volumen
Volumen V V. — 1_ Stoffmenge n
V] =1m? ™ n [n] = 1mol
2224 :

Fig. 5: “Der Zusammenhang zwischen Masse, Stoffmenge, Volumen und
Teilchenanzahl” by Johannes Schneider from [Wikipedia: Molare Masse]

We prove the following

2.5 Lemma. Let ¢y and cp be positive constants and R = cp — ¢y > 0.
Let the Gibbs relation be satisfied, more exactly (IV2.5) or (IV2.6), and for
the internal energy ¢ let

e =¢&(p,0) =cyho.
Then the following statements are equivalent.
(1) PV = mRT.
(2) p=Dple,0) = Rbo.
(3) n="1(0,e) = cyologe — cpplog o + cp for some ¢ € R.

~

(4) f=f(o,0) = —cybplogb + Rbplog p + dpb for some d € R.

Es sei noch erwihnt, dass (o, ) — 7(g, €) eine konkave Funktion ist.
Remark: This lemma can also be formulated with the help of specific quan-
tities %P, °P and fP.

Proof (1)<(2). Follows directly by the definitions in (IV2.18). O

Proof (2)=(3). We compute

1 evo
TeTe T e

By integration we obtain with a function o — d(o)

n = cyologe + d(o) .
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The Gibbs relation yields

d
0=o0n,—n+(e+p)ne=0d,—d+ (cy + R)o = 0 (g) + cpo
"o

due to ¢y + R = cp. Hence, for some constant ¢
d
— = —cplogo+c.
o

From this it follows (3). O
Proof (2)=(4). The equation (IV2.3)ise = f+6n= f —0fp, hence

N _O0fe—f_ & _ _cve
0) ., 62 02 0

In addition, it follows from the Gibbs relation

<f> _ofo=f _p _ RO
"o

0 92 2

Thus it is

from which it follows

g = —cyologl + di(p), J; = Rblog 0 + da(0) ,

that is
f = ROplog o+ da2(0)o = —cyOplog 6 + di(0)6 .

These two equations for f we write as

d2(0)

d
7 —|—cvlog9—1é()@)—Rlogg—d,

where d, of course, has to be a constant. From this we get
di(0) = Rologo+do, da(f) = —cyblogl+db,

and therefore
f = —cybpologf + Rbplog o + dob .
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Proof (4)=(3). Since n = — f19 one computes

n=cyo(logd +1) — (cp — cv)olog o — do
= cyo(log (0o) + 1) — cpolog 0 — do
= cyploge — cpolog o + cyo(—logey + 1) — do,

hence on has to choose ¢ = ¢y (1 —logey) — d. O
Proof (3)=(4). Tt is

f=e—0n=¢—cybploge + cpbolog o — ctp
= —cybplogf + (cp — cy)folog 0 + cyfo(1 — log ey ) — clo

hence on has to choose d = ¢y (1 —logey) — cs. O

Proof (4)=(2). By (IV2.6) we have p = of/, — f. Then using f from (4)
gives (2). O

Proof of the concavity. 1t is n = cyploge — cpplog o + cp, hence

ne=cyvloge —cp(logo+1) +c, ne= Cvg ;

/ e —Ci / — Cl / - 7%
"0 0 Mee =" e g2’
It follows that ce v
2, 0 €
PU==| e e
£ g2

is negative definit because

cp cy
21 o e ||a|_crp_ 2w Ve o
[22]. _cvo cve [22} B QZl € Azt 2 2
€ g2

1
== (cpe®zi — 2cv0ez120 + ey 0°23)

1
— E(REQZ% + cv (o021 —€22) ) >0,

since R =cp —cy > 0. O

Under these classical equations of ideal gas law holds the following theorem.

2.6 Theorem. For the ideal gas law we have to take system (IV2.15) with

M=pld—S, p=Réo, e:cveg+§\v12. (IV2.19)
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And for S and g we take in general (IV2.12) (which is satisfied by the ansatz
(IV2.13) and (IV2.14)). Under these assumptions an equivalent system to
(IV2.15) is

Ideal fluid:
Oro + div(pv) =0,
0(Ov +veVu) + divlil =1,
cy 0(0:0 + veVO) 4+ divg = —Duill

Independent variables: (Iv2.20)
o density, v velocity, 6 temperature.
Entropy production:

1
0
M=pld—-S, psee (IV2.19).

1
o= ;DuiS + v( )-q > 0 see (IV2.12),

The last equation is the equation of heat conduction, and the first two
equations are the Navier-Stokes system. Remark: The system does not
depend on the ¢ and d terms in 2.5.

Proof. We define the specific variables by

) e . €
ebpzf/ Ebp:*,
Y 0
such that it holds )
] v .
e =yl + % , &P =rcyb.

If we subtract from the energy equation the equation for the kinetic energy
(see (IV2.17)), we obtain

Oe + div(ev + q) = —Dwill.
Now, because of the mass conservation, we have
O + div(ev) = p(0:® + veVe™) .
O

Often is occurs in fluid problems that the temperature is nearly constant,
at least physically, i.e. 8 = const, see for example section 3. Mathematically
in such situation one sets 8 = const. However sometimes it is not known
where the constant temperature has to show up or there is no temperature at
all. In such a situation it is necessary to consider the free energy inequality
II1.5.4 instead of the entropy principle I11.1.1. But, please, dont forget that
the entropy principle is the true real basis.
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3 Navier-Stokes equation

In this section we consider viscous liquids. In physics they are provided in the
compressible case with the general name “Navier-Stokes equation”. Later
in this section we will derive from the compressible case the “Incompressible
Navier-Stokes equation”. In this incompressible case there cannot be any
heat variation, see the remark 3.4. Therefore we will perform this derivation
in the isothermal situation, that is § = const. If one makes instead on 6 an
assumption on g, i.e. ¢ = 0, one considers adiabatic processis like in section
on sound waves 7 and in section on self-gravitation 16.

Compared with the general theory we make in this section the following
assumptions:

J=0, r=0, IIsymmetrisch, 6 = const.

So we are dealing with the mass-momentum conservation for a com-
pressible fluid

0o + div(pv) =0,

Oy (ov) + div(ovvt +1I) = f,

where in this section we consider only the isothermal situation that the
temperature § = const is constant. Consequently, instead of the entropy
inequality, we assume that the free energy inequality, see 3.1,

(IV3.1)

op =0 f + divp! — gl <0 (IV3.2)

is satisfied. This is the version of the entropy principle in the isothermal case
(see I11.5.4) and it determines the structure of the tensor II in the system. In
other words: Since 8 = const is assumed, there is no heat flux and therefore
also no energy equation. It follows that the inner free energy f satisfies an
inequality and determines the given equations (IV3.1).

3.1 Free energy inequality. For system (IV3.1) the free energy inequality
(IV3.2) is satisfied for

plot — ¢4 g|v|2’ oot = floty Lt TT gy gtot = ef
if in system (IV3.1)
M=pld=S, p=of,—f. [=Fflo).
and if the residual inequality
op=—-DuviS <0

is satisfied. Note: It is 0y = —f0o where o is the entropy production, see
section IT1.5. This writing assumes the knowledge of 6.
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Proof. 1t follows from (IV3.1) the equation for the kinetic energy (see I111.2.2)
O <§M2) + div(g\vl% +11t ’U) = vef + DviIl. (IV3.3)
Subtracting this equation from (IV3.2) we obtain, see II1.5.5,
0> 0 = Ouf'e! + divg® — gt
_ at(ftot - gMQ) i div(s‘otot -
= 0 f + div(fv) + Duill

= (Op + veV) f + Dus(fId + 1II)
= f1p (O +veV)p + Duvi(fId + II)

§|v\2v —nt U) — ¢! 4 vef + DueIl

—_ 1
= —pdivv
=Dui((f — ofrp)ld +1I) = —DuviS,
if S:=—(f—of,)Id—1I, or p:=pofr,— fand II = pld - S. O

Therefore we have the following system

(Compressible) Navier-Stokes equation:
0o + div(pv) =0

0y(ov) + div(ovv! +pld — 8) = f
(IV3.4)
p=of,— f pressure, S objective stress tensor

~

f = f(o) free energy (6 = const)

—oy = DuviS > 0 the residual inequality (—oy = 0o)

It is p+ f = of, the Gibbs relation (see 2.1 or II1.1.4, here in the isothermal
case). This equation has the same structure as (I111.10) for the temperature,
just here g is the variable instead of €. So we can determine the dual variable
to o which is the chemical potential u.

~

3.2 Pressure as a function of the chemical potential. Let f = f(p).
Consider the Gibbs equation

p+f:Qf’g

and define the chemical potential by

wi= fr,(0). (IV3.5)
If we assume that the free energy f is a convex function of p, i.e.

f’gg>0a
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then the p-interval ]0,0c0[ is mapped with the definition (IV3.5) on a p-
interval Jpu_, py[, and we can define

p=Dp(u) == ofrp(0) — f(o) for = fr,(0).

It follows
pru(p) = o for p= fr,(0).
¥ 7
0
éo 0
D p

Fig. 6: The pressure p and chemical potential u.

Proof. (Compare the Legendre-Fenchel transformation.) Since p = fi,(0)
we can write the Gibbs relation (see 2.1) as

p(fro(0)) = p(p) = of o(0) — f(o)

and therefore the derivative with respect to g

p’,u(f/g(Q))f/gg(Q) = Qf’gg(@)
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and by cancelling the factor f/,,(0) > 0 it follows p/, (1) = o fiir 1 = f1,(0).
O

See section 11 for more about chemical potentials.

3.3 Example. If gg > 0 is given and the free energy is

~ 1
- = —|o— §>0
[ =flo) 25\9 ool*, 6>0,
then
0 — 0o
ILL_f/Q_ 5 1)
—0frg— [ = o~ o oof?
p=ofo—f=0n—g5le—eo
1 1
=Qu—§(9—go)u=§(Q+Qo)u,
hence

. 1 Of
p=pp) = 5(5u +200)p = (7 + Qo>u.

Now consider the limit § — 0 (or consider the limit ¢ — gg) one obtains

@=00, P = 0ok

in the limit. Now p can be any function, wheras g = gq is a constant.
Remark: This example is physically applicable only if for the solution the
mass density o varies in a neighourhood of gg, see Fig. 6.

3.4 Remark. For the incompressible limit I.Miiller [87, Incompressibility]
writes: “It follows that a vanishing compressibility implies that there is no
thermal expansion”. If a physical process contains different temperatures
at different positions, the material must be compressible and the energy
equality has to be used.

If we let 0 — 09 = const > 0, then in the limit p as a function of y is an
independent function. This allows us to consider the case 9 = pg = const
and to use p in the differential equations. If p is a strict monotone function
of u, the function p itself, instead of u, can be considered as the independent
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variable. Thus we obtain

Incompressible Navier-Stokes equation:
divve =0,
di(0ov) + div(govv! + pld — §) = f.

S = §(p, (D’U)S) objective tensor, (IV3.6)
53 (Dv)® > 0 Residual inequality,

0 = 0o = const,

v and p independent variables.

It is usually assumed that (see (13.1))
S = 2a(Dv)® = a(Dv+ (Dv)"), a=a(p,(Dv)°),

ie.
Si; = a(Qjv; + dyvy) fiir 4,5 = 1,...,n.

If the scalar coefficient is constant, i.e. a = const (see the statement in
I1.4.12 about the objectivity), then it follows

divS = aAv + a ) (0;divv)e; = aAv.

Since div(pld) = Vp we have the following system

Special Navier-Stokes equation:
divv =0,

00(0w + (veV)v) + Vp — alAv = f (IV3.7)

with g9 = const > 0 and a = const > 0

Here f is the (classical) force and it follows from the entropy principle
(i.e. from the free energy inequality) that a > 0 (often u, v, or n is written
for a). Normally, the incompressible Navier-Stokes equation is solved for
(v,p), if oo > 0 is given and under the assumption that f = f(¢, x) is a given
function. However, from the frame-indifference (see (113.18)) it follows that
f contains a linear function of gy and gov (if fictitious forces are present).

Im konkreten Fall gehen wir von einem beschrankten Gebiet aus, was sich
mit der Zeit verandern kann und in dem sich die Fliissigkeit befindet. All-
gemein betrachten wir die Massen- und Impulserhaltung in der gesamten
Raumzeit R x R", wobei die Groflen der Impulserhaltung in der Fliissigkeit
die bekannten Terme der Navier-Stokes Gleichung sind. Das Auflengebiet
kann aus folgendem Material bestehen, wobei wir annehmen, dass keinen
Massenaustausch mit der Fliissigkeit stattfindet:
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e Solid body. Wir wihlen einen Beobachter im Auflengebiet, d.h. die
Fliissigkeit befindet sich in einem Gebiet 2 = Rx D, wobei D C R" fest
gewdhlt sei. Der Auflenraum R™\ D ist der feste Korper. (Fiir einen be-
liebigen Beobachter ist dann die Beobachtertransformation anzuwen-
den.) Die Massenerhaltung fiir die Fliissigkeit divjvXp] = 0 impliziert
vervp = 0. Aufgrund der Viskositit ist die Tangentialkomponente der
Geschwindigkeit gleich der Tangentialkomponente der Geschwindigkeit
des Auflenraumes, also gleich 0. Damit gilt v = 0 auf 9D, eine
Dirichlet-Bedingung wie in 3.5.

e Vacuum. In diesem Fall sind die Massen- und Impulserhaltung in
3.7 im distributionellen Sinne zu l6sen, wobei €2; C R™ die Menge ist,
in der sich die Fliissigkeit zur Zeit t befindet, d.h. es ist

Q={(t,x); € }.

Hierbei sind die Bedingungen an dem Rand von 2 aus dem distribu-
tionellen Masse-Impuls System zu nehmen, z.B. folgt fiir die Geschwindigkeit
(v — vgq,)evq = 0, siehe 3.8. Die Terme im Komplement von €, also

im Vakuum, sind dabei auf 0 zu setzen. Es ist klar, dass dies fur

alle Beobachter formuliert ist, nur in der Anfangsbedingung geht der
gewahlte Beobachter ein.

Dirichlet problem

The domain D C R” is time independent and it is v = 0 on 9D as Dirichlet
condition. This condition on the boundary D C R" is, as described above,
the right boundary condition for the solid body R™ \ D.

Mathematics: It should be remarked that the regularity of the solution
for n = 3 is a borderline case for the theory (for n = 2 and n = 1 regularity
can be shown). As an alternative one considers the equation

dr(oov) + div(ggvv® + pld — S) = f

with an objective tensor S = S((Dv)®), where (see [36] and the physical
argumentation in this paper) following Ladyzhenskaya one takes

S=2a(Dv)°, a=uvp+uw|(Dv)’|" withr >0
(in [36] the assumption r > 1 is made) with ¥y > 0 and v; > 0. With
respect to this tensor S there are a-priori estimates, and with this tensor S
the free energy inequality is satisfied.
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3.5 Problem. Let D C R" be open and bounded. Then the Dzirichlet
problem reads

v=0on R xdD,

divv=0inR x D,

dr(00v) + div(govv’ +pld — S) =fin R x D.
Remark: The time interval is for simplicity the entire real axis.
This problem is solved in the space of divergence free fields.

3.6 Theorem. Das Problem in 3.5 ist aquivalent zu
dive =0in Rx Dundv=0auf R x 9D,
/R/D ; (OeCroovr + ; 0z, Ci(00vRvi — Ski) + Gfy) dwdt =0
fir alle ¢ € C§°(R x D;R™) mit div¢ =01in R x D,

und zu der Tatsache, dass daraus die Existenz des Druckes p folgt, d.h.

Oklp] = £ := [fx] — Orloovr] — Z Oz, [00vkvi — Skil

im Raum der Distributionen D/(R x D;R™) gilt.

Proof that p existss. The existence of v in the assertion implies that (realize
that £ are distributions)

Zk: (Cks T ) gpmwp) =0

for all ¢ € Cg°(Rx D;R") = D(Rx D;R") with div( = 0. Hence 0,f} = Opf"
in D'(Q;R) for all k and 1, by putting { = 9;e, — Ixe; with a real valued
€ € Cg°(RxQ;R). This also makes it possible to define p (what is quite non-
trivial, see [Roger Temam, Navier-Stokes Equations, North-Holland 1977,
Proposition 1.1.1 and 1.1.2], which uses results of Deny & Lions [J. Deny
and J.L. Lions, Les espaces du type de BEPPO LEVI, Ann. Inst. Fourier
5, pp.305-370, 1954] and Necas [J. Necas, Equation aux dérivées partielles,
Presses de 1Université de Montréal, 1965].). Both results together give 3.5.
If on the other hand 3.5 is satisfied then

/ ; > (8eCroovk + > 02, Ck(00vkvi 4+ PO — Ski) + Guf) dzdt =0
rRJO % 5

for all ¢ with ( =0 on R x dD. The assertion follows. O

So far the representation of the Dirichlet problem.
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Neumann problem

Physically more interesting is the problem with variable fluid domain
Q={(t,z); e R} CRxR", T :=00CRxR"

where the unknown domains 2, are bounded in R™. In the distributionally
version this means the following.

3.7 Problem. Bestimme bei Anfangsbedingungen die Menge 2 C R x R"
und die Geschwindigkeit v:Q — R"™ sowie den Druck p:Q — R so, dass

ItlooXa] + 3 O, [oovida] =0,

(IV3.8)
OtleoveXa] + - Oz, [(00vkvi + Poki — Ski)Xa] + [frda] =0

firk=1,...,nin D'(RxR"). Bemerkung: Hier wird der Einfachheit halber
der ganze Raum R™ benutzt. Und obwohl Anfangsbedingungen gebraucht
werden, ist auch die Zeit auf ganz R ausgedehnt.

Wenn wir diese Formulierung ausschreiben, erhalten wir
/ / (D00 + VEo(opv)) dzdt = 0 fiir £ € C°(R x R™;R),
R JO

/ / 5= (OeCroovi + X2 0r, Gl oovkvi + pds — Ski) (1V3.9)
RJQ: k i
+ckfk) dzdt = 0 fiir ¢ € C°(R x R R").

7Zu dieser schwachen Version konnen wir natiurlich auch die starke Version
aufschreiben, die dann Neumann-Bedingungen auf dem Rande von €); ent-
halten.

3.8 The strong version. Das Problem in 3.7 lautet in der starken Version:
(v —wvp)evg = 0 auf 0,
dive = 0 in Q,
di(oov) + div(ggvv® 4+ pld — S) = f in Q,
TeSvq = 0 fiir alle Tangentialfelder 7 an 9€);,

p = vqeSvg auf 0€2;.

Definition: Dabei ist vg € R" die duflere Normale an ; C R", und vp €
span {vq} die Geschwindigkeit, mit der sich ¢ — € in Normalenrichtung
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span {vq} ausbreitet, siehe 1.4.1. Die &uflere Normale ng € R x R™ an die
Raumzeitmenge 2 C R x R” ist mit vq verkniipft durch?

_ (—wvrevg,vn)

ng =
14+ ‘UFP

mit T = 9. (IV3.10)

Proof. Die distributionelle Massenerhaltung

/Q (D100 + Vabo(oov) ) d(t,z) = 0 fiir € € CF(R x R R)

= V(t,2)¢*(00, 00v)

ergibt
0 = div(y (00, 00v) = 900 + dive(0ov) = go divew in Q,
0 = nge(0o, 0ov) auf I' = 902,
wobei die Gleichung auf I" wegen (IV3.10) bedeutet
(v—or)evg =0,

d.h. das ist die Tatsache, dass v tangential (in Zeit und Raum) auf 0Q C
R x R™ ist. Entsprechend folgt fiir die Impulserhaltung

Z/ ( 3Croovk + Valre(0ovrv + (pId — S) " ey) + Ckfk> d(t,z) =0
k JQ N

1
= V(1,0 Cre(00vk, 00viv + (pld — S)" ey,)
fir ¢ € C5°(R x R™;R").

Dies ergibt fir k =1,...,n
div(s z)®(00vk, covrv + (pld — S)T er) —fp =0in Q,
0 = nge(ovk, 0ovkv + (pId — S)T ep) auf I' = 0Q).
Die erste Identitat ist die Differentialgleichung
Ay (00vy) + dive(oovpv + (pId — S)' e) = i,

fir £ = 1,...,n, und die zweite Identitat ist unter der Beriicksichtigung,
dass nge(1,v) = 0 aus der Massenerhaltung ist, 0 = nge(0, (pId — S)" ey),
und damit

0 = voe((pld — )" e;) = ((pId — S)vq)eey,

d.h. die Behauptung. O

!Siehe dazu auch das Skript [22]
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Mathematics: There is a pioneering work of Solonnikov, see the paper of
Shibata & Shimizu [62]. It is based on the identity

L*(R") = Jo(Q) © G(Q).

This is stated in a paper of Ladyzhenskaya & Solonnikov [111, (1.8)]. An-
other identity, mentioned in [62], is given in (IV3.11) and reads

LA(R") = J(Q) & Go(Q).

This allows us to write the problem in the space of solenoidal vector fields.

3.9 Lemma. The distributional equations (IV3.8) are equivalent to
dive = 0 in €,

0= / / Z (8tzkgovk -+ Z@xizk(govkvi — Sk:z) + Zkﬁc) dx dt
RJO: k i

for ¢ with div¢ = 0 in Q,

pro = Svg on 0€);

| [ (Teo-Vp+ divs) + €0 X duy ) dodt =0
R JQ, ki
for £ with £ = 0 on 0€,.
These statements are not independent. The two weak equations for v and p
are of variational structure. Remark: According the f terms see 3.10. The

term divdivS is zero for the linear case of S.

Proof. The problem in (IV3.9) consists of the mass equation

/ / (3,55@0 + Vﬁo(g(ﬂ))) dzdt=0
R JQy

for € € C°(R x R™) and the momentum equation
/IR g > (0eCkoovk + > 0z, Ce(00vkvi + POki — Ski) + Cief) dzdt = 0
t k 7

for ¢ € Cg°(R x R™;R™). The mass equation is equivalent to
divy =0 in Q

and verg = wrevq, where I'y := 0€);. That is, the domain occupied by
the fluid is defined by the velocity v. Thus v has no constraint on I". We
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therefore use the identity
L2(Q;R™) = J(Q) ® Go(Q)
J(Q) :={¢; div¢ =0}, (IV3.11)
Go(Q) = {VE; € € Wy™()}

to obtain variational formulations for v and p. (This is not the decomposition
considered by Ladyzhenskaya & Solonnikov, the decomposition used here is
mentioned in Shibata & Shimizu.) In the momentum equation we replace

¢(t,z) by B
C(t, .%') - C(tv x) + Vf(t, x) )
Clte) € J(u),  VE(t,e) € Go(),

and obtain

0= /R/Qt Zk: (615(Zk + 02,.£) 00Uk
+ 32 0, (Cp + 0, &) (Q0vkVi + POki — Ski)

(G + 8xk§)fk) da dt.

Since we can choose ¢ = 0 while ( is arbitrarily, and ¢ = 0 while ¢ is
arbitrarily, the momentum equation results in two identities

0= / / > (&tZonvk + 37 02,1 (00vkvi + POri — Ski)
R/ k ‘ (IV3.12)
+Zkfk) dz dt

for {(t,«) € J(€4) and

0= / / > <8taxk§QOUk + 2 00,05, £ (00vkvi + POri — Sks)
RS & : (IV3.13)
+8xk§fk) dz dt

for £ with V&(t,.) € Go(€). In equation (IV3.12) we have

/ > 0, CpepOpi A dt = / > 0z, Cppda dt
R RJQ k

Q¢ ki

:// div( - pdaxdt =0
R JQy

therefore this equation reduces to

0= / /Q > (8tZkQOUk + 32 0,,Cp (00vRV: — Ski) +Zkfk) de dt .
rRJo, -

k
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In the equation (IV3.13) we compute

/ Zc‘?xﬁxké‘pémdxdtz/ AE - pdadt
R R JQ

Q¢ ki

= —/ Vfondxdt—&—/ Vée(pro)dH" () dt,
R Qt R Ft

and
// > 02;00,.6 - Skida dt
RJQ

ki

= / S 8y, €0, Spi dar dt — / / S0, €Y Spivgee; dH L (z) dt
R JOQ RJT: k 7

ki

= / VéedivS dz dt — / Vée(Svg)dH" 1z dt,
R Qt R Ft

and since (v — vr)evg = 0 (siehe 3.8)

/IR 0 % (8t8xk§(govk) + Z 8“8“5(@0%%)) da dt

= _/ > 02,6 (8¢ (00vr) + Y Oa, (00vkv;)) d dt
rRJo & 5

~—~
=0

— / / > Qoﬁxkf(ﬁtvk + > 00z, vk + vk divv) da dt
RJQ: k i _

= / / 00é Z amkvi&mvk dzxdt.
R JQ

ki

Here we have used that £ = 0 on 99Q. Altogether equation (IV3.13) becomes
/ / <VEO(—Vp+ divS) +§Qozaxkvi8mivk) dx dt
R J ki
—|—/ VSO(pl/Q — SZ/Q) dHn_l(l‘) dt=0.
R JTy

This is equivalent to the boundary condition
pro = Svg

an

d
/ / (VEO(—Vp + divS) + €00 > 8zkvi81ivk> dedt=0.
R.JQ, ki

The force term has the following property.
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3.10 Remark. If we write f with respect to one of the identities

L3(Q4R™) = Jo(Q) L G(Q),
L2(Q;R™) = J(€) L Go()

as
f=f+Vp
and in the same way B
¢=C+ V¢
we compute in 3.6 resp. 3.9
Cof dxdt = Cof da dt + VéeVpdadt.
Qt Qt Qt

Please keep in mind that f as well as V¢ depends on the decomposition,
therefore are different functions in each case.

If the force field is given by rotation and gravity there is a wide field of
application, see for example the existence theorem proved in Solonnikov [64].
His result in the non-viscous case is an old theorem shown by Newton, see
16.5.
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4 Euler’s equation

The temperature dependent fluid equation (IV2.15) with zero viscosity, that
is S = 0, and with zero thermal conductivity, that is ¢ = 0, are the equations
in this section. That is, we have a small viscosity or a large Reynolds
number, see [Wikipedia: Inviscid flow], or mathematically we let the stress
tensor S — 0 in the momentum equation. Therefore we have the following
assumptions with respect to the general equation in (I112.5)

J=0, r=0, II=pld, ¢=0, g=0.

Thus the resulting compressible or incompressible Euler equations are limits
of the main fluid equations in (IV2.2), and we end up with the

Euler equations:
Oro + div(pv) =0,
dr(ov) + div(gvo® 4 pId) = £,

dre + div((e +p)v) = vef (IV4.1)

o mass, v velocity, p pressure,

¢ internal energy, e=¢+ §|v|2 total energy,

f (classical) force.

You can read [Wikipedia: Euler equations] [Euler_equations(Wikipedia).pdf]
as an introduction, it is said there: “Historically, only the incompressible
equations have been derived by Euler”.

References: In the incompressible case we mainly use the classical book
of Acheson [1]. Also a recent publication by Hutter & Wang [8] has an exten-
sive chapter [8, 6 Function-Theoretical Methods Applied to Plane Potential
Flows|. For the numerics in the compressible case we recommend Kroner
[51]. See also the references below.

Incompressible case

Let us consider the incompressible case that is ¢ = pg = const. With this as-
sumption we should keep 3.4 in mind, that is, we have constant temperature
6 = const (usually in the incompressible equations there is no reference to
temperature). And it means that the system has no energy equation, that
is, instead of the entropy inequality we require the free energy inequality (for
its derivation see section II1.5). Also now the pressure p is an independent
variable (see 3.2 for details), whereas before it was a function of ¢ and 6 (see
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(IV4.16) in the compressible case). Hence there is no restriction at all for
the pressure. We obtain

Incompressible FEuler equations:
dive =0,
Q()(atU + UOV’U) + Vp =f (IV42)

p pressure, v velocity,

00 > 0 constant mass, f force.

Or equivalently, one can say that this is the (incompressible) Navier-Stokes
equation (see section 3) in the limit S — 0.

References: See Acheson [1, 1.3 Equation of motion of an ideal fluid], [1,
1.4 Vorticity: irrotational flow], [1, 1.5 The vorticity equation], and see Rill
[61, Reibungsfreie, inkompressible Stromung], and Adams [3, 2 Potential-
stromungen].

Let us define the
4.1 Vorticity. Let n = 3. The vorticity of a velocity v is defined as

w = rotv = (8203 — 0309, J3v1 — O1v3, 01V — 822)1)

= Z (8j1)k — 8kvj)ei = Z e; X 8jv,
(4,5,k) cyclic j=1,2,3

where (4,7, k) cyclic means that (i,7,k) = (1,2,3),(2,3,1),(3,1,2). The
curl of v can also be written for any orthonormal system {ej, e, e3}, where
(e1, ez, e3) has the same orientation as the standard system (e1, e3, e3). This
version reads 2

rotv =3 € X 0V

j=12,3
which is a generalization of the definition. In the world of the nabla operator
we write
rotv =V xv where Vx =73 e;X0,.
J

Proof. If we define the matrix F = (Ejk)jk’ Eji, = ejeey, we see that
Zej X aejv = Z Ejk, e; X (‘);w = Z EjkEjl e X 8#@
j ik jkl

= Z Z EjkEﬂ e X 8kv = Z(ET E)M [STADS 8kv = Z 5k1el X akv
kl g kl kl

=) e; X 0ju = rotv
J

2 By x we denote the 3-dimensional vector product.
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since ET E = 1d (see the proof of 1.1.3). O

We now assume that the fluid is under gravity from an outside body (usually
it is the Earth) with a potential ¢, defined in (12.10), therefore

f=009Ve+1o, (IV4.3)

where fj) is a classical force (see 11.3.8). With this we rewrite the incom-
pressible Euler equation:

4.2 Lemma. If (IV4.3) for the force is used, the incompressible Euler equa-
tion (IV4.2) is equivalent to

divo =0,
1 £ (IV4.4)
8tv+wxv+V(—|v|2+£—g¢) =2
2 00 00

Proof. With (IV4.3) the momentum equation of the Euler system reads

f
Opv + veVu + V(£ —gp) = —.
©0 00
Now
veVuv = Z vjﬁjvi - Z(ﬁjvi — aﬂ)j)vj + Z 6ﬂ)j i y
J i J i J i
| Y | 1 1 |
=2 (DU) v —V(= 2
(S1vP)
therefore . ¢
o0 + 2(D’U)AU + V(f|«u\2 + P _ g¢) _ 0
2 00 00
What is left is the identity
2(Dv)* v =w x v.
This follows from
Vi U1g U173 ]
Dv = |vern w22 warg|,
U3’ U3rg U373
0 Virg — Vg U1rg — U371 | 0 —w3 wo
2(D1))A = | vy — V19 0 Vgrg — U39 | = | w3 0 —wp
V3] — V13 U3ig — U2/3 0 i —wy Wi 0
0 —Wws3 w2 U1
w3 0 —W1 V2 | =W XU,
—W2 w1 0 V3

O]
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From this the vorticity equation can be derived.

4.3 Vorticity equation. It follows from 4.2 that with w = rotv

(O + veV)w = (weV) v + rot(:}())) .

Proof. We take the rotation of the momentum equation in (IV4.4) and use
the fact that rotVh = 0 for every function h. This gives

fi
0w + rot(w X v) = rot(—o) :
00

Now we obtain
rot(w xv) =V X (wxv) =) e x0jw xv)
J
=3 (&5 % ((0w) x v) + &5 x (w x Oy0))
J

(since @ x (b x &) = (@ec)b — (deb)¢ for &@,b,& € R?)

%: ((ej.v)ﬁjw — (eje0jw)v + (e;00;v)w — (ejow)ajv)

= (veV)w — (Vew)v + (Vev)w — (weV)v.

Since Vew = Verotv = 0 and Vev = 0 by the mass conservation in (IV4.4),
we infer
rot(w X v) = (veV)w — (weV)v

and hence dw + rot(w X v) = (O + veV)w — (weV) v. O
With this we can formulate

4.4 Bernoulli equation. Let the flow be incompressible (and n = 3) so
that (IV4.4) is satisfied. Moreover, assume that fy = 0  and that the flow
domain is simply connected.

(1) If the velocity v = Vi in the flow region * then

1
Oup + 5|Vl + - — 0 = consi(t) (IV4.5)
0

(2) If the flow is irrotational, that is rotv = 0, and stationary (steady), then

1
§\v|2 + 2 g¢ = const (IV4.6)
Q0

3which is true for certain observers which represent an inertial system (see I1.3.9)
4Then the flow is called potential flow
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Remark: A physical reason for a twodimensional flow to be irrotational you
will find in 4.8.

Proof. In case (1) it is also rotv = rotVyp = 0, hence in all cases the
momentum part of (IV4.4) becomes

1
O+ V (Slvf? + ﬁ —g¢) =0 (IVA.7)

In case (2) the flow is stationary, hence the assertion follows since the domain
is simply connected. In case (1) we insert v = Vi in (IV4.7)

1
V(e + vl + - — g8) = 0
00
and from there the assertion. O

4.5 Boundary to air. Let a stationary incompressible flow have a con-
nected boundary S C 92 to the air. Then verg = 0 on S and, if the flow is
irrotational, the distributional Euler equation says (without surface tension
and fy = 0) that

1
§|v|2 =g@+const onS. (IV4.8)

(1) If the gravity term vanishes (i.e. if the g-term is not there) the modulus
of the velocity is constant.

(2) With gravity on the surface of the Earth |v(z)|?> = —2¢gartnrs + const,
where —es points to the center of Earth (for ggatn see the end of section
1.4).

By Bernoulli’s law 4.5(2) the speed of water |v| (assumed as being incom-
pressible) will become larger if the water falls down. Therefore the jet of
water (de: Wasserstrahl) becomes narrow further down (see Fig. 7). In gen-
eral there is surface tension between water and air. Therefore far down the

jet will split into drops.

Fig. 7: Water under gravity (down is to the right-side)
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Proof (2). We have to write the conservation of mass and momentum across
the boundary S. Since the flow is stationary this means that in an open set
U C R3 the distributional mass law

div[eovXn] = 0 in 2'(U)

is satisfied where €2 is the domain occupied by water, and the distributional
momentum law (without terms on S)

div([(ovv" + pld)Xq + poldAga o] = 0 in Z'(U)

where pg is the constant outside pressure. This gives the Euler equations in
Q and the following conditions on the boundary S

vevg =0,
(00vv" + (p — po)Id)vg =0,

which reduces to p — pg = 0 on S. In € the Bernoulli equation reads
1
“|v]? = g — L const ,
2 00
so that at the boundary S
1
—|v)? = go — PO | const.
2 00

The outside pressure pg is constant and the gravity potential on the surface
of the Earth is given by g@(z) = —gpartn®s + const (this is the linear ap-
proximation). O

4.6 Boundary to a rigid body. Let a stationary incompressible flow have
a boundary ¥ C 02 to a rigid body. Then verg = 0 on X and the force on
the rigid body is prg on X. Here fy = 0 is assumed. Remark: This result is
consistent with the distributional approach across 3, considering the rigid
body without any contribution on the surface X.

Vortices of fluid flows are natural effects in nature and also natural effects
for the mass-momentum equations. In the easist case (a = 0 in 4.7) they
have a singularity which is a line in space, and in the neighbourhood the
velocity v times the distance to the line r goes to a limit as approching the
line. Therefore these vortices are so called “vr-vortices” (see section 8 for a
viscous version of them). Here is an example.

4.7 Rankine vortex (Example). Let a > 0 and Q € R. Consider

Ar .

—e€ ifr<a —sin f
v(x) = i , ep:= | cosf |,

—eg ifr>a 0

r
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where © = (x1,29,23) and (21,22) = re. If @ — 0 this converges to a

vr-vortex. The center of the vortex is {(0,0,s); s € R} and in the set
{x € R3; |(w1,72)| < a} the velocity is the velocity of a rigid body. This
example satisfies the stationary mass-momentum equations without gravity
and with fo = 0. Reference: See Giaiotti & Stel [12].

Proof. As in the previous proof we have to show that in 2'(R?)
div[ov] =0, div[pvvT +pld] =0,
where the mass density is given by

oy mass density of fluid,
(z) =

0s mass density of solid.

We have v(z) = vy(r)ey with

A in the fluid,
r

vy(r) == .

— in the solid,

a
and we obtain

vy (7
Do, v = vlg(r)ey, Oe,v = — o )er,
r
therefore
. o o 7)19(7’) o
dive = €,00e, v + €900,V = Uy(7)e,0ey — e,eey = 0
r

in the entire space. Since v is tangential on the boundary between fluid
and solid the mass part is satisfied. The momentum part consists of the
differential equations div(gvv™ + pId) = 0 in the fluid and solid, where
py pressure of fluid,
B ps pressure of solid,
and, since v is tangential on the boundary, the condition p; = ps on the

interface. The differential equation reduces to pveVv + Vp = 0 in both
regions. Hence

Vp = —oveVuv = —pvy(egeV)(vgey) = —Qvﬁ(r)2ﬁeﬁe19 = gvﬂ(r)2er

since Oe,€9 = —%e,.. Therefore p is a function of r only and
%0
0 — in the fluid,
Orp = *1)19(70)2 - 7

: A ora* in the solid,
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This gives
A2gf
ps(r) =cy — EoR
)\2‘937,2
Ps (7) =cCs+ 92

If we normalize thw pressure such that p(r) — 0 if » — oo, we coose ¢ =0
an ¢ so that the pressure is continuous at the interface, that is,
)\2

0 =ps(a) —prla) = cs + 292

(05 +0f) -

Then the distributional differential equations are satisfied. We compute in
the outer region

rotv = (e,00e,0 — €90e, )€y, = ( — Uﬁy) — v%(r))egc3 =0,

hence the Bernoulli equation 4.4(2) is satisfied in the outer region which is
not simply connected. In the inner region (an infinite bar)

A
v(r) = —=rey = —=(—x2,21,0
(z) a2 9 ag( 2,71,0)

which is a movement of a rigid body. O

Classical aerofoil theory

References: See Acheson [1, 4. Classical aerofoil theory| and Landau &
Lifschitz [10, §48 Der Auftrieb eines diinnen Tragfliigels]. As modern book
see Adams [3, 2.3 Zweidimensionale, inkompressible Potentialstréomungen].

We describe now parts of the classical theory. The observer is situated in
the wing (see Fig. 9). Since we consider a constant velocity at infinity, this
condition will stay unchanged, since the wing is not turning. We consider a
stationary flow in 2D, that is,

0(1‘1,1'2,:63) = (Ul($17$2)a U2(CE1,ZL’2), 0) .

It follows that
w = (0,0,w) with w = dyve — vy .
Then it holds:
4.8 Lemma. Let fy = 0. If the incompressible flow is 2D and stationary as

in Fig. 8 and if it has constant velocity vy when x1 — —oco then the flow is
irrotational, that is w = 0 in the flow region.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.4 Euler’s equation 287

L PR

—_

; T T T .T_
—_— - — ;
_._‘_____.’— —————— e

——
—

Fig. 8: “The behaviour of a small "vorticity meter’ placed in the steady flow
past a fixed wing at small angle of attack. The flow is clearly irrotational.”
From the book of Acheson [, Fig. 1.8].

Proof. Since w = (0,0,w) it follows (weV)v = wdy,v = 0. Therefore we
conclude from 4.3, if the force fy = 0, that (0; + veV)w = 0. But the flow
is stationary, so dyv = 0, and therefore veVw = 0. Hence w is constant on
streamlines (a streamline is a curve {£(s); s € R} with £'(s) = v(&(s))).
Since by Fig. 8 each streamline goes to the region where the flow gradient
approches zero, it follows that w = 0 on each streamline, hence in the entire
flow region. O

Fig. 9: The vorticity around a wing, aus Adams [3]
As seen in Fig. 9 the proof shows that w is 0 only in a subregion of the

flow. We consider now a stationary incompressible flow in 2D, which is
irrotational, that is, Bernoulli’s equation 4.4 holds, and we assume f = 0.
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Fig. 10: “Typical pressure distribution on a wing in steady flow” from the
book of Acheson [!, Fig. 1.9]. “The pressures on the upper surface are
substantially lower than the free-stream value p.,, while those on the lower
surface are a little higher than p... In fact, then, the wing gets most of its
lift from a suction effect on its upper surface.”

Now we use the special multivalued complex function °

—ix R2 i lF
W(Z):=U(Ze ™ + —e ) — SologZ
for {Z € C; Z # 0} with U, o, R,T € R, (IV4.9)

where R > 0, U > 0, and preferably 0 < a < g

This function is multivalued, since the logarithm is multivalued. If we set
w(z) =W(2), z=xz1+iz2, w=p+ip, (IV4.10)
we compute for the velocity

i’
o2rz’

2
Ria

)

hence v = (vq,v2,0) with vy + ive = Uel® as |z| — co. That is, at infinity
we have a velocity of magnitude U in direction ¢'*. The multivalued term

v] —ivg = dyw = U(e_ia - (IV4.11)

22

5 Wir setzen elementare Kenntnisse iiber komplexe Funktionen voraus.
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is a “vortex flow” of strength I' € R (a positive I' means a flow in positive
direction), since

ir ir _ T _,
—— =7 =——ie Y,
27z 27| 2|2 27r
that is, with eg = ie'?,
w R r
vy +ivg =U (e — —e %) + —e
! 2 ( Z2 ) o 0

around the vortex {(0,0,s); s € R} (see 4.7 with Q = L.).

4.9 Flow around a circular cylinder (Lemma). The velocity given in
(IV4.11), which is v = (v1,v2,0), is a solution of Bernoulli’s equation 4.4
(with vanishing gravity and fy = 0) in the domain

Q:= (R*\Bg(0)) x R C R?.
Moreover, we have verg = 0 on 0f). The total force F' on the boundary is

T .
F= / prgdit = — 201 o
OB R(0) R

where Uel® is the velocity at infinity. This is a lift theorem. Hint: Sce
[Hyperphysics: Kutta-Joukowski Lift Theorem] and Acheson [1, Fig. 4.4].
And compare the pressure distribution in Fig. 10.

Proof. The velocity v is given by (IV4.11) that is v; — ivg = d,w with a
multivalued holomorphic function w, that is dzw = 0, see (IV4.10). Hence

divo = 0. If 2 = x1 + iz = Re? € OBR(0) then vB0)(2) = 7 = &, hence

||

—(verq)(2) = (v1 +v2)(2)ovp o) (2)

i —ia r
=U( — e ) evg 0 (2) + Gy eo*VB 0) (%)

|

=0

s URe ((eia — E—Qe*io‘)

ne ]S
N—

Z . R
— URe (e = Ze7) 0.
e ze =
By Bernoulli’s law p in the flow region
p = const — %\U\Q .

And on the boundary of €, that is Z = Re™ by (IV4.11) one computes

vl + i?}Q = U(eia — GQiee*ia) 4 27TRie'19
' ir )
= (U(l o OQl(@—a)) + 2;7R01(6’—(1)>C1a 7
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from which it follows that

1

E— vl + ivg) dH! = Uel®,
2R OBR(O)( )

that is, the velocity of the fluid on the obstacle 02 in the mean is its value
at infinity. We also compute

. T
vy + iva]? = ‘U — UeAi—a) 4 = ei(0-a)

. 2T R .
=U? - 2URe (UeQi(e*a) - %{ei(@w)) + ‘UGQi(Qfa) - %61(9,0&) 2
1 |
e
= 2U? — 2URe (Ue*0~2)) 4 %Re (110=0) _ je=i(o=a)y (%)2
2U

=2U? — 2U%cos (2(0 — a)) —

Since

this gives

' 00, |2 1
PUR2 dH! = / —|v|*v dH
/8BR(O) R2\B 1(0) o) 5 [V VB A0)

€0 .
= / 5\1)1 + 1U2|2VBR(O) dH!
OBR(0)

2 T )
= Qo/ (Uzcos (2(0 — ) + U—sin (60— a))ele do
0 R

T
27
= —Qo/o (UQCOS (2(0 — a)) + %sin (60— a))eiw*o‘) do - e

0oUT’
R

e'“.

U
= —00—%
T

T 2w . )
7 /0 sin (0 — a)el@=*) 4 . @ = —

O

We want to describe the flow around a wing and for this we have to change
the situation. We do this using a simple transformation, which keeps the
situation at large z.

4.10 Joukowski transformation. Let C > 0.

(1) We consider a transformation from ¢ € C\ {0} to z € C by

z:J(C)::C+?.
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The multivalued inverse transformation is

I DN 22 2%_2 B 202%

where one has to use the “correct value” of the square root, exactly one
chooses the branch around 1 for z large, and continues this branch as far
as possible, which will be enough for our purpose. Note: In the book of
Acheson [1, 4.8 Irrotational flow past a finite flat plate] the variable z is
called Z and ( is called z.

N W

(2) Choose (; € C and define further

Z=(—C, z=J(C).

Here we use in dependence of R only certain values of C' and certain (7, that
is, they satisfy +C' € Bgr((1), a special choice is

C—(¢ €0Bgr(0), —C-—¢( €Bgr(0), (IV4.12)

hence 0 < C' < R, in order to model a wing as in Fig. 12. Remark: In
Fig. 12 is a := R. See also [16_Class_JoukowskiMapping.pdf] from [34].

Proof (1). It is z = J(() if and only if ¢ # 0 and

2
0=+ 2= (-2 - T v,

4
that is ) ) o
=T =10-(5))
AV = o2 (1o (22
(C 2) 4 4 z
for z # 0, which is the formula. O
(@) =0 (b) '=—dnliasina

Fig. 11: “Irrotational flow past a finit flat plate” from Acheson [!, Fig. 4.6.].
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We now set, with the function W given in (IV4.9),
w(z) =W(J2)-¢), 2=z +ir, (IV4.13)
that is, w(z) = W(Z) if z and Z are connected as in 4.10(2).

4.11 Flow around an aerofoil (Lemma). The velocity v = (v1,v2,0),
given by v — ivg = d,w(z), where w is defined in (IV4.13), is a solution of
Bernoulli’s equation 4.4 (with vanishing gravity and fy = 0) in the domain

Q:= (R*\ D) x R ¢ R? with R?\ D = J(R*\ Br((1))-

Moreover, we have vy +ivy — Uel® for |z| — oo, and v satisfies the boundary
condition verg = 0 on 9€2. The total force F' on the boundary is

_ — e SoG
F—[;DPVQdH 2 /8BR(C1) |8ZW(C Cl)‘ Rde (C)

Remark: In the case described in (IV4.12) one has C' = (; + Re'®t for some

6, € R. The above integral is then Cauchy’s principal value at ¢ = ¢+ Re'?1,

see 4.12.
In the special case that (; = 0 and C = R one has the situation in Fig. 11.

Proof. It is w = Woh in €, where h(z) := J~!(z) — (1 defines a holomorphic
map with nonzero derivative (therefore its a conformal transformation), and
the holomorphic function W satisfies 4.9. The domain (2 is defined in such a
way, that 0 by the map h will be mapped into 0Br(0), that is, a tangential
vector 7 at z of 92 will be mapped by the derivative Dh at z into a multiple
of the tangential vector Tpz\p o) at Z := h(z) of 9Bg(0). Therefore we have
with A = |0,h| the formulas

azh TQ — DA T — /\TRQ\BR(O) 5 Ozh v = Dh v = AVRQ\BR(O) .
Now, for Z = h(z),

v1(z) — ivg(z) = dw(z) = 8Z(W0h)(,'z) (1V4.14)
= 0,h(2)0,W(Z) = 0,h(2)(V1(Z) — iVa(Z))

if V' is defined by V; —iV5 := 0zW, which is the velocity used in 4.9. Since
by 4.9 we know that Vevga g,y = 0, it follows using (IV4.14)

0=\ V.VRZ\BR(O) — (‘/1 + Z'VvQ)o(/\I/RQ\BR(O)) — (‘/1 + Z‘/vg)o(azh VQ)
= Re ((V] - ZVQ)azh VQ) = Re ((1)1 - ivg)ljg) = (U] + ivg)oljg = vevryq .

This implies that v is tangential at the boundary of the wing 0€2, that is,
verg = 0 on 0f2, as indicated in Fig. 12.
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4

*

o

+

Fig. 12: “The cambered airfoil” from [16_Class_JoukowskiMapping.pdf],
“Re (1 controls thickness, Im {; controls camber.”

We now compute the total force F' on the boundary on a cross section,
that is, F' = (F1, F5,0). By Bernoulli’s law p in the flow region is p =
const — £ |v|> = const — £|9,w|?. Therefore

F_/ pr dH __90/ B2 p dH (2)
oD 2 Jop

- % |0.w(2) Pvp(2) AH (2)
oD

=0 [ w0 B (€)1 (O A
0BR(C1)

since z = J(() and therefore because J is a holomorphic function
dH'LOD = |9 J| dH'LLOBR((1) -
The normal satisfies
OcJ
]/D = mVBR(Cl) 5
and w(z) = W(h(z)) = W(J 1 (2) — 1) gives

Dw(z) = Dy W (h(2))0-h(z) = % for = = J(C).
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Thus it is

F=% 0.0(I () P (J(O)0eT (O dHL(Q)
OBR(C1)

_ QO/ 02W (¢ = ¢)I?
2 Jospcy 10T (O
|2VBR(<1>(C>

Q0 1
2 omcr 02W (¢ —G1) eI (0) (©)

A J (C)vp ey (¢) AHY(Q)

quod erat demonstrandum. O

4.12 The case of a sharp trailing edge. This is the case in (IV4.12),
hence C' = ¢; + Rel%" for some 6; € R.

(1) The total force on the wing is finite, since the integral in 4.11 has a
Cauchy principle value at the angle 6, for every I'.

(2) The Kutta-Joukowski condition is, that the force at the trailing edge
stays finite. This means

I'=47RU sin (o — 0y) .
Then the integrand in 4.11 is integrable.

Notice: See the pictures in Rill [61, Die Kutta Bedingung], which shows
that in certain situations this case is stable.  Rill writes in [61] accord-
ing the pictures in Fig. 13: “Das Bild 1 zeigt die Stromung unmittelbar
nach dem Start der Stréomung. Wir sehen, dafl die Stromung an der Hin-
terkante versucht’ diese zu umstromen und damit den Ansatz eines Wirbels
formt.” “Aus der Theorie der reibungsfreien Stromung resultiert, dass bei
der Umstromung einer scharfen Ecke, wie der Hinterkante, unendlich grofie
Geschwindigkeiten auftreten. Dies wird aber von der realen, reibungsbe-
hafteten Stromung im Experiment nicht toleriert. Als Folge davon wandert
der Staupunkt auf der Oberseite wahrend des Anfahrvorganges in Rich-
tung Hinterkante. Das Bild 2 zeigt diesen Ubergangszustand. SchlieBlich
stellt sich dann die endgiiltige, stationéire Stromung ein, die wir im Bild 3
beobachten. Wir sehen, dafl die Stromung in diesem Fall die Ober- und
Unterseite an der Hinterkante glatt verlasst.”

Proof (1). We start with J({) = ( + %2 and

C\?2 C C (+C
9 J(C) =1 <?) — <1+Z>(1_?) =" (€= 0).
Now write ¢ € 0Br(¢1) as ¢ = (1 + Re'? so that for § = 6, the singularity C
will be reached in the integral, that is C' = ¢; + Re'?", and this implies

(= + Re’ = C + R (=) — 1)
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Fig. 13: “Entwicklung von auftriebsbehafteter Profilumstromung” from Rill
[61, Die Kutta Bedingung].

and therefore (+C
0I(Q) =g R (@0 1),

which implies the statement. O
Proof (2). We have to show that 0zW (Z) = 0 at the trailing edge, that is
(=CorZ=C—-(=C—( =—Re?. Since

R? | ir
—e

O W(Z)=U(e ™ — 3 ) — 57
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it follows that 0zW (Z) = 0 is equivalent to

A 7 . R . i’

0= —0;,W(Z)=—=e ' — —¢e'* —

ru7W(Z) = e 7% T 2xRU
_ i(01—«) d(a—601) i’

¢ e 2 RU
= 1i(2sin (av — - ,

R T
which had to be shown. O

(b)

Fig. 14: “Trailing vortices: (a) definition sketch for application of Stoke’s
theorem; (b) view from some distance ahead of the aircraft;” from Acheson
[1, Fig. 1.12.].

The 2D-method described here cannot treat the flow at the end of a wing,
see Fig. 14, Fig. 15, and [3, 2.4 Umstromung von Tragfliigeln endlicher Span-
nweite] which is a 3D-phenomenon and important for the flight of aircrafts.
But for a flight of a full size glider (de: Segelflugzeug) with very long wings
the 2D considerations are usefull.

Die hiergemachten Uberlegungen gelten in der Realitét natiirlich nur in
einem begrenzten Bereich, da dariiberhinaus die Bedingungen der Euler-
gleichung die Wirklichkeit verlassen. In ihrem Giltigkeitsbereich sind die
gemachten Aussagen jedoch liberzeugend.

Compressible case

Usually one is concerned with the compressible case and this case contains
the conservation laws for mass, momentum and energy:
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Fig. 15: “Flow over a low aspect ratio wing” from [34, Lifting Line Theory].

(Compressible) Euler equations:
oo + div(pv) =0,
dr(ov) + div(ovv® + pId) = f,

de + div((e + p)v) = vef (IV4.15)

o mass, v velocity, p pressure,

€ internal energy, e=¢+ g\v|2 total energy,

f (classical) force.

Performing the entropy principle 2.2 (with stress tensor S) we obtain (in
the limit S — 0) Gibbs relation

p=0f(0,0)— f(0,0), (IvV4.16)

where f is the internal free energy, and the entropy production (IV2.9) re-
duces to the fact that solutions in general are only L°°-functions. Therefore
we would have to replace the equations by its distributional versions. How-
ever, in literature these equations appear in the usual form.

What is left from the entropy principle is that the solutions develop shocks
(de: Stoflwellen), and the entropy production o > 0 will lead (also in
the limit S — 0) to Rankine-Hugoniot conditions on the shock, which I
will present in a separate publication [22]. Here I will give at least a short
presentation of these shock conditions.
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RAIXIXIXIAD
XD
XXX
XX <D

Fig. 16: “Transient phase for the forward-facing step in 2D” from Kroner
[51, Example 5.3.9]: “In particular, the grid had to be refined and to be
corsened after the shock has passed through.”

4.13 Shocks. If we denote the solution of (IV4.1) with (o',v!,6') and
(0%,v%,0%) on both sides Q', Q2 C R x R™ of the shock I, the following
conditions are satisfied on I'y:

1 2
Utan Utan >
m:= o'\l = ?A2#£0,
phHot N = P+ NP
el +p1 |/\1’2 B &2 +p2 ‘/\2’2
0! 2 2 7
m . il m . 7772
ol T 2
where A := (v¥ — vr)er, v a unit normal on I'y, and vr defined in 1.4.1.

Here p is the pressure from (IV4.16)
energy in (IV4.16) (see I11.1.6).

and 7 the entropy derived from the free

If there are shocks, they have to be reproduced by the numerical schemes
(see Fig. 16 and Fig. 17). For numerics one writes this system in a contracted
form
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Fig. 17: “Flow around a double ellipsoid” from Kréner [51, Example 5.3.7].

oy + divF(y) = h,

0 ov 0 (IV4.17)
y=lov|, F(y)=|ovv +pld|, h=|f |.
e (e +p)v vef

This is a hyperbolic system, which normally has L*°-solutions, thus solutions
in the sense of distributions. The introduction of the variable y requires that
0 > 0 for the solution (or what would be better, that ¢ is bounded from
below by a positive constant). In the momentum part p = p(y). We mention
that one can say that the schemes introduce a numerical viscosity, which is
positive and therefore is consistent with the entropy principle.

References: Numerical schemes of this type you will find in Kroner [51,
Chap. 577?777]. The picture Fig. 16 is from T. Gefiner: Zeitabhingige Adap-
tion fiir Finite Volume Verfahren hoherer Ordnung am Beispiel der Euler-
Gleichungen der Gasdynamik, Diplomthesis I[AM Univ. Bonn 1994. And
the picture Fig. 17 is from J. Becker: Finite Volume Verfahren in 2-D fiir
Systeme von hyperbolischen Differentialgleichungen mit Fluifunktion von
Osher und Solomon, Diplomthesis IAM Univ. Bonn 1995.
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5 Nonlinear elasticity

We come back to bodies with large deformations which have been introduced
in section 1.6. We have shown in 1.6.2 that we can also write the conservation
laws in reference coordinates (there we had set J = 0). Now with the
additional energy equation we have to consider in the physical coordinates
the system

0o + div(ov) =r,
Oi(ov) + div(ovvT + 1) = f + rv, (IV5.1)
e + div(ev + T v+ q) = E|v|? + vef + g

where the physical quantities of the mass and momentum conservation as
in (16.4), especially v is a dependent variable. Moreover

J = 0 and the pressure tensor II is symmetric

and the quantities of the energy conservation are defined as

e=¢c+ g]v|2 , € objective scalar, ¢ objective vector.

The right-hand sides, by (I112.7), have the representation f=f+rvand
qg= §|v|2 +vef + g, where f is a classical force and g an objective scalar. We
want to show now that this system in reference coordinates is equivalent to

Mass-momentum-energy:

do=r,
(V) — divP =f +rV,
dre + div(—= PV 4 ¢) = %yw? +Vef+g, (IV5.2)

o, r,V, P f wiein (16.4),
e=J(eor), q:=JF ' (qor), g:=J-(go7),

namely, the following holds:

5.1 Lemma. In analogy to [.6.2 and with the same notation as there we
show that (IV5.1) is equivalent to (IV5.2).

Proof (First version). We start with the equations (IV5.1) and write it in
the form

1% n Qv r

at ov + Z (9.'1;,' (Hk/) - ? (IV53)
i—1 ) Tk —~
¢ qi 9
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here ~ _
Hkizgvkvi—kﬂki, f=f+rv

1V5.4
J=ev+I v+gq, §:g|v\2+vof+g. ( )
We want to show that this system is equivalent to
14 " 0 r
ooV |+ 20, | (M) | =|f (1V5.5)
e] i g

According to theorem 1.6.1 systems (IV5.3) and (IV5.5) are equivalent, if
the quantities satisfy

o0 =Jgor, r=Jror
QV:JQOT’UOT, f:J?oT,
e=Jeor, g=Jgor,

0= J P ((gv)or — gor V),
(ﬁm)Z =JF! ( (ﬁkj>jo7' - (QU)kOTv> for all k,
g=J F ' (gor —eoTV).
This means that the following known (see 1.6.2) relations are satisfied
Q:JQOT, V =wvor, r=Jror.
Then the above form of IIj; in (IV5.4) gives that
o, =J %:(F_l)ij(ﬁijT — (ov)goTVj)

=J Z(F_T)ji(ﬂijT) =J ((HoT)F_T)M - P,
j

and the form of f in (IV5.4) gives that
f: Jfor = JE+rv)jor=Ff+rV if f:=Jfor.

Therefore the first two equations of (IV5.5) are the same as in 1.6.2 and in
(IV5.2). Thus we have to look at the last equation

dre + zlaa -3,
e=Jeor, q=1J F*li((jw —eoTV), g=Jgor.
From the definition of ¢ in (IV5.4) we obtain
G=J F Y ([Tor)"V + gor) = J (Mor) F-™) ' V + J F' gor
=—-P'V+q if gi=JF 'qor,
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and the definition of g in (IV5.4) gives
g= J(g\v\Z + vef + g)oT = g\V!z +Vef +g if g:=Jgor.

Thus we have shown that (IV5.1) is equivalent to (IV5.2). O

Proof (Second version). This is analog to the second proof in 1.6.2.  The
energy equation in (IV5.1) is for test functions ¢ € C§°(2; R)

/<f‘)t<-e+v§-<ev+n%+q>+<-§) dL™+ = 0.
Q

Defining <(t, z) := s(t, x) for © = p(t, z), this is

/ ; [ (0% I(eor) + 7 (D) Tu((Mor) V -+ gor)
v 43+ (Jgor)) dLPdL! = 0.

e J- ((Dcp)*T vs) . ((HOT)T Vot qo’r)
= J - Véa (D)™ (or)" V + (D) " (gor))
= J - Ve (o7 (Dg)™™) "V + (D) (qo7))
=VSe (—P'V +gq),
the result follows. O

As in I11.2.3 an equation for & was derived, we now derive one for &.

5.2 Thermal energy equation. The last equation in (IV5.2) is equivalent
modulo the remaining two equations to

Oig + divg =DViP +g,

where the internal energy in reference coordinates ¢ is given by
1 2
e=e+g0lVI*, e:=J-(eom).

Proof. Equation (IV5.2) is
e+ div(-PTV 4+ q)=7:= g\mz +Vef+g.
Now it is

1
Ore = O + 5&5(@!‘/!2)
1 1
= e + §|V|28tg + Veo(00,V) = O — §|V\28tg + Vedy(oV)
1
= Dy — im% +VedivP + Ve(f +rV)

= O + VedivP + %]V|2 + Vef.
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It follows

C

= de + divg + div(—PTV)

| 1<
)

£ + divg + VedivP + div(— PTV) + §|V\2 FVef

)

e + divg — (DV)iP + S|V + Vef,

since div(PTV) = VedivP + (DV):P. This implies the assertion. O]

We now state the entropy principle in the physical space, but the assumption
on the entropy we want to formulate in terms of 7. The simplest assumption
is n =7(z, 0,&, F) which is related to the definition of thermoelastic bodies,
see (IV5.16). If besides thermoelastic bodies one considers other materials
with large deformation, 1 depends on other variables, and therefore the proof
of the entropy principle has to be done again. See for example EX: Viscous
Thermoelastic Bodies.

5.3 General entropy principle. We require the entropy principle
o:=0m+divy >0

for all solutions of the general problem (IV5.1) (or equivalent (IV5.2)) and
define

og=J-oor, n:=J-nor, := J-F 1 (¢ —nu)or.
Hence the entropy inequality in reference coordinates is
o :=0m+ dive) > 0.

Here the entropy is an objective scalar, that is noY = n*, which means that
n(t,z) = n*(t*, z) for 7(t,z) = Yor*(t*,z).5

We consider now a particular case.

5.4 Theorem. The entropy principle is fulfilled for solutions of (IV5.2) if

1

n=1(z,0¢,F), Q,FFT symmetric, ¢ = —q, (IV5.6)

1D

and if the residual inequality

1
00 =0n,x+ (P+0n,.):DV +0V (5 )eq+g>0

holds. Here the temperature 6 is defined by

—_

6 :=0or, was aquivalent ist zu

5=1,>0. (IV5.7)

SHere different observers share the same reference configuration.
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Remark: The function 7) is objective provided that 7, » FT is symmetric,
which means ﬁ,F(g, 0,&,F) FT is a symmetric matrix for all (z,0,6 F).

The fact that 77 depends on z, is an objective property (see the remark in
I1.5.3) and results in no extra term in o. If r = 0, then the mass conservation
reads 0;0 = 0. Hence, it follows that o = o(x) and therefore, since 7j depends
already on x, there is no need for the de[;endence on . B

Proof of the entropy principle. 1t is
0<o=0m+dive = (Om + div(nv)) + div (¢ — nv)
and therefore it follows with ¢ = J oot

0<g=0m+ dive) = Oy + div(ﬂ,eg) .

Dieser Schluss ist analog zur Massenerhaltung. Das Entropieprinzip verlangt
auch, dass 7 ein objektiver Skalar ist, d.h. es gilt n(¢t,z) = n*(t*,z*) mit
einer Beobachtertransformation (t,z) = Y (¢*,2*). Da

n(t,z) == J(t,z) n(t, ¢(t, z))

und J ein objektiver Skalar ist, muss nach I1.5.1 gelten, dass 1 ein objektiver
Skalar ist, also

Nz, 0,6, F)(t,z) =n(t,z) =n*(t",z) =1z, 0", ", F*)(t",z) .

Da ¢ und ¢ objektive Skalare sind, also o(t,z) = o*(t*, z) und entsprechen-
des fiir ¢, und da F(t,z) = Q(t*)F*(t*,z) nach I1.5.2, reduziert sich die
Gleichung fiir 1) zu

/Q\(£7 Q*>§*> QF*) - /Q\(Ea 9*75*7 F*) . (IV58)

Diese Gleichung muss also erfiillt sein. O
Proof of the theorem. Because of 1) = 17j(z, 0,2, F') one computes
O =1,,000 + 1,0 + 1, 30 F

Since using 5.2

8té) =
&

L]

)

|

+ divg =DViP +g,
~ 1
g:=g—Vef + §|V\2L

OF = (atazj%) .= (82_,- <8t%))ij = <8zj‘/%) =DV,

i ij
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it follows
Org + 1,0 + 1, 20 F + div(n,_q)
=1, x+n, (PDV — divg + g) +1,,:DV + div(n,_g)

=n, r+ (Q,QP + Q,F):DV + Vg,gog—i—ﬂ,ég.
Now, the definition of 0 yields the assertion. O

Proof of the remark. The objectivity of 7) requires, see (IV5.8) in the above
proof, that

Nz, 0,e,QF) =7(z,0,¢, F).

In the following we do not write out the arguments (z, o,¢)), so for simplicity

NQF) =n(F) (IV5.9)

for all orthonormal () with positive determinant and all F'. We want to show
that this is equivalent to

0, (F) FT' is symmetric matrix (IV5.10)

for all F. Let (IV5.9) be true. If we set @ = exp (sA) with an antisymmetric
matrix A, it then follows

0= %@(F)) = %@(exp (sA)F)) =1, .(exp (SA)F):s

S

= ﬁ,F(eXp (sA)F)i(Aexp (sA)F) = Az @,F(exp (sA)F) (exp (SA)F)T ) ,

(exp (sA)F)

and therefore for s = 0
0=A:(7, . (F)F")

for all antisymmetric A, which means (IV5.10).
Qs =exp (sA)Qo, se€ 0,11,

matrix A (Qs )

S AQF) = T (SA)F) =1, (exp (sA)F)i-—(exp (s4)F)
= ﬁ,F(eXp (sA)F)i(Aexp (sA)F) = As @,F(exp (sA)F) (exp (sA)F)T )

=0,

and thus n(Q1F) = n(QoF). Then this follows tht for any orthonormal @
with positive determinant n(QF') = n(F'), that is (IV5.9). O

Now we reformulate the residual inequality for the free energy f, which is a
function on §. The temperature € is defined in (IV5.7).
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5.5 Free energy. We define the internal free energy in reference coordi-
nates by

f=f(z,00,F), i,FFT symmetric,
0

Fecooy fin L, (IV5.11)

Then the residual inequality in 5.4 reads

1
0o=—f, r+ (P—i,F):DV+QV<5)oq+g > 0.

Proof. By Theorem 5.4 the residual equation is
1
bo=0n, r+(P+0n,,):DV +QV<§>og+g >0.

Now, replacing the derivatives of by the following formulas we obtain the
assertion. The formulas are:

i/Q:_T}? i/ :_Qﬂlg7 i’F:_QQ’F'

0

To prove this we write the formula f = ¢ — 0n in detail
i(LQQ(LQaéF)aF) ZQ*Q(LQ,QF)Q(LQ’@F),
hence differentiating we obtain

O : f’GQ’ =1-0n, -0 = f

J g%’ < 19 4
——
=0
9yt Lyt Ly =0-0m—bn, = f,=-0,,
8[73 i’F+i/QQ/F:O_Q/Fﬂ_QQ/F — i’F:_QQ’F.
(See also exercise I11.7.3.) O

Reminder: The quantities are defined by

References: For the entropy principle see the general description in Mars-
den & Hughes [55, CH.2 Theorem 5.5] and I-Shih Liu [86, 5.3 Thermody-

namics of Elastic Materials]. We recommend Hutter & Johnk [47, 5 Material
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Equations]. In connection with isotropic bodies see [55, 3.5 Material Symme-
tries and Isotropic Elasticity| and [47, 5.4 Material Equations for Isotropic
Bodies].

We give two realizations of the entropy inequality, one in section 6 about
the growth in biology, and the classical version now here where we have no
reference mass change, that is r = 0.

Thermoelasticity

We had shown the entropy inequality in 5.4 under the assumption that n
depends only on the variables (z, 0, ¢, F'). Here we assume that

r=0, g=0,
that is, g is time independent and the energy is conserved. Then it follows:

5.6 Theorem. Assume that with an internal free energy as in (IV5.11) the
following is true for terms in the differential equations

Then the system (IV5.2) is equivalent to

Gtg = 0,
di(oV) = divP + f, (IV5.13)
die + divg = DViP,

and the entropy principle for this system is satisfied if

o= V(%)og >0. (IV5.14)

Proof. Since r = 0 and P = f, . the first two terms in the residual entropy
inequality are zero. Hence we obtain

=05}

as remaining part of the residual inequality. O

Because of (IV5.14) the heat flux ¢ must be chosen so that it satisfes this
inequality, for example

q(t,z) = —D(z,,0,V0, F)VO(t,z) with

- (IV5.15)
D(@ag*7g*an*7F*) = D(lag*ag*vaQ*aQF*)v

where D = ﬁ(@, 0,0,V0,F) is a positive semidefinite matrix.
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The fact that f, . FT is chosen symmetric is devoted to the principle that

7 has to be an objective scalar. This implies that f FT = —0n, P FTis
symmetric. The fact that the first Piola-Kirchhoff stress tensor P = f
has been chosen in the entropy inequality has the consequence that (recall
that P = F'S) the second Piola-Kirchhoff stress tensor

S=F'P=F"'f =F'(f,F)F"

is symmetric (“Boltzmann-Axiom”), since f, . FT is symmetric. Therefore

also II is symmetric, since —IloT = %P FT = }FS FT. With this theorem
the equations for thermoelastic bodies are:

Thermoelastic body: In |t1,ta[xB
00,V — div,P = £,
Oie + divy g = DVIP

0 = o(z) reference density (since r = 0), (IV5.16)
V = 0pp(t, z) velocity, where ¢ as in (16.2),
£ -0 i where i i FT s symmetric,

:i
= f (2,00, F)

Nach 5.6 erfiillt also ein thermoelastischer Kérper das Entropieprinzip wegen
P = f,, und falls fir den Wérmefluss ¢ die Residualungleichung (IV5.14)
gilt, also z.B. ¢ wie in (IV5.15) gewéhlt wird.

5.7 Lemma. Die Symmetrie von [, F T ist gewdhrleistet, wenn

f=f(z.00.F)=f(z.00.C),

wobei C' := F' F der rechte Cauchy-Green Deformationstensor ist. Dabei

sel vorausgesetzt, dass f’C-- = f’C~ ist, d.h. f’C symmetrisch ist. Es gilt
Ly, = Ly, S

dann z,F = 2Fz,c, also nach (IV5.16)

o~

- ~ 2
— T _ T _ _ T
=f, " =2Ff, F , S=2f,., —HOT—jFi,CF

Proof. Es gilt, da Cyj = > FyiFij,

~ ~ 00, 0(Fi Fj)
I/Fl,,,, - ZI/C ’ ’

7 0
A - 2 : J 1. Ja
’1j ()Flm igk Cij ()F}m

= f/c (8k10imErj + Fri0ri0jm) = ch-,- (6imEr; + F1ibjm)
i,7,k 1,5 B

. s ~ T ~
- %:i/c"”.f}:‘lj - Z,j:ilcvim F}j - (Fi’(f + Fi’(,,‘)l.m’
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also
- ~ T~
I/F - F(i’(j +i/0) :
Now, C'is a symmetric matrix, therefore we have assumed that f, o is sym-

metric, thus P = z,F = QFE,C, and S=F P = 2z,(,. And it is obvious
that E,F FT = QFE,(, FT is symmetric. O

We now are going to treat isotropic materials where we follow the definitions
in literature, e.g. in Marsden & Hughes [55, 3.5] “By definition, an isotropic
free energy constitutive function f is to be a 'rotationally invariant’ function
of the argument C'. Since C' is symmetric, it can be brought to diagonal form
by an orthogonal transformation, so f is a function only of the eigenvalues of
C; that is, f depends only on the principal stretches. Since the eigenvalues
are reasonaﬁoly complicated functions of C, it is sometimes convenient to
use the invariants of C.” Hence we consider a free energy f depending on
the invariants of the matrix C. In [55, 3.5] it is written: “To describe non-
isotropic materials then requires some ’'non-tensorial’ constructions or the
introduction of additional variables.”

5.8 Invarianten einer Matrix A. Wir definieren das charakteristische
Polynom zur n x n-Matrix A als das Polynom n-ten Grades (physikalisch
ist n = 3)

n . .

pa(A) :=det (AId — A) = > (1) L;(A)A" .

i=0
Die Koeffizienten I;(A) heiBen Invarianten der Matrix A, und sie sind ein-
deutig durch die Definition bestimmt. Es ist Io(A) = 1. Erlduterung: Ist e
eine Eigenvektor von A mit zugehorigem Eigenwert A, so gilt p4(Ae) = 0.

Proof der Erlduterung. Ist Ae = A.e, so hat A\.Id — A einen Vektor e # 0 im
Kern. Daher ist pa(Ae) = det (AId — A) = 0. O

5.9 Cayley-Hamilton Theorem. Das charakteristische Polynom zu A
kann auch fir jede n x n-Matrix M definiert werden als
n

PA(M) = }Zjo(—l)ili(A)M"*i.

Mit dieser Definition gilt P4(A) = 0. Hinweis: Es ist Pa(Ald) = pa(A)Id.
Proof fiir symmetrische Matrizen. Ist die Matrix A symmetrisch, so gibt es

eine orthonormale Basis {eq, ..., e,} von Eigenvektoren mit Eigenwerten Ay
fir k =1,...,n, das heiBt p4(\;) = det (A\xId — A) = 0. Somit ist also

n n

[T =) =pa(N) = 3 (=1 L(A)N"".

k=1 =0
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Aus dieser Identitét folgt durch Koeffizientenvergleich, was I;(A) ist, siehe
den Beweis von . Nun zum Beweis dieses Satzes. Wegen

gilt

O:ZPA
k

— é(—l)ZIZ(A)(Zk: A€k ekT )n !

., en} ein Orthonormalsystem ist.

da {ey,..

n

1=0

A= Z)\kekekT , Id= ZekekT ,
k k

()\k>ek ekT = Z(—l)ifi(A) Xk: /\Z_iek ekT

Pa(4),

O

Proof fiir allgemeine Matrizen. Sei A eine n x n-Matrix. Die Adjunkte von

A (siehe [Wikipedia: Adjunkte]) ist definiert durch adj(A) =

ist (adj (A))" = (@;),;, wobei fiir 4,j =1,...,n

(51'72')@']'7 also

a1 arj—1 0 apju ai.n
0 .
ai—1,1 ai—15-1 0 aj—1;11 i—1.n
'dm = det 0 0 1 0 0
Git1,1 aiv15-1 0 @iy1 541 Qitlm
. . 0 .
| dn,1 an,j—1 0 an,j+1 (n.n |
Dann ist
a1 a1 0 a1,5+1 a1.n
0 .
a;—1,1 ai—15-1 0  ai—1;11 ai—1.n

Zam-ai’k = Zdet 0 0 Qg k 0 0

! ¢ iy1,1 aiv15-1 0 a1+ Qit1n

. 0 .
| an,1 an,j—1 0 Qn,j+1 an.n |
a1 aij—1 0 ai,j+1 a1.n
0
a;—1, ai—15-1 0  aji—1j41 i—1.n
=> det | a1 i j—1  Qif Qi1 Ain
! @it+1,1 ait15-1 0 air1541 Ait1n
. . 0
L Gn,1 An,j—1 0 An j+1 Qnp.n |
a1 aij—1 Aark Q141 ai.n
= det : : =det (A) d .
Aan,1 Gn,j—1 Gnk Qnj+1 Gn.n
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Entsprechend erhélt man

Z ak,j'divj = det (A) 5k,z’ .
J

Also ist
det (A)Id = (adj(A)) A= Aadj(4). (IV5.17)

Now we apply this to the n x n-Matrix A\Id — A, that is
det (AId — A)Id = (adj (AId — A)) (AId — A),

wobei A eine (reelle oder komplexe) Zahl ist. So wie

n
paN) =det \Id— A) = Y A\, ¢, =1,

k=0
ein Polynom n-ten Grades ist, so sind die Komponenten (adj (Ald — A)),;
Polynome (n — 1)-ten Grades in A (das folgt aus der Definition der Deter-
minante), also gibt es Matrizen By, k =0,...,n — 1, mit

n—1

adj (A\Id — A) = 3 ABy..

k=0
Nun ist (siehe [Wikipedia: Cayley-Hamilton Theorem])

S A Id = pa(M)Id = det (AId — A) Id = adj (AId — A) (AId — A)
k=0

n—1
= Y ABL(A\Id — A) =

_ n—1
MNBi_1— S ABLA.
k=0 k

1 k=0

n

Comparison of the coefficients gives
B, 1 = ¢c,Jd=1d,
Bip_1—ByA = ¢ld forl1<k<n-1,
—BpA = ¢pld.
These Identities imply

n

3 epdb = 3 (cpld) AP

k=0 k=0
=B, 1 A" + Z (Bk,1 — BkA)Ak — ByA
k:1<k<n-—1
n n—1
=Y BraA' = Y B AT =0,
k=1 k=0
hence .
S AP =0.
k=0
The ¢ are the coefficients of the charakteristic polynomial pa, das heif3t
Cp—i = (—1)111(14) O
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Wie benotigen dies fiir die folgende Darstellung von S.

5.10 Isotropes S. Nimm an, dass
z = z<£7gv 9, C) = z(gag7gv Il(C)a R In(c)) )

also héngt z nur von den Invarianten I;(C) der Matrix C' ab. Dann gilt
~ ~ o 0l
_plp_p1 _ _ i
§= - fip=2f¢ —Q;im aC -

Im physikalischen Fall n = 3 gilt also

oI, . O, . OI
L of 2 1 of 3

S=2L 50 T2 ge v 2 50

wobei

LL(C) :=traceC', I(C):=trace adjC, I3(C):=detC,
—l_1a P2 _ i - 95 _ o1

ac — go ~hld=C. 5o =hC

Proof. Siehe [55, CH.3: 5.8-5.15]. Es ist E/C = Ziz/[_ %. Also haben wir

die Matrizen glci zu berechnen. Sei A eine n x n-Matrix. Dann ist (das folgt
aus der Definition der Determinante)

Odet A )
OT = adJ A
also fiir jedes A nach (IV5.17)
det A
aaZTA = (adj A) A = (det A)Id.

Now we apply this to the n x n matrix A — AId, that ish

9det (A — Ald) (A —AId) = (det (A — Ald))Id

DAT
hence since pa(A) = (—1)"det (A — AId)
Ipa(N)
A—=)d) = A)Id.
8AT ( ) pA( )

With the coefficients ¢, = ¢x(A), which we have introduced in the proof of
5.9, this is

n a n

MNId=ps(N)Id = —= A) (A = AId
3 N T = pa (I = 25 (30 ') (4 - AT
B n—1 8Ck & o
_ (g::o o ) (A—AId)  (dac,=1)
B P LR St =

=0 0AT = 0AT
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Identifying the coefficients gives

Ot a=1d,
0A
8Ck c%k_l
FAT AT AT = ¢ ld for1<k<n-1, (IV5.18)
800
m A = C()Id.
These Identities implies the formula for S. We do this in the following proof
for n = 3. O

Proof im physikalischen Fall. Sei A wieder eine beliebige n x n-Matrix. Mit
M := Md — A, also mj; = X\ — a;; und m;; = —ay; fit j # 1, ist

det M = my1maamas + miamazmsi + mi3mo1masz

—1MM13M22M31 — M121M211M33 — M11M231M32

= X* = N(a11 + agz + ass3)

+A(ag2a33 + ar1a33 + a11a22 — a13a31 — a12a21 — G23032)

—det (A)

= X3 — X trace (A) + \trace adj (A) — det (A),
also

Ii(A) =trace (A), Iy(A) =trace(adj(A)), I3(A)=det(A).

Fiir die Ableitungen der Invarianten gilt fiir die symmetrische Matrix C'
wegen I;(C') = (—1)’¢,_;(C) und n = 3 nach (IV5.18)

‘;g:_gcg ~ I,
_% _%:% _% = eld=—I1d,
%c %:%07% ~ old =D,
_g‘gczggC = ¢old = —1I31d,
und daraus

22%:]301,
gg=<—g?+bm)c1:—1302+12017
%:(_%‘i‘hld)c_l=I3C_S—IQC_Q+110_1’
ot

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



I1V.5 Nonlinear elasticity 314

Das Cayley-Hamilton Theorem ist darin enthalten, also fiir die Matrix C'
0=1d - I3(C)C 3+ L(C)C2 -1 (C)CL.

Im Ubrigen handelt es sich um 3 Gleichungen, wenn man in der zweiten
Gleichung —I3C~2 4+ I,C~' = —C + I11d auf Grund des Cayley-Hamilton
Prinzips ausnutzt, namlich

8[1 8[2 (9[3

— =1 — =0L1d -
oC d7 1d C7

gi3 _ —1
oC o0 ~BC

O

Also erhalten wir in n = 3 fiir den zweiten Piola-Kirchhoff Spannungstensor

S=2f, 1d+2f,, (II(C) Id — 0) +2f,, I5(C) ¢! (IV5.19)

und fiir den negativen Drucktensor, der —JIlor = F'S FT erfiillt, gilt

~Mor =37, B+3f, (I(B)B-B?)+3f, L(B)d, | (IV5.20)

was dquivalent zur ersten Gleichung ist.

5.11 Lemma. Die Gleichungen (IV5.19) und (IV5.20) sind dquivalent.

Proof. Es folgt wegen B = FF', da FC*F' = BF*! fir k € Z,
FSFT =2F(f, 104 f,, (1A= C) +f,, Is ™ ) "
=2f,, FF' +2f, (L FF'—FCF")+2f, I;FC'F"
=2f,, B+2f, (L B—B?)+ 2f,;, I31d,

also die Dastellung von —ITo7 bis auf die Invarianten I;, 1 = 1,2,3. Since
for an arbitrary matrix A

I(A) = trace A,
I(A) = %((traee A)? — trace (A?)),
I35(A) = é((traee A)3 — 3trace (A) - trace (A?) + 2 trace (A‘S)) ,
see [Wikipedia: Invariants of tensors] and ex??? we have to show
trace (B™) = trace (C™) for m = 1,2, 3.
Since for arbitrary matrices A and M (see [Wikipedia: Trace])

trace (AM) = > Ay My; = > Mip Ay = trace (M A)
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it follows for m > 1

trace (B™) = trace (FC™ 1 FT) = trace (C™ ' FT F) = trace (C™).

Und auch J = det F = v/det B = Vdet C. O

Diese Formeln stimmen tiberein mit denen in der Literatur.

References: [09, IV.2 Static Universal Solutions] and [55, 3.5 Material
Symmetries and Isotropic Elasticity] and [47, 5.4 Material Equations for
Isotropic Bodies].
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6 Tissue growth

We refer to the system in 5.5 where we have derived the conseqgences of
the entropy principle for a single species. We will now proceed with several
species, which in connection with the growth of a body will contain the
reacting substances which are present, see Fig. 18 for example. Herewith we
model a heat-driven growth. See the references for more detail. Therefore
we have to renew the entropy principle. The special feature here is that we
combine in the residual inequality, that is in the inequality ¢ > 0, the r-
term with parts of the DV -term to obtain a matrix which has to be positive
semidefinit. This method is a quite general procedure and of general interest
because it makes clear how important the entropy principle in physics is.

References: For use in the biology of bone growth see Marsik & Klika &
Chlup [56]. A somewhat different approach one finds in Ambrosi & Guillou

[24].

That is, we have in physical coordinates, i.e. Fuler coordinates, a system
of mass conservations with index «, and for the total mass a momentum
conservation, and in addition, the conservation of energy. With the notation
in section III.3 we deal with a mixture of class I. The system in Euler
coordinates is

0¢0a + div(pav) =14 fira=1,...,m ,
0= 0, the total mass,
(0%

r = Y r, the total reaction rate,
«

1V6.1
di(ov) + div(ovovt + ) =rv + £, ( )

Ore + div(ev + Y v +¢) = g|v|2 +vef + g
e=¢+ §|v|2 the total energy.
Here we have used
f=rv+f and g= g\vIZ—l—vof—i-g.
The equation for the total mass is the sum of the individual mass equations
0o + div(ov) =r,
hence no independent equation. We show

6.1 Lemma. System (IV6.1) is equivalent to (IV6.2).
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Growth of a body:
8tQa:Ea fora=1,...,m ,
0y(0V) = divP +f,
Qe+ div(—PTV+q) =g

o,=J 0a0T, 0= Zga the total reference mass,
(0%

r, the mass change of constituent «, (IV6.2)

e=¢e+ %]VP the total energy,

V' the velocity,
e will eventually be “replaced” by @,
r,, P, g are material quantities to be determined,

f an external force density, ¢ in most cases = 0.

Proof. For each a we derive the mass equation for this constituent as in
1.6.2. The equation for the entire mass and entire momentum then follows
as in [.6.2. The energy equation follows as in 5.1. 0

We now see that the entropy principle is satisfied for a free energy depending
on the density of all involved species.

6.2 Theorem. The entropy principle for system (IV6.1) (and thus for (IV6.2))
is satisfied with

i:z@,gl,...,g ,0,F), i,FFT symmetric,
i_Qileﬁ i/@<07

V:E?tgo, F:DQO,

and if the residual entropy inequality

1
00 =—=5f,, Lot (P=f,)iDV +0V(5)eq+g>0

{3

is satisfied.

Proof. The difference to the proof of 5.4 is that the entropy depends on the
densities 01 to o, instead of the total density. That is, here we have to
replace n,r by

2N, Ty
o
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We define the entropy in reference coordinates by

0@, 0506 F) i=—=f,(z,0,...,0,0,F)
forgzi(gjgl’.."QTTL’QjF)7Qi/Q(£7Q1’.."QTTL’QjF>'

It follows

atﬂ - Eﬂ/o
a

[

010, + 1,0 +1, 00 F.
| I—| B
— £a

oY

We obtain with the entropy flux ¢ = 7 .4 for the entropy production in
analogy to 5.4 R

1
bo=0n, ro+(P+0n,,):DV +QV(5)-q +g>0.
« Za - v/ - -
Due to i,g = fQQ,Q and [, =—0n,, (see exercise I11.7.3) the assertion
follows. - O

Now we will choose P = P.; 4+ Py;, satisfying the entropy inequality.
6.3 Theorem. Let g = 0 and assume in 6.2 that
V=0, F=Dp
P=Py+Pys, Pa=f,,, Pus=pF ",
V= (divo)or, Ay:=—f,

0 -

et

Moreover we assume that for p andr,,, a =1,...,m,
p =l + %: logAg,
r, =laV + % loapAg .
Then the entropy principle for the system (IV6.2) is satisfied if

o= éAoLA—l—V(é)-gZ 0,

where
1% loo lo1 -+ lom
A 41 L l1'0 l11 l1m
.Am lmO lml Tt lmm

Comment: An anti-symmetric part of the matrix L does not produce ad-
ditional entropy. This makes such a growth process more likely. Thus
(Zaﬁ)a>1,;3>1 can be symmetric, but the case lpo, = —lao for a@ > 1 seems
to be the most realistic one (compare the reference in 6.4).

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.6 Tissue growth 319

The system (IV6.2) becomes

Gtga = r, fora=1,...,m,
o(eV) = divP+f
o (f — Hi/e) = div(e¢VO) +DViP

V' = 0 the velocity,
F = Dy the deformation gradient,

f= /f(g, 050 0, F) the free energy, (IV6.3)
Q =

>_ o, the total mass,

_ —T
P_pF +i/F’
p:loo(diVU)OT—%loﬁi, 3

ro = loo(divo)or — Y lagf 5
E; =@

(kg i=0,...m =0, €¢=>0.

This system one has to solve.

Proof. Since A, = —f o the entropy inequality 6.2 equals
1
9o =Sr, Ay +(P— LF):DV+QV(§)og >0.
(03 ~
We decompose P into an elastic part P, and a dissipative part Py, i.e.
P=Puy+Pus, Pa=f,,, Pus=pF .
This implies, since DV = ((DU)OT)F,
(P — f,,):DV = Py;stDV = ptrace (DV F~') = p (divv)or.
Thus, if the (unknown) functions p and r,, fulfill the identities
p = loo(divv)or + > lppAg,
B

r, = lao( diVU)OT + Z la[jAﬁ ,
B

it follows with V := (divv)or

vV loo lor -+ lom vV
PV 4+ e Ay = f:ll . l1:0 I - .:. lim /:ll
Am lmO lml o lmm Am
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Therefore, the formula for the entropy production is

v loo lon -+ lom v
pom | Ao e A oty
And Ltno it o] LA .
so for example, if L is positive semi-definite and ¢ = —cV@ with ¢ > 0. O

The essentials here is, that two terms in the entropy production have been
combined, that is, only the sum of these terms is nonnegative.

dNyeere ;
g —d1(f + Nucere)Nucere + B+ Tyvewes — D
AN ora_g .
e - —(f3 — Nucerr + Now_g + Naciv o + Noweoid + Nvew_g)Now_g — 83087 — Now_g
— 2N Aaiv_08 + Nageard + NiadNow g + 2T new_ g — D2 — 1
AN periv_og
—aE Salf7 — Now_ g — UNav_op + Nossid + Nyew_g) )N ora_g
—8a( B1o — Noseoid — Nyvew_g)Nagivop + D3 —Dy

d Ni’l\':e sl . .
———— = d4lB1o — Nosevia — Nvew 8)Naciv_os — 850813 — Nyew_8)Noswoia + Dy — D3
ANpew 8 ;

d?‘ = d5(f13 — Nyew_8)Noswoid — Tnew_g + Ds.

Fig. 18: Aus Marsik & Klika & Chlup [56]

6.4 Referenz. In Marsik & Klika & Chlup [56] one finds the realization of
the mass equations in Fig. 18. Here N, is the molar density of phase «, see
the definition in I11.3.1(2). The statement 6.3 is presented with

p = loo(divv)or + 3" lpgAg,
B
r, = loo(divv)oT + lpaAa

Q

i.e. with I, = 0 for a # 3. Reference is also made to Onsager’s princi-
ple, but this is not necessary, only the positivity of the entropy production
counts.
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7 Sound waves

Der Schall ist fiir uns allgegenwértig, wir horen ihn mit unseren Ohren, er
wird von allen uns umgebenden Maschinen erzeugt, insbesondere durch Rei-
bung und Stofle, sowie von Explosionen verursacht. Der Schall wird aber
auch durch die Natur erzeugt wie das Vogelzwitschern und das Waldesrauschen,
sowie der Donner. Er wird iibertragen durch das uns umgebende Gas,
d.h. die Luft. Er ist eine Stérung der Dichte dieses Gases.

Bei den Schallwellen in Gasen folgen wechselnd Verdichtung
und Verdiinnung an einer Stelle so schnell auf einander (selbst bei
den tiefsten Tonen noch etwa in 60maligem Wechsel pro Secunde),
dals kein Temperaturausgleich mit der Nachbarschaft stattfinden
kann; fiir jedes sehr kleine Elementarvolumen gilt dann auch
wieder die adiabatische Beziehung zwischen Druck, Temperatur und
Volumen. Das ist, wie wir sogleich sehen werden, von wesentlicher
Bedeutung fiir die Fortpflanzungsgeschwindigkeit der Schall-
wellen. Wir wollen von diesen annehmen, dals sie sogenannte
ebene Wellen seien, d. h. dafs alle Theilchen, die sich in je einer
auf der Fortpflanzungsrichtung senkrecht stehenden Ebene befinden,
gleichzeitig dieselbe Schwingungsphase besitzen. Wird die Richtung
des Fortschreitens zur z-Axe gewihlt, so wird also Geschwindigkeit
der Theilchen, Dichtigkeit s, Druck u. s. w. aufser von der Zeit nur
von = abhiingig, nicht aber von y und z Die Hydrodynamik liefert
vns fiir unseren Fall zwei Gleichungen. Die erste sagt aus, dals
die in einem parallelepipedischen Volumenelement dz dy dz ent-
haltene Masse in Bewegung gesetzt wird durch die auf seine Grenz-
flichen von der Umgebung ausgeiibten Drucke. Die Drucke auf
das zur y-Axe senkrechte Flichenpaar sind gleich und entgegen-
gesetzt, ebenso die auf das zur z-Axe senkrechte Flichenpaar; diese

Fig. 19: From the book of Helmholtz [110, §48]

Bei dieser Stérung wechseln sich Verdichtung (en: compression, condensa-
tion) und Verdiinnung (en: rarefaction, dilation) des Gases wechselseitig ab.
Dies kann sich dann wie eine Welle ausbreiten.

Fig. 20: Compression and rarefaction of a planar wave, from [120]
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Wir modellieren den Schall durch die Massen-Impuls-Energie-Erhaltung eines
Gases oder einer Fliissigkeit, wobei wir im Allgemeinen die Zahigkeit und
Warmeleitfahigkeit beriicksichtigen. Das Differentialgleichungssystem ist
also (IV2.2)

Oro + div(pv) =0,

9y (ov) + div(ovvt +1I) = f, (IV7.1)

Oi(e + &v]?) + div((e + Zv[?)v +TTT v + q) = fov,
und es gilt das Entropieprinzip 2.2

om+ divp =10 >0,

wobei wohlbekannt ist (siehe u.a. 2.2 und (IV2.15)), dass

~

n=mee), f=7F0), e—nl, p=70.6),

e
p=ofio—f, e=f—=0fo, n=—fo,
II=pld — S, S symmetrischer Spannungstensor, (IV7.2)

1
Y =nv+ g0 1 Warmeleitfahigkeit, ,

1 1
0= gDvoS + V(a

Nun hatten wir in 2.3 (siehe (IV2.16)) gezeigt, dass (IV7.1) dquivalent ist
zu

)oq >0, o Entropieproduktion.

dapyo + odive =0,
00(1,mv+ divll =1, (IV7.3)
Id1,p)€ +edivo + divg + Duill =0,

wobei wir jetzt O h = (9 + veV)h = h fiir jede Funktion h schreiben.
Diese Gleichungen mit Energieerhaltung (IV7.3) sind wiederum &quivalent
zu Gleichungen mit der Entropieidentitiat (dies werden wir in Lemma 7.1
zeigen), wobei s die spezifische Entropie ist:

dame + edive =0,
001yv+Vp—divS =1, (IV7.4)

rat
001,18 + dlv(gq) =o0.

7.1 Lemma. Sei s die spezifische Entropie, d.h.

1
n =08 or s::nSp:Q:—ff/Q:fSp/e.
0 0

Dann sind die Gleichungssysteme (IV7.3) und (IV7.4) zueinander dquivalent.
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Proof. Dies folgt daraus, dass fiir alle Funktionen die Entropieidentitét (I114.5)
eine Linearkombination der Masse-, Impuls- und Energieerhaltung ist, wobei
der Koeffizient vor der Energiegleichung gleich A, = n/, = % (siehe (1114.4))
ungleich Null ist, also kann man ebenso die Energieerhaltung als eine Lin-
earkombination der Masse-, Impuls- und Entropiegleichung schreiben. Dies
ergibt dann dass (IV7.1) (was dquivalent zu (IV7.3) ist) und die Gleichung
(IV7.4) aquivalent sind. Denn es gilt fiir den Term in der Entropieidentitét

O + div(nu) = s(0ro + div(ov)) + 0(0ss + veVs),

und 0yp + div(pv) = 0 nach der Massenerhaltung. Also ist die Entropiegle-
ichung die letzte Gleichung von (IV7.4). O

Referenzen: Landau & Lifschitz [10, Kapitel VIII Der Schall]. Ausbreitung
ohne Dampfung: Landau & Lifschitz [10, VIII§63 Schallwellen], DeGroot &
Mazur [6, Chap XII §3-85], Hutter [8, 7.2 Ausbreitung kleiner Stérungen in

einem Gas|, Miiller [11, 10.4 Schall], Acheson [1, 3.6 Sound waves]. Und als
mathematische Literatur Feireisl & Novotny [40, 4.4 Acoustic waves].

Wir betrachten in diesem Abschnitt Losungen (o, v, ) der Form

0 o0+ 0
v| = v+,
0 046,

wobei (g, v,0) eine Lésung ist und (of, uj, 05) eine kleine Stérung davon. Es
ist klar,_ dass als Bestandteil von Losungen die GroBen v = v + uj sowie
v Geschwindigkeiten sind, und darum ist uj ein objektiver Vektor. Wir
nehmen nun an, dass

9% J
us | =0 [u | +0(5),
A 0

und berechnen die erste Variation

o1
%I_I}(l) g (L(Q,U7 0) - L(Qa v, Q)) )

wobei von (IV7.4) gilt

I1,me+ edivoe
L(Qv v, 9) = Qa(l,v)v + vp —divS—f| . (IV75)
Qa(l’v)s + div(%q) -0

Es ist also L(o,v,0) = 0 und L(g,v,0) = 0.

Schall ohne Dampfung
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Wir nehmen zunéchst an, dass der Schall, den wir betrachten, tiber grofie
Entfernungen horbar ist, und dann ist es gerechtfertigt in (IV7.5)

S=0, ¢g=0

anzunehmen, also ist die Situation adiabatisch (siehe den Text in Fig. 19)
und die Entropieproduktion o = 0. Es wird dann (IV7.4) zu

dapye + odive =0,
001V +Vp =1, (IV7.6)
8(171])8 = 0,

und natiirlich entsprechend auch in (IV7.5). Man erhélt dann fiir die Stérung
das Resultat (siehe das System [10, (4.25)]):

7.2 Theorem. Fiir eine Stérung
(0,v,0) = (0,0,0) + (¢, v, 0") +0(5), £=£+6f+0(),
folgt aus (IV7.6)
0,0 + div(eu') = —¢' div,

Q(ﬁ(lyy)u' + u'eVu) + Vp' =" — 0'0(1,)v, (IV7.7)
008" +u/eVs =0,

wobei
ng—l—ép'—l—o(d), s=s+0d5+0(5).

Fiir p und s gelten nach (IV7.2) noch konstitutive Gleichungen, die in 7.3
und 7.4 zu Aussagen iiber p’ und s’ fithren.

Proof. Es ist

I1,0)0 = I prsur) (0 + 00") + 0(0)

= (1,00 + (01 )0 +u'eVp) + 0(0),
entsprechendes gilt fiir d(; ,yv und 91 ,)s. Und es gilt

odive = (o + 6¢') div(v + 6u’) 4+ 0(6)
= odive + 6(pdivu’ + ¢ dive) + 0(4) ,

sowie unter Benutzung der Formel fir 0 ,v

98(1’1,)’0 = (g + 5&)/)(8(1&)2 + 5(6(1’2)1/ + u’oVy)) + 0(5)
= 00(1,)V + +5(Q(8(1’E)u’ +u'eVv) + Q’O(Lg)y) + 0(9).

Aus diesen Rechnungen folgt die Behauptung. O
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The differential equation d(; ,ys = 0 suggests that s = const und damit auch
s = const. Using this we can determine the sound speed.

7.3 Annahme an Entropie. Zur Konstanz von s.

(1) Wir nehmen an, dass sg € R mit s = sp, also auch s = sp und s’ = 0.
Damit ist die dritte Gleichung in (IV7.7) erfillt. AuBerdem ist damit der
Wert der Entropie derselbe fiir alle betrachteten Losungen.

(2) Es sei s = 5(0,¢) = 3(0,6). Zum Wert so gibt es Funktionen o — 6(o)
und ¢ — (p), so dass 5(o,£) = 5(0,0) = s = so genau dann, wenn 6 = (o)
und € = £(p).

Proof (1). Aus der Differentialgleichung d(; ,,s = 0 folgt, dass s konstant ist
auf Stromlinien. Wenn nun s = sg lokal an dem Ursprung dieser Stromlinien
so ist s = sp iiberall. Nun gilt s = s + ds’ + 0(9), so dass also s = sg und

s’ =0. O

Proof (2). Die spezifische Entropie s = sg kann als Funktion von (g, ) und
als Funktion von (g, ) angesehen werden, wir schreiben s = 5(p,e) und
s = 5(0,0). Wenn, wie hier s = so, ist das als Nebenbedingung fiir die
Parameter zu sehen, weshalb es dann Funktionen € und 6 gibt (was von der

Gestalt von s abhéngt), so dass # = 6(p) und € = £(p). O
7.4 Schallgeschwindigkeit. Es gelte 7.3. Dann ist fiir eine Storung
p = C%Ql, cs > 0 die Schallgeschwindigkeit.

(1) Sie ist gegeben durch

2~ B SIQ(ng)N o ]. o ﬁl@ ﬁ/@
cs(0,0)° =Dro(0,0) Tolo, Q)pfa(g,ﬁ) = 7§/0(Q,Q)d t [g,g 5/9} (0,0)
d . =~ 0
= 5 (Fedon]|_ =2 pr] o(Dn(z2) L_ﬁp] ) >0,

wenn die Entropie (o,¢) — 7(g, €) eine konkave Funktion ist.

(2) Im Falle eines idealen Gases 2.5 (beachte auch 2.4) gilt
cs = /RO, vzci, R=cp—cy, 6O=const o' ",
cv

siehe die Formel [10, (63,15)].
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2.01b Schallgeschwindigkeit in Fliissigkeiten

Flilssigkeit t el €L Flitssighent i @ &l
e glem' | km/s e g/em’ kmy/s

Aceton 20 0,79 1,19 | Sauerstoff —1829 | 1,14 0,91
Ammoniik (konz) | 16 0,88 1,66 | Stickstofl —1a7 0,82 087
Benzin 17 0,68 1,17 | Toluol 20 0,86 1,32
Benzol 20 0B8R 132 | Wasser 0 1.000 1,403
Fthylalkohol 20 0,749 116 | (destilliert) 20 0,988 | 483
Cilyzerin 20 1.26 190 40 0,992 1,529
Kochsalzlosung (] 0,983 1,551

1% 25 1M 1,52 b 0.971 1,555
25% 25 119 1,77 100 0.958 1.543
Paraffintl 33,5 0.8 1,42 | Wasser
Petroleum 15 08 1,33 | (Seewasser) 20 1,03 1,522
Quecksilber 20 135 145 | {schweres) 198 110 1,383
Salzsdiure 155 I,19 1,52 | WasserstofT 152 0,07 1,150
(konzentriert]

2.01c Schallgeschwindigkeit in Gasen und Dimpfen unter Normdruck 101,3 kPa

Cias/Dampf f @ €L Gias/Dampl i o L
" ke/m' | mys C kg /m? m/s
Acetylen o L7 327 | Luft 20 1.21 344
Ammoniak 0 ar 415 40 35§
Argon 0| 1,78 319 100 387
Brom 58 149 | Methan 0 0,72 430
Chilor 0|32 206 | Neon 1} 01,90 435
Helium 0| 018 971 Propan ] 2,02 238
Kohlenoxid U 1.25 338 Sauerstall i 1.43 36
Kohlendioxid 0| 198 259 | Stcksioff i} 1,25 334
18 266 | Wasserdampf 134 494
Leuchtgas 0 453 | Wasserstofl 0 0,09 1284
Luft —an 07 I8 1301
=20 319 ‘Wasserstolf 0 Ho0
0] 1,29 i3 (schwerer)

Fig. 21: Schallgeschwindigkeit, aus Kohlrausch [3]

Proof (1). Die dritte Darstellung von c% folgt aus der Tatsache, dass

5(0,0(0)) = 5(0,€(0)) = s = 50

Indem wir mit p = p 4 dp’ + 0(d) die Ableitung nach § bilden, erhalten wir
die folgenden Identitidten
d ~ d
A 0 N /
P=1, (p(g, 9(9))) ‘g:gg (p(g, 6(@)))‘ 0

do 0=0

Die erste Darstellung von c% erhalten wir, wenn wir von den beiden Iden-
titaten p = p(p, 0) und sy = s = s(p, #) ausgehen und mit

p=p+dp'+0(), s=s+0ds+0(0)

die Ableitung nach ¢ ausrechnen:

po= Pro0.0)d +Dre(0,0)0,
0=s" = 5(0.0)0 +5(0,0)0,
und damit 500(0.6)
I~ 5700, Y 5 /
p = (p o(0,9) T(g’@p e(g,Q))g :
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Die letzte Darstellung von 023 erhalten wir, indem wir die Gibbs Relation
schreiben als

T /7
Ne
so dass also aus (0.2(0))
nie, ele ~ o~
=5(0,€(0)) = 50
1%
folgt
d /. ~ 77 7/7\’ +7/7\’6§’g
0:—(3 . ele )z——+£’7,
(o) = -5+ T
das heifit L
- n—0one _N—0Ng _ E+p
¢ ol onve 0

Daraus schlieflen wir nun

4 (502 S s etps
dig(p(é%g(g))) _p,Q—i_E’Qp/& _p’g+7p/5

) (m _6) . €+p<77— o' _6> (es ist p = p(o,¢))
nNe "o 0 e ,6

on’ n—oen E+D(Ne— 0N n—on
_ONrge : @n/w i ( € o= _q_ : Q’?'aa)
Ne . 0 Ne n.
S o N Ch )
€ e 1e e o1’ -
1

= (9277/@@ +20(e +p)nrpe + (e + p)2n/ss)
‘e

:_9|: KQ :|.< |:77/QQ 77/96:| |: Q :|>ZO,
o|eE+Dp Nige  MNiee E+p

d.h. die Schallgeschwindigkeit ist positiv. O

Proof (2). Nach 2.5 gilt fiir alle Losungen

1
e =cybp, wobei 0= ,
Nre

und nach der Gibbs Relation ist mit 7 = ps (ebenfalls in 2.5)

s =35(0,e) = cyloge — cplogo+c¢ (c €R)
5(0,0) = cylogl + cylog (eyv o) — cplogo+ ¢
= cylog# — Rlog o + cylogey + ¢

sowie p = Rfp. Dies gilt auch fiir die Lésug (o, v, 0), weshalb

S RO c
C%:p/g— gp/QZRQ—i— ;RQ:RQ—P
S0 CVQ Ccy
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Nun haben wir wegen der Bedingung s = sg
R
cyloge —cplogo=sp—c¢, was logf = —1logp+ const
5 oy o8
mit const = Civ(so + cylog cy — ¢) bedeutet. Dies war zu zeigen. O

7.5 Wellengleichung. If 7.3 holds and in 7.2 in addition (p,v,#) = const
(we mention that then also cg = const) then the equations (IV7.7) are
equivalent to

O + o divu' =0,

(IV7.8)
Qa(lg)ul +Vp' =1,
If the observer is so that divf’ = 0 it follows
1
8(2172) o —Ap =0 or 0—28(21’2)1)’ —Ap' =0 (IV7.9)
S

Remark: We have p/ = c%¢/.

Proof. Under the assumptions (IV7.7) reduces to (IV7.8). Then

0= 3(1&)(8(1&) o+ 4 divu') = 8(21@ o+ div(e 8(1&)1/)
= 8(2172) o — Ap' + divf’,

which is the first equation in (IV7.9). From this the second equation follows
since ¢/ = C%p’. O
°S

7.6 Potential flow. If in 7.5 the perturbation v’ = V¢', then
1 2 ! / 1 2 / !
0728(1’2)@7 — AQO =0 and ga(l,y)u —Au = 0
S S

Erinnerung: v’ is an objective vector, therefore ¢’ an objective scalar.

Die Ubertragung von Schall besteht nun in einer Uberlagerung von Wellen
verschiedener Wellenlange und verschiedener Richtung.

Monochromatische Welle

Wir machen die Voraussetzungen wie in 7.6 (also auch divf’ = 0) und
zusétzlich v = 0. Eine Losung der Wellengleichung (IV7.8) ist dann gegeben
durch

¢'(t, ) = g(zek — wi),

wobei 7 +— g(7) eine beliebige Funktion ist. Es ist

o' = —wgrr, U (t,x) =V =g (vek —wt)k
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also ist die erste Gleichung von (IV7.8)
O’ = —div(ou) = —div(gg: k) = —keV(0g/7) = —0grrr - k|2

erfillt wenn )
olk|

g (zek — wt)
w

Ql(t7 z) =
und es gilt die zweite Gleichung von (IV7.8)
—owgir-k = 00’ = —Vp'

wenn

2
w
P(t,x) = owgrr(vek — wt) = W@’ :
Also ist
cs = —  somit k| = d
S = T —_
k| cs

d.h. mit einem Einheitsvektor n gilt fiir den Wellenzahlvektor k

w 2m 2meg
k=—n=—n, = ,
cs A w

wobei A die Wellenldnge ist und w die Frequenz (siehe [10, (63,20)]). Wir
haben also
1))

Wir definieren jetzt g(7) := Re(aexp(ir)) und daher ist speziell

xen

@' (t,x) = g(w( s

¢'(t,z) = Re (a exp(iw(wo% - t)))

wobei a € C die (komplexe) Amplitude von ¢’ ist.

Reflexion einer Welle

Wie verhilt sich der Schall an einer Wand oder am Ubergang von verschiede-
nen Medien? Wir betrachten hier das Verhalten einer monochromatischen
Welle, wie das linke Bild in Fig. 23 zeigt, wie es an einer Materialgrenze
teilweise reflektiert wird und teilweise transmittiert.

Dazu betrachten wir die beiden Gebiete Q' = {(¢t,7); x1 < y(t,22,23)}
und Q2 = {(t,z); x1 > 7(t,22,73)}, wobei deren gemeinsamer Rand die
Hyperflache I' = {(¢t,z) ; ©1 = v(t,x2,x3)} sei mit einer Graphenfunktion

y=q+0Y+0(), =0

(IV7.10)
T(t,x) := (t,x1 + y(t, T2, 23), T2, 23) .

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



IV.7 Sound waves 330

Trifft eine Schallwelle auf die Grenze zwischen zwei verschiedenen Medien
(Fliissigkeiten oder Gasen), dann wird ein Teil von ihr reflektiert und ein Teil
gebrochen. Aufler der einfallenden Welle entstehen also noch zwei Wellen;
die eine (die reflektierte) breitet sich von der Grenzfliche riickwéirts in das
erste Medium aus, die zweite (die gebrochene) breitet sich von der Grenzfldche
in das zweite Medium aus. Im ersten Medium entsteht folglich eine Uber-
lagerung zweier Wellen (einfallende und reflektierte); im zweiten Medium ist
eine gebrochene Welle vorhanden.

Fig. 22: Aus Landau & Lifschitz [10, aus §65]

Dabei beteht der Limes aus den stationiren Gebieten Q' = {(¢,z); x; < 0}
und Q% = {(t,z); 1 > 0} mit Rand I = {(t,z); 2, = 0}, und es ist
QF = 7(Q%) und T = 7(I). In QF haben wir Losungen (o*,v*,6%) von
System (IV7.4) oder dazu dquivalent des urspriinglichen Systems (IV7.1),
natiirlich mit S = 0 und ¢ = 0. In dem Gebiet @ = Q' UT U Q? gelten
nun die urspriingliche Masse-Impuls-Energieerhaltungen (IV7.1) im distri-
butionellen Sinne. Dabei ergeben sich auf I' Randbedingungen, die im Limes
d — 0 die Form (IV7.11) annehmen.

Einfallender
Strahl

eflektierter
Stahl

MNormale

R
™

My

il

Transmittierter
Stahl

Fig. 23: Reflexion einer Welle, aus Wikipedia [132]

7.7 Randbedingungen. Fiir die Funktionen (o*,v*, 6%) in QF seien die
adiabatischen distributionellen Gleichungen (IV7.1) in  (mit S =0, ¢ = 0)
erfillt. Es gebe keinen Massenfluss tiber I' hinaus, d.h. die Massenerhaltung
von (IV7.1) ist separat fiir k = 1,2 erfiillt. Ist dann

(0" v, 0F)or = (0", 0", 0%) + (0}, ), 0;) + 0(6), vF =0,

und sind die Voraussetzungen in 7.5 erfiillt, so gelten die folgenden Randbe-
dingungen fiir Masse und Impuls

ujov = ubev
, , auf I, (IV7.11)
P1 =P
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wobei v eine Normale auf I ist. Es ist auch El = 22 auf I erfiillt.
Remark: Diese Randbedingungen sind in [10, §65 Reflexion und Brechung
von Schallwellen| zu finden.

Proof. Fiir die Massenerhaltung der Phase k (da zwischen den Massen keine
Masse ausgetauscht wird) gilt, wenn n € C5°(; R),

Oz/ (0 - o" + Vne(o*v¥)) dL*
Ok
— [ (@0 9melet et art
Ok
= (Volumenterm)+/nnﬂko(@k,gkvk)dH?’,
r

wobei ngr die duBere Normale von QF in Raumzeit an I' ist. Da n beliebig
ist, ist der Volumenterm gleich Null (das ist die Differentialgleichung in Q)
und es folgt fiir den I'-Term

0 = ngre(o®, *v*)  auf I.

(—vpe®, k)
nok = —————-,
/14 |UF’2

wobei ¥ die &uBere Normale von Q¥ (t) an T'(¢) ist und vr die Geschwindigkeit
von t — I'(¢), folgt

i (vk — UF)OVk

1+ \Ur|2 .

0 = ngre(o®, oFv") = o

Da nun
vPor = oF + uf + 0(8), " =0,
vWor =P +0(1), vF=(-1)F"e,
vpoT = vp + dvp +0(8), vp=0,
folgt also mit v = v! = —12, da ¥ > 0,

(u), —vp)ev =0 auf L.
Da dies fiir k =1 und k = 2 gilt, erhalten wir (u} — ul)er = 0.
Fiir die Impulserhaltung gilt fiir ¢ € C5°(Q;R?) analog

0=> (0e¢; - o"of + 320G - (kafv;? +pk5’?j)) dL*
ki JQF J
=2 | (96 V)Go(o"f, o"vufv* + ple;) dL!
ki Jok
= (Volumenterme) + 2/ G S vore(oFuk, ofuFuk + pFe;) dHE .
i JT Tk
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Da (; beliebig ist, sind die Volumenterme gleich Null (das sind die Differen-
tialgleichungen in Q%) und es folgt fiir den I'-Term fiir i

0 =3 ngre(o"vF, o"vivk + pFe;) aufT.
k

Die Formel fiir ngx von oben ergibt mit der Tatsache, dass (v* —vr)er* = 0,
0= p"" =t —p?)v.
k
Da p* = p* + dp), + 0(6) folgt p' = p* und dann p} = p). O

Wie geben nun folgende monochromatische Welle vor, wobei im linken Bild
der Fig. 23 die Koordinate z; nach unten und x5 nach rechts zeigt, und wobei
cr = cg(0¥,0%) als Abkiirzung fiir die Schallgeschwindigkeit im Gebiet QF
benutzt wird:

1 =Re <a1exp (iw(wo% — t))) (Einfallender Strahl)
1

+Re <alexp (iw(mo% - t))) (Reflektierter Strahl),
1

n; = (cosaq,sinag,0), n; = (—cosay,sinay,0), (IV7.12)

5 = Re (agexp (iw(gvoE - t))) (Transmittierter Strahl),
C2
ng = (cos ag, sinag, 0) .

Hier ist die Losung bis auf einige Randbedingungen schon gegeben. Man
konnte auch den einfallenden Strahl vorgeben und dann danach fragen, wie
der Respons an I' ist, was natiirlich von dessen Struktur abhéangt. Hier soll
aber gezeigt werden, dass die Oberfliche so geartet ist, dass eine reflektierter
und ein transmittierender Strahl auftritt, also der Strahl die hergeleiteten
Randbedingungen erfiillt.

Mit g1(7) := Re (al exp (iT)) und entsprechend g; und go berechnen wir

~ (= n; ~ ny
90/1:.91(7—1)"‘91(7'1), lew(ﬁ.g—t), lew(xoa—t)
n
©h = ga(m2), T2 = w(xoc—zz — t)
wygir CL)~ - o .
W, = Vi = g1 (Tl)nl L@ (ﬁ)nl
C1 Cc1

wgz'7(72)
/ / T

pll = Qlw(gl /7_(7'1) +§1’7’(7A:1)), pl2 — Q2w92l7(7_2) )
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Also lauten die Randbedingungen auf I': Fiir die Masse ist ujev = ubev
aquivalent zu

791 IT(TI) njeyr + 791 IT(TI) fl]_.V = 792,7—(7_2) nogev ,
C1 C1 C2

1

wobei v = v! = —12 die Normale an den Rand sei. Da

niey = Ccosqap, NjeV = —COSQ1, MNgel = COSQs,
heifit dies
cos ap L cos aip
o (g177(11) = 917 (11)) = o g2:7(T2) - (IV7.13)

Fiir den Impuls ist pj = p) die Bedingung, also
0 (g1+(11) + G172(71)) = @2 g2rr(72) . (IV7.14)
Aus diesen beiden Gleichungen ergibt sich

7.8 Lemma. Die Randbedingungen liefern fiir den Strahl in (IV7.12)

sin o sin ao

= in R,
C1 C2
1 ~N _ 2 in C
o (a1 +a1) = 0 az in C,
CoS Qrp ~ COSs (2 .
(a1 - al) = ag 1n C.
C1 Cc2

Proof. Since
g17(7) = Re(ia1e'™),  G1+(7) = Re(iaie'™), gorr (1) = Re(iage'™)
the property (IV7.14) reads
QIRCO(LlciTl + iﬁleia) = QQRC (i(]QCiTQ)
on I'. Now z1 = 0 on the boundary I' and therefore

sin o sin vy

— wt. (IV7.15)

—wt=71, To=wry
c1 €2

T1 — WIQ

Hence the equation becomes

o'Re (i(al + Zil)e*i‘”texp (iwmg w)) — 0°Re (iage*i”texp (iwxz B ))
= 1 - C2

and since this holds for all ¢, it holds for £ = 0 and ¢ = 5, we get

sin o sin ao )

) = Q2a2exp (iwmg

o' (a1 + @1)exp (iwzs
= Cc1 c2
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First setting xo = 0 we get

Ql(al +a1) = o%ay.

Inserting this result in the equation and assuming as # 0 we get

sin o sin g )

) = exp (iwxg

exp (iwxz
C1 Co

This holds if for every xo € R there is a k € Z such that

C1 C9

sinap  sinas
wxo

):27T/<7.

Since w # 0 this is possible only if

sina;  sinag

— =0 (IV7.16)
C1 Co
Now to the equation (IV7.13) which reads
M Re (ialeiT1 — iae ) = PV Re (iageim)
C1 C9

Using (IV7.16) we get 1 = 71 = 7 from (IV7.15), and the argument on

e 1w gives that this equation becomes
cos o . COS (9
((Ll — (L1) = as .
c1 C2
This finishes the proof. O

Das Verhalten des Schalls wird bei einer rauhen Oberflache von den Oberflacheneigenschaften
der Wand bestimmt, siehe zum Beispiel das rechte Bild in Fig. 23. Dies wer-

den wir in [22] darstellen. Es sei auch auf [10, Chap 7 Interaction of Acoustic

Waves with Boundary] verwiesen.

Kugelwellen

Die bisherigen Schallwellen bezogen sich auf einen vom Ursprungsort weit
entfernten Beobachter. Wir sind nun in der Nihe eines Ursprungortes. Dort
betrachten wir eine Kugelwelle

—cgt
¢'(t,x) = glr — est) ,  ri=|z|, (IV7.17)
r
wobei wir die Voraussetzungen in 7.5 machen mit v = 0 und f’ = 0, und
natiirlich machen wir die Voraussetzung v’ = V¢'.

7.9 Theorem. Es sei 7 — ¢(7) eine beliebige Funktion und definiere ¢’
gemaf (IV7.18). Dann konnen die anderen Stérungsfunktionen auf analoge
Weise definiert werden, so dass diese Funktionen sdie Wellengleichung (IV7.8)
in {(t,z); r > 0} erfillen. Hinweis: Siche 7.11 fir r = 0.
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Proof. Es ist

O = —Sgi,, 10 = "'2(9 :
r r
also ist die erste Gleichung von (IV7.8)

. 0 Q
0,0 = —Q(hvu/ = —QAQ,Q’ = —TLQOT(TQO,,@/) = —jg,ﬁ

erfiillt, wenn
/

0
o' = —=g(r—cst),
CsT

und es gilt die zweite Gleichung von (IV7.8)
0= o0’ + Vp' = V(edy' + 1),

wenn
! cs Q 2 1/

Dies alles gilt nur wenn r > 0. O

Wenn wir fiir Kugelwellen die Wellengleichung im ganzen Raum erklaren
wollen, sind wir auf Distributionen angewiesen, d.h. auf die Formulierung
der Erhaltungsséitze (IV7.1) fiir Distributionen

Otlo] + div]gv] =r,

IV7.18
Oov] + div[gvvT + pld] = f + rv, ( )

wobei S = 0, ¢ = 0 und s = s¢ fiir die Entropie gilt und wobei r eine
Distribution mit Trager im Ursprung sein wird, da, wie gerade in 7.9 gezeigt,
die Kugelwelle eine Losung von (IV7.18) auflerhalb {0} darstellt.

7.10 Lemma. Es sei f = 0. Fiir eine Storung wie in 7.2 und r = 61’ + 0(9)
(also r = 0) gilt im Falle v = 0 im ganzen Raumzeitgebiet

o o] + div[ou] =,
el o (IV7.19)
Otou'] + div[p'Id] = 0.

Proof. (Zur Beweismethode erinnern wir an den Beweis von 7.2.) Fir die
Massenerhaltung gilt 0[o'] + div[ow'] = r und fiir die Impulserhaltung folgt
wegen rv = 6r'v + 0(6) = 0(6) und wegen gvv' = 0(6%) die Gleichung
Otou'] + div[p'Id] = 0. O

Es gilt der folgende Satz, wobei in {(¢,z); r = 0} nur die Funktion divu/
eine nennenswerte Singularitéit hat, das andere kann man mit L'-Funktionen
erkléren.
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7.11 Theorem. Fiir Kugelwellen gelten die Gleichungen (IV7.19) mit
r:= ohpy, h(t):=4m-g(—cst).

Hinweis: p is defined in 1.2.8.

Proof. Es ist ¢ € I/Vlloc1 (R x R3), ebenso o = Cing(r —cgt) und p’ = 4o
Somit ist

g g'r g
Oy’ = (;) e Lioo(R x R%)

und auflerdem

ulzvcp/:(ng—%)er, atU/:—CS(g/TT—g;>eT
T T T T

in L} (R x R?). Also kénnen wir auch schreiben

[0:0'] + o div[u'] = [r],
(00w +V p'] =0

} in 2/(R x R?).

Es bleibt der Term div([u/] zu bestimmen, der eine distributionelle Singu-
laritéit besitzt. Fiir Testfunktionen ¢ € C§°(R x R3) ist

/ di / _ / / dL4
(¢, [0:0] + o div[u] >9(RX]R3) /]RX(R3\{O})(C8tQ + oV (eu')
= lim ( / ¢ (80" — odive/) dL* — / ngaBé(O)ou’)dH3)
020 N JRx(R3\BK0)) _ ! RxOBs0)
=0
= —lim / / Covapyoyer dH? AL = / C(t,0)oh(t)dL(t)
=0 JRr JoBs0) — R -
falls
1 B / 2
h(t) = %l_I}% aBs(O)( VaBg(O) el ) dH
— lim (g(r —20515) _gia(r— cst)> JH2
0—0 OB4(0) r r
= lim (9(6 — cst) — 6g/-(6 — cst)) dH? = 47 - g(—cst) .
6—0 9B4(0)

Also gilt
<C7 r>@(R><R3) = <C7 thl‘(] >9(RXR3) - /]RC(t, O)Qh’(t) dLl (t) ’

was zu beweisen war. O
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Wir sehen also, dass eine Kugelwelle in der Massenerhaltung in einer im
Nullpunkt konzentrierten Massenzu- bzw. -abnahme besteht. Bei einem
Quellterm mit '

g(7) := Re(aexp (%7)) (IV7.20)
kann man sich r zum Beispiel vorstellen als eine mikroskopisch an- und ab-

schwellende Kugel. Wir sehen auch den Doppler Effekt, wenn ein Beobachter
sich mit ¢ — £(t) in einer Kugelwelle bewegt.

7.12 Doppler Effekt. Vom Ursprung gehe eine Welle mit Frequenz w aus
(siehe (IV7.17) und (IV7.20)). Ein Beobachter, der sich mit ¢ — £(t) € R?
bewegt, nimmt die Welle mit einer Frequenz we(;) wahr, fiir die gilt

we(ry = w — E(t)ok(£(1)) - (IV7.21)
Dabei ist der Wellenzahlvektor k definiert durch
w x
k Xr) = —nlx s nr) =—=eq(x
(@)= Zn@), n(@) = (77 =er(a)

Genauer ist fiir ¢ nahe tg

efiwa(t,x)

1
p(t,x) = gRe(iaw ) , a(t,r) =1— —|z|,
14 s

|z
We (to)
a(t,&(t)) = ao + T(t —to) +o(t —to),
mit oy = t(] — é|f(7ﬁ0)|
Achtung: Die Schallwelle ist anders (siehe [21, 77]), wenn sich der Ursprung
der Welle bewegt und der Beobachter etwa still steht.

Der Wellenzahlvektor ist also derjenige, der zu der in dem Punkte lin-
earisierten Welle gehort.

Proof. Es ist mit g von (IV7.20)

CsQ
P (t2) = ~00i(t.) = “Lgun(r — est).
efiwou(t,,:r,) 1
= oRe(iaw ), a(tz):=t——|z|,
- || Cs

also wenn x = £(t)
a(t,€(t)) = t - jsrfu) - Cls(\f(to) e (to)(t — to)] + O(t — )
— - (}S(|f(t0)| + €0 (to)on(€(to))(t — to) + O(t — 1))

- é\f(m)\ +(1- jsf'@o)-n(s(to))(t —to) + Ot — to) .
]
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Schall mit Dampfung

Wir gehen aus von dem System (IV7.4) (see [10, 4.1 Scaling and scaled
equations]) jetzt aber mit “dissipativen” Termen

(9(1’1,)94— QdiV’U = 0,
09+ Vp—divs =f, (IV7.22)

1 1 1
00(1y3 + div(Ga) == GDueS + 9 (5)ea.

mit den Gleichungen in (IV7.2). Fiir Stérungen

(0,v,0) = (,0,0) + (', v, 0') + 0(9),
p=p+op+0(5), S=S+065+0(9), (IV7.23)
s=s5+05+0(0), q=q+065+0(d),

wie ergeben sich in erster Naherung die Gleichungen

a(1,@9’ + div(gu’) = —¢ divu,
0(8 ' +w'eVu) +Vp' — divS =1 — 00 yyv,

0(8(10)8" +1'eVs) + div(éq’ — g—;q) =0, (IV724)
o=ag+dd" +0(9). i
In dem Falle, dass das Referenzsystem im “Equilibrium” ist, d.h.
(0,v,0) =const, S=0, ¢=0 (IV7.25)

ist ¢ = 0 und wir erhalten fiir die Stérung

@ + div(eu') =0,
00’ +Vp' — divs =1, (IV7.26)
Qa(lﬁ)sl + div(éq’) =o'

Aus (IV7.24) folgt das aus den in (IV7.25) gemachten Annahmen bis auf

die Aussagen s = const und ¢’ = 0, die jetzt bewiesen werden unter der
Annahme, dass fir S und ¢ die Gleichungen (IV2.14)

S =2a(Dv)’ + bdiv(v)Id, ¢=—cV0, (IV7.27)

erfiillt sind mit Konstanten a, b, ¢ (oder mit Funktionen, die sich auch wie
in (IV7.23) entwickeln lassen).

7.13 Lemma. Ist (IV7.27) erfiillt, so gelten die Aussagen:
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(1) s = const.

(2) o/ =0, in more detail

g =

6% ra / N - o2, € /12
E<§\Du (D) P bldiv(u)? + 51V8 )

Remark: Siehe [10, §77].

Proof (2). Die Voraussetzungen an S und ¢ zusammen mit S = 0 und ¢ = 0
liefern

S = (Q(DU/ + (Du’)T) + bdiv(u') Id) , ¢ =-cV0'.
Dies ergibt, da Dv = 6Du’ + 0(9),

o= éDUOS + V(%)oq
/

— 52 (%Du’:S’ + V(ES )oq/)

o/ A T 2 b, .. 2 Cc 2
5 (2—Q\Du’+(Du’) 4 g ldiv(e) +@|v9’| )
Also ist o/ = 0. O

Proof (1). Wegen S = 0 und ¢ = 0 ist ¢ = 0 und die Entropiegleichung sagt
00018 = 0. Daraus folgt s = const wie in 7.3(1). O

The equations (IV7.26) for the perturbation are like the Stokes-Fourier equa-
tion and therefore the wave will dissipate.
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8 vr-Vortices

We consider in this section simple vortices, that are those solutions of the
incompressible Navier-Stokes equations that have a singularity in an one-
dimensional curve. Or even simpler, we consider situations in which the
core of the singularity is located on a straight line, i.e. we consider flows
around an axis, which we take as the xs-axis. In this case the velocity
close to the axis is very large. Therefore the flow should be described by a
compressible fluid (see e.g. Bershader [25] where also the connection to the
Rankine vortex 4.7 is discussed). But we will not do this here, we rather

stay with an incompressible approximation having a singularity.

Fig. 24: From [Wikipedia: Tornado]: A tornado recorded from an aircraft.

Here we will first consider the flow between two cylinders (see 8.1) and let
the radius of the inner cylinder go to zero. Then we will present an explicit
solution (see 8.4), which describes a hurricane or a typhoon (de: Taifun).
This hurricane is realistic near the point of impact.

In the first example we consider two concentric cylinders Zr and Zi where
Z,={x €R>; 23 + 23 <1} forr >0,

and in Zg \ Zp consider a stationary liquid which is modeled by the incom-
pressible Navier-Stokes equations with constant viscosity coefficients and
with force f = 0 (see (IV3.7)). Hence we describe the flow for an observer
which himself considers as an inertial frame. Hence gravity is neglected.
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8.1 Couette flow. In the space between the cylinders we have a stationary
velocity field of the form

v(z) =vy(r)ey, r= \/a:% —f—x%,

T rcos —sind
r=|xzo| = | rsind |, ey:= | cost
T3 X3 0

and we show the following:

(1) It is (v,p), with v as above, a solution of the stationary incompressible
Navier-Stokes equation (as just defined) if

B
vy(r) :Ar—i—?, A, B eR,
Y
Orp(r) = Zlua(r)*, p=p(r).

(2) If the fluid has Dirichlet boundary conditions, that is, it rotates at 0Zr
with angular velocity w, and at 0Zg with angular velocity w’, then

s wR?2 — W' R Bo Ww-w R2R? (W — w)
- 2 20 1 1 2 /2
R R L R-R

Referenzen: (See Hutter [8, 4.3.1 Couette Viskosimeter| and Hutter & Wang
[9, 7.3.1 Couette Viscometer]). See also [Wikipedia: Taylor-Couette flow].

Fig. 25: Center: w1 = w', wy =w, a = R, b = R. Left: Couette flow (see
[Wikipedia: Couette flow]). Right: Not considered here the Taylor-Couette
flow (see [Wikipedia: Taylor-Couette flow]).

In Fig. 25 the left image shows a flow as it is treated here, see also the center
of the image. For large values of |w — w'| the flow is indicated on the right
image, a case which is not treated here.
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Proof (1). The differential equations which have to be solved are (IV3.7), in
our case these are divv = 0 and

oo(veV)v + Vp —alv =0 (IV8.1)

with ¢ = const > 0. For the unit vectors

cos 1} —sin ¢
e, := | sind |, cos19 ,
0

if they are considered as functions of z, it is (see 1.1.5)

or, if they are considered as functions of (r, 9, x3),
ore, =0, Oge, =ey,
Orey =0, Oyey = —e,.
Thus our velocity has the divergence
dive = e, 00,V + eyede, v
= e, 00,V + %eﬁo&gv = Ve eey — v%quoer =0,

since e,eey = 0. The differential equation (IV8.1) we solve cosecutively for
v and then for p, that is specially, we write

Av =0, v=uvyey,
Vp = —po(veV)v

As we will see, the second equation can be solved for p because of the special
solution v of the first equation, therefore this decomposition is consistent
with the one in 3.6. The Laplace operator of v is

1 1
Av = %0 + f&nv + —28§v

1
= vhey + vﬂeg + 019 Ogey
| I— |
= —e,r.
1
g _eﬁ

1 1
— (’U,g + ;”U& — ﬁ’l}ﬁ)eﬁ,
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and the general solution of
1 1
14 /
Vg + —vy9 — —v9 =0
Y r 0 7_2 9
is B
vg(r) = Ar + —.

r

The second equation for the pressure gives

Vp = —o0(veV)v = —pguy(egeV)(vyey)

2 o 00 2
= _Qovﬁaeﬁe’ﬂ = 701997'7

and therefore o
p=p(r), p(r) = Llog(r).

Thus, the statements are proved. O

Proof (2). The assumption is that we have the following Dirichlet conditions
v9(R) =wR, w(R)=uwR.

Plugging this into (1) we obtain

B B
AR—FE:wR, AR/—i—ﬁ:w'R/,
what is equivalent to the above formulas for A and B. O

When the inner cylinder Zr/ degenerates, that is, if R — 0 and w’ stays
bounded, then the coefficient A converges to w while B converges to 0. In
this case a linear velocity vy is left, that is,

VY = WT.

But if the angular speed goes to infinity, w’ — oo as R’ — 0, lets say we
have
R?W' — C with C € R,

then it follows

1
B = = (R'Qw' — R'2w) —C
1— % ,
i 1 (w_W/RQ)_)w_C for R — 0,
_1_%’2 R2? R2?
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and the solution (v, p) converges to the free vr-vortex

c
volr) = (= )+
2

V8.2
- 2ova(r)| (1Ve:2)

Orp(r

Flows with this property are referred to as “vr-vortex”, that is, the velocity

v goes to infinity towards the singularity, while obtaining a bounded vector
field, if one multiplies the velocity v with the distance r from the singularity.
Thus vy (r) -7 remains bounded. The vortex in 8.1 in this limit is then called
“free vr-vortex”. This limit can also be obtained by writing the equations
for a system, that consists of the fluid and a rigid body Zgzs (see the Rankine
vortex 4.7 and the paper of Giaiotti & Stel [12]). If this system rotates
rapidly with angular velocity

,_ C+o(1)
- R'2 ’
then one proceeds to the limit R’ — 0.

w

One can show the following:
8.2 Theorem. For the solution of the free vr-vortex in (IV8.2) is in 2/(R?)
div(v,uRa\W) =0,
v tim M@)o o0y~ Npaw) =0,

where the limit in 2'(R3) exists. Here

M(v) := govv" + pld — 2a(Dv)® in R*\ W,

Coop 4a O
C
N::T7r —4a Cpy 0 ,
0 0 0

(05 1w ) g(rsy = /RTZ(anvxza)dLl(x:a)

with the singularity set W := {(0,0,23); =3 € R}. We denote by ups\,
respectively pgs\p ), the Lebesque measure L3 on R®\ W, respectively
R3 \ B.(W), where L3(W) = 0. The measure uy denotes the Hausdorff
measure H' on W. Pay heed to the singularity of v.

Observe: The limit “lim.\ (" in the assertion stands after the divergence
operator, i.e. “divlim.\ ", although in the proof first it is considered before
the divergence operator, i.e. “lim.\ o div”. Therefore the part “Existence of
the limit” of the proof is necessary. Definition: The specified functions in
R3 \ W are not defined in the singularity W. The derivative Dv is only
defined in the open set R3 \ .
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The nontrivial part of the matrix N acts in the horizontal directions. This

part is

Cop 4a 1 0 0 1

[—4@ C,Q():| =Coo [0 1] da [—1 o] '
It consists of an expansion of order C'gyp and an antisymmetric part of order
4a. The theorem states that the mass and momentum conservation are
satisfied in the whole space, and that in the distributional sense, where
the described Cauchy limit is a distribution (to this Cauchy principal value
see [71, 6 Cauchy’s principal value] and from classical literature [79, (for
n = 1)]). It should be noted that here we rely on the original form of
momentum conservation, that is, we use the term divS with the stress
tensor S = a(Dv)S and not aAv. Outside the singularity W, the solution
fulfills the stationary incompressible Navier-Stokes equations

divo =0,
divM(v) =0.
Incidentally, it is an open problem to approximate the vortex by solutions
of the compressible Navier-Stokes equations.

Proof (Conservation of mass). Let A :=w — 1% Then

—T9 —xI9
. -~ C
V= vgey = % r | = (A + 7—2> |, (IV8.3)
0 0

which is of order % near W, and thus v is integrable over R3. It holds
dive = 0 in R*\ W and for ¢ € 2(R?;R)

<C7 diV(’("/LR?‘\Bg(M/’)) >9(R3) == < V¢, UHR3\B(W) >@(R3)

=— / V(evdL? = / / ( vp.oyov dH" dL!
JR3\B(W) R J9B(0) )

= /(;15—0— g) / ¢ VB 0) *€v dH'dL' =0,
JR €7.JoBL0) ____

thus also (¢, div(vugs\w) >(/ (B9 =
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Proof (Conservation of momentum). The solution of (IV8.3) fulfills in R*\ 1/

Dv:D((ZH T%) {f] )

0

. C —ZT2 —x2 C
= A+ 0( f)lb*hl >(52)
0 —1 0 —xI9
- C 2C
:(A—l-fQ) 1 0 0 -7 xr1 [:El o 0],
1o o0 o0 " 0
1 ]
= rlege,’

and hence (e,, ey are defined in the proof of 8.1)
1 C
(Dv)® = 5 (Dv + (DU)T) = —T—Q(eg el fereyl).
Then in R3\ W
M (v) := govv™ + pld — 2a (Dv)®

2aC
2

(IV8.4)

= Q()’U?gqu eyl + pld + (ege,r +e eyl),

and therewith
divM (v) = (e,e0e, + €y00e, )M (v)
= (0, M (v)) € + (Oey, M (v)) €9

= 000,(v3) (egey’) e, + 00v3de,(eges’) ey + 9,p(r) e,
|
=0
2aC 2aC'
+ 0, <7“72) (919 erT + e eﬁT> e, + T’Taeﬁ (919 erT + ey eﬁT) €y

2aC 2
= r2 ( - ;eﬁ + eﬂ.(aeger)eﬁ + aeﬁe'p) =0
U2
f (_ Q(;J_'_arp(r))er :0’

since p is a solution of (IV8.2). Now for ¢ € Z(R3;R?) it holds

(¢, div(M(v)prs\p.w)) >@(R3) = — (D¢, M(v)urs\p.w)) >@(R3)
—— [ ToG ML’
R3\B(W) ij

- Z// (vB.(0)%€;)Ci Mij(v) dH' dL!
ij JR JoBL(0)

:// Co(M(v)e,) dH! dL'.
R JoB.(0)
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Since from (IV8.4)
2aC

M(U)er = pe, + TTeﬂ
this is

N /R/asa(o) e <p(€)eT v 25720%) AR ALY = ().

Now obviously (e, and ey only depend on e'”)

2aC'
ple)e, + —ey ) dH! =0,

and since
C(x1,22,23) = ((0,23) + 2;0;¢(0,23) + O(r?)

j=1,2
1

= ¢(0,23) + 7 (er);0;¢(0,23) + O(r?),

J=123

and since from (IV8.2)

Orp(r) = 00 A%r +

Y

2@0;10 00 C 2
+=3
r r
which implies
00C?
272

p(r) = + O(Jlogr|) fiir r — 0, (IV8.5)

this gives for ¢ — 0

(1 C(z1,22,23) — C(0,23) ¢ 5
(*) = /R - /HBg(O) . 0<6 p(e)e, + QaC’qu>
dHY (21, 29) AL (3)

/ (er); (52p(5)er + 2aCe19> dH'dL (23) + o(1)
9BL(0) i

1
€

=>_ | 9;G(0,z3)
i; JR

2
= —/ D(¢(0,z3)s / (QOC e el —2aCege, ) dH dL'(z3) + o(1),
R oBy(0) 2

N~

=N
since e2loge — 0. In the limit € — 0 it follows

ijm <D€, M(U)NR3\B5(W) >EZ(R3) = <DC7 NUW >GJ(R3) :

0
The claimed representation of N follows if one uses
1 0 0 0 -1 0
/ ee,, dH' =70 1 0], / ege, . dH' =71 0 0
dB4(0) 0 0 0 9B4(0) 0 0 0
O
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Proof (Ezistence of the limit). We still have to show that
il\r"% < = ) M(U)MR3\B5(W) >9(R3)

exists for all = € 2(R3;R3*3). (So far, this is only shown for Z = D¢ with
¢ € 2(R%R3).) Welet = € Z(R x By(0); R3*3) because we only have to
consider parts which are non-integrable in the limit. It is
M (v) = govv" + pld — 2a(Dv)°
00C? T 9002 2aC'

= ~ g eey - Id+7(e19er +ere9t) +O(logr|).

= M(T‘, 19)
All three terms of M are not integrable near W, and we decompose

M(r,9) = M(r,9) + M'(r,9),

o2 sin 299 —sindcos?d 0 00C2 1 0 0
MO(r, ) 2902 —sindcos v cos 2 0| — ;2 010
" 0 0 0 " 1o 0 o
%, —2sindcos?  cos?¥ —sin29 0
+—5 cos 29 — sin 29 —2511179COS19 0
" 0 0
0 0 O
02
M (r,9) = =210 0 0
" lo o 1
Now we compute
/ MO qdr?
B1(0)\B<(0)
.92 .
1 son 9 sin “u —sindcos? 0 o1 0 0
_// (QOC —sin Ycos ¥ cos 20 0 _9020 0 1 0
e Jo " 0 0 0 " 1o 0 o0
2aC —2sindcos?  cos¥ —sin29 0
+5 | cos?9 —sin?9  —2sindcos 0 )dﬂdr
0 0 0
! 0 0
5 1 00
—9 /1<QDCQ S SN IS PR
o 0 = 0
) T 0 (2) 0 . v
0 0 O
2aC
+== 10 0 o] )ar
" lo o o0
=0.
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From this it follows that

/ =eM0dr?
Rx (B1(0 £l

N\B.O)
:// (B(a1, 7, 5) — 2(0,0, 25)):MO d (21, ) das
= JB,(0)\B0)

1
:// / De, Z(51, 59, 23) dss(rM) d(zy, z2) dxs
R J/B1(0)\Be(0) /0O

where rMy = O(2) is integrable over R x By(0), that is,

lim =:M0dL?
N0 JRx (B1(0)\BL(0))

exists. To deal with the term

—. 00C? - 1
M dL? = — /R /R  Es3,(0)\B(0) 75 AL AL

/Rx<B1<o>\Ba(o>> 2
we choose ¢, :R? — R as the solution of
1 .
—Ape = ﬁXBl(O)\Ba(O) in B1(0) , ¢ =0o0ndBy(0),

that is, o — ¢ (it is ¢ = ¢ on B1(0) \ B:(0)) where

N Y log 7’
‘PZQD(T)Z/| - ‘dr'

r

is an integrable function in B;(0). From this we conclude

1
E33 (0)— dL? = — / Ea3Agp, dL?
/R , =338B1(0)\B(0) 2 B0)

— [ AEymop.dl? - [ AEy - edl?,
B1(0) B1(0)
so that also
lim Z:M'dL?
e\o0 Rx (B1(0)\B(0))

exists.

349
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The Swirling Vortex

We now give an example of a vortex touching the ground. At the ground the
boundary condition v = 0 is required. The gravitational term is (justifiably)
neglected, as well as the centrifugal forces with respect to an observer in the
center. Note that we now use polar coordinates in R3.” which are defined

J SERRIN
. " N
o =
< Ii
I 1~
a, =
5 =
= 1l
I =
£
g -
£ £
ES Y
= g
=
Z =
= 3
3 Nz
" &
] ; 5
B &
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. )
ol £
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g
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I z
e . ._'Jrs
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e 2l =%
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= L 1 ; ] 2
o
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g e
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ﬂ o
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i 2
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Fig. 26: Page from Serrin [(3]
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by
T T rsin a cos
r=|x| =7 |a| =|7Tsinasind |,
T3 9 TCOoSs o
r>0, 0<a<j, YeR, and (IV8.6)
sin a cos ¥ cos v cos —sin v
e = | sinasind |, e,= |cosasind |, ey=| cos? |,
cos « —sin « 0

thus {es, ey, ey} is the corresponding orthonormal system with respect to
these polar coordinates. The flow region is {x € R?; x5 > 0}. It is

I

Orer =0, Ore7 = ey, Oger =sina ey,
O7¢q =0, 0O.eq = —€7, Oge, =cosaey,
Oey =0, O.ey=0, Ogey = —sina ex — cosa e .
Define v := vor and p := por. Then (we use the basis vectors in both

coordinate systems)
OV = (0e-0)0T,  0a = T(0e,v)0T, Ogv =1(de,v)0T,
and similarly for p.

8.3 Laplace operator in polar coordinates in R3. It holds

1 . - . . 1 -
(Av)or = o (8;(?281n o 8;1}) + 0y (SID o aav) + Oy (sinaaﬂv)>
2 1 cot 1
_ a2~ ~ 2~ ~ 2~
= O RO R0 T Oa g O

Proof. Here for | = 1,2, 3 the equation in (I5.11) with Z =1 and N =1 is
divg=r withu=0,¢9=—Vu, r=—Auy,

and the transformation z = 7(z*) where z* = (7, a,¥). The invariance of
the equation gives
divg* =r* with u* =0,
*

1 . 1
if qOT:jDTq*, roT =1, J =detDr.

Now v;o7 = v; and this implies
- f 1 .
()jvl = ZTi/j(divl)oT = —Zﬂj/jinT = —j ZTi/jTi’ka
i i ik

* 3 Pyp— —
=7 zk:cjqu with ¢jp 1= 0 7 Tirk = T1j0T 1, -
9 (2

" also named “spherical coordinates”
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Then, if

T/j.T/k = )\]5]k 5 (IV87)
this implies —¢; = /\ij@jfrl, hence the differential equation

J o~
J(Av))or = —JroT = —r" = —divg* = Z(?j()\—(?jv)
J J

J - J - J .-
= 0?()\*10?01) + 0(1()\*2(%@1) + 019()\—30797;1) .
Here J = det DT = 7%sina > 0 and (IV8.7) is satisfied with
2

M=lmP=1, X=|m|*=7, X\ =|r3]*=7sin’a.

(Remark: The classical alternative is a proof by direct computation.) ]

8.4 J. Serrin: “The Swirling Vortex”. We consider stationary solutions
of the incompressible Navier-Stokes equation in

{z €R®; z3>0und r = (/2% + 23 > 0}

G(s) F(s) Q(s)

v(x) = er + €q + ey
r r r

of the form

with polar coordinates (7, a, ) (see (IV8.6)) and

r=/2? +22="Tsina, s=cosa.

Here F', G, and 2 are bounded functions. The following applies:
(1) For the gradient of the velocity
G F Q

Orv = _ﬁe?_ ﬁea - ﬁeﬁa
G F F G Q
0v = (0u() =)o+ (2a(5) + 5 Jea + 0 oo
Qsin o Qcosa Gsina  Fcosa
Do = = r oy e ( r * r )eﬂ'

(2) The boundary condition v = 0 on {z € R3; 23 =0, 7 > 0} is satisfied if
G(s) =0, F(s) =0, Q(s) > 0as s — 0.
(3) The mass conservation is satisfied in {x € R®; r > 0, 23 > 0} if
G(cosa) =sina - F'(cos o).
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(4) The incompressible Navier-Stokes equation in {z € R3; r > 0, x3 > 0}
is equivalent to
~3

FF" +F” 4+ (F% 4+ Q% cosec?a = T—@,:p = i(F”’sinzoz —2F"cos ) ,
€0 00
/\-Q .
FF' + (F? +Q%cota-coseca = ! Smaﬁap + L Fsin 2,
20 Q0
2
FQ/ = r—(%p — L in%a.
Qo0 ]

Reference: See Serrin [63, Chap I. Formulation of the problem, 1. Basic
equations]. See also the rest of the paper of [63] and the exercise in [21,
“The swirling vortex”].

Proof (1). The definition of v is

o(r, o, ) = GT(ls)e;r(oz,ﬁ) + Fis)ea(a7ﬁ) +

Qis) ey ().

r=rsine, §=cosc.
This implies

~ 1.
070 = —=v,
r

007 — 8(x<§)e;+ 8(1(§>ea + aa(%)eﬁ + g&le;+ E onen.

T

- ((E)- D @ (5) - e+ B

. G F 0
Opv = —0Oye; + —0peq + —0Opey,
T T T

Qsin Qcos Gsina = Fcosa
_ _funa, Qosa, | (Gino | Fosay,
r r r
In the following proofs we do not write v and p. O
Proof (2). Is obvious. O

Proof (3). We compute using (1)
0 = (divv)or = (e;08e?yv +eq90q,v + elgoﬁegv)

1 1
= e;00:0 + —€,00,V + —eyedyv
r r
G 1 F G 1/Gsinae  Fcosa
=G (o (F) £ Gy 4 L(Gainer Feosey
A , , , , ,

:i<8a< F >+ G +Fcosoz>: 1 (8QF+G>,

72 sin a sin a sin 2av 72sin v

which implies the assertion d,F + G = 0. O
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Proof (4). With
M(v) := govv" + pld — 2a (Dv)°
the stationary Navier-Stokes equation reads dive = 0 and
0= divM = go(veV)v + Vp — adivDv.
We compute the individual terms. With p = p(7, o, ¥) it is
Vp = Oe.per + Oe,p€a + Oeyp €y

1 1 (IV8.8)
= &pe;—l— ?6apea + ;81919@19-

Next we deal with the nonlinear term. Using (1) we get

(veV)v = ve€5:0c-v + veeyJe, v + veeydeyu

vee veey
= vee;0iV + ——— 00U +
r

Oyv

() Eerr (0(£) + e (B

:Q:(_ Qs?naeF_ Qcosaea . <Gsina N Fc:soz)eﬂ) (IV8.9)
(-G £ (0)- ) B
(- E () 6) B
+<_GQ F

Q Q, .
r2 mﬁa(;) + ﬁ(GsmaJchosa))eﬁ.

Now we treat the viscous term. Using 8.3 we have the following representa-
tion for the Laplace operator in polar coordinates
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rr(divDv)or = &7(?%111048’,:1}) + 0a (Sina@av) + &9(
= 6;( — Ger — Fe, — Qeg)

+0a (sina(9a(G) = £)er +sina(0a(L) + € )eq +sinada(2)ey)
+09( — Sep — Lestae, 4 (G 4 Fata)e,
= O (sina(0a(€) = £) )er+ 0 (sina(0a(£) + €) ea

+0u (sina- 0 (2) e

+sina<8a (%) — g)@ae;—i— sina(@a($> + %)8,16@
(

804977: €a Onea= —€7, Oney= 0)

8,921)

sin «

~Qper — Qotegye, + (€ + Lota)ge,

(Oger= sinaey, Ogeq= cosaey, Oyey= —sin aey — cos ae, )
- (a3 (£) - £)) s ) s+ )
(ina(5n(£) 1 £)) +sina(an(£) - £) - s+ E512) o
+(0a(smada(2)) = 722 )es-
Now one computes
aa(sina8a(%)> ~ 0 @%in%a

and (after some computation) using the mass conservation G = sina - F’

F 1F
dmay(F)+ € _LPesa
r r 7 sinZa
F
B zaa(g)——:—f<F”sma—|— )
r r sin «

r sin 2av

G Fcota 1/, Fcosa
7’+ r (F+ )

1
da(sina- B) —sina- A —sina - E = *(F”/bln a — F"9,(sin oz))
T
1
da(sina- A) +sina-B—cosa-E = —ZF"sin%a.
T
Altogether this gives

1 1
(divDv)oT = = (8;(?25111 « 8w) + On (sin « (%v) + Oy (m&gv))

1

== ((F”’51n2a—2F"cosa) — F''sinace, + Q' smaeg)
T
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We do the same for the (veV)v-term to get

G?> F 0?2 1 F?2 4+ Q2
o N—B——Asina:——(Fa—&—F”F—&— ;)

rrZ  rr 73 73 sin 2av

GF F 0? 1 /F'F  (F?+Q%)cosa
—— iA——cosoz:—:( — + . ),

rr2 o rr r3 73 \sin sin 3o

GQY F Q Q QOF
—= + iaa(—> + —‘(Gsina + Fcosa) = ——.

2 T r 3 73sin a

With this we finally add all terms of M and obtain

0=7(divM)or
F? +Q?
:7QU<(F,2+F/,F+7'+2 )e;f
S11l “ (v

F'F F? 4+ Q?)cos a OF
+( Jr( + )co%oz)eaJrg. eﬁ) (IV8.10)

sin a sin3a ina

[~ 0y
+72 <'r'8;rp €7+ Oapeq + — P e19>
sin «v
—a,((F”’sin 20 — 2F"cos a) e; — F''sinae, + Q'sina eg) .

We only have to collect now the terms in the ez, in the e,, and the ey
directions to achieve the three equations in the assertion (cosec a := (sin o)~
and the second and third equation is multiplied by sina.) . O

The function v is a vr-vortex with the positive xs-axis as singularity. The
pressure satisfies the following statement which one can compare with the
result in (IV8.5) for the free vr-vortex.

8.5 The pressure. From the equations in 8.4(4) we conclude that

s m(cosa) m

p=p(r o) = 5= 5

resin“a r

where s — w(s) is the reduced pressure with finite value 7(0). Here the
pressure p is normalized to be 0 at infinity.

The pressure on the ground is

Zﬂon{m; 7 >0, z3 =0},
T

and near the singularity {z; 7> 0, r = 0} the pressure satisfies

2 2
_a . @(F’F (F*+Q )cosa)
Dap = FQF s1na+?2 sima+ sin3a ’

Here, since the boundary condition v = 0 was selected, the solution shown
is realistic especially near the ground.
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Fig. 27: “Tornado at Elbow Lake, Minnesota, 5 September 1969 (Photo-
graph by Olaf Dybdal)” from [(3]

Proof. Wir betrachten die Funktionen in {z; 7 > 0, 0 < a < §} und nehmen
an, dass p = p(7, o, ). Nach der zweiten Gleichung in 8.4(4) ist

Do (T2p) = T2 04p = feno(a)

daher
72p = fen (o) + fen o(7, 9) .

Now the third equality in 8.4(4) says
fCIlg(Oé) = ?"Qaﬂp = 819(7/")2])) = aﬁfCH(] .

Now dgfen g is independent of «, so that dy(72p) = congs, a constant. We
conclude that 72p is linear in ¥, but is 27-periodic in ¥, hence it is indepen-
dent of ¥. Therefore fen g = fen o(7), so that

fen (o) + fen o(7)
pu— /7:._2 .

Let us use the first equation in 8.4(4) which means
fen 1 (a) = 729sp = —2fen (o) — 2fen o(7) + 70xen o(7)

which says that 70:fcn o(7) — 2fen o(7) is independent of 7 and this is equiv-
alent to
fen o(7) = con o7 + ¢
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with constants cony and ¢g. Thus we obtain for p

fen (o) + co
p=——=——+cong.
p 72 + 0

If we normalize p by 0 at infinity and define w := (fen (o) + ¢p) sin 2ar, we

get the assertion. O

The flow developes a singularity near the positive x3-axis. In contrary to
8.2 this singularity is 8.4 not considered in the differential equations, we do
this belatedly in [21, “The swirling vortex”].

A solution using the compressible Navier-Stokes equation will be an approx-
imation of the singular behavior described here.
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9 Fractionation

Wir betrachten eine Mischung von verschiedenen Fliissigkeiten mit der Eigen-
schaft, dass die Anziehungskréfte der Molekiile derselben Sorte der Mischung
dominant ist. Dann erfordert diese Mischung mehrere Impulsbilanzen, und
zwar eine fir jede einzelne Komponente. Wenn g,, die Dichte der a-ten Kom-
ponente der Mischung und v, deren Geschwindigkeit ist, ist der allgemeine
Ansatz der Massen- und Impulsbilanzen (see I1.3.13)

815@04 + div(@oﬂ)a + Ja) =Ta,
815(001”&) + div(@ava UaT + UaJaT + Ha) = ,Fa ) (IVQ.l)

f, :=r,vs + DvJo + £,

fir « = 1, ..., m, where the representation for EX is from (I113.17). Hierbei ist
m die Anzahl der Komponenten. Neben den Scheinkraften wird hierbei f,
hauptséachlich aus der Schwerkraft bestehen, und II, sind zunéchst beliebige,
auch nichtsymmetrische, Matrizen (siche 9.2). Dariiberhiaus gibt es noch
eine Gleichung fiir die (totale) Energie e, die weiter unten hergeleitet wird.

Das System (IV9.1) wurde schon in (IT13.9) als Mischung der Klasse II
dargestellt, also ist in der Massenerhaltung

PaVa + Ja = 0a¥ + (Qaua + Ja)

where the two objective vectors g,un, and J, describe the relative move-
ment and the diffusion of the species . Wir wollen in diesem Abschnitt
systematisch die Energiegleichung und die Residualungleichung, welche aus
dem Entropieprinzip folgt, herleiten. Wir kommen somit zu Bedingungen,
welche die Terme J% und II* sowie r® und f¢ fiir verschiedene Kompo-
nenten o miteinander koppeln. Wir konnen also entgiiltig sagen, dass die
Gleichungen des Systems wie vermutet voneinander abhéngen.

References: The mixture theory has been originally described in two pa-
pers by Green & Naghdi [107] and I.Miiller [117], where “each used a differ-
ent entropy inequality” [27, 1.7. Comments on the Formulation of Mixture
Theories|. For the non-uniqueness of the entropy principle, which is meant
here, we make the statement 9.8, and we use in the case that there is no
diffusion an entropy flux which was already proposed by Clausius-Duhem,
see below 9.6. Later publications, all following the I.Miiller paper, you find
in I.Miiller [87, 6 Thermodynamics of Mixtures of Non-viscous Fluids| where
also shortly the history is addressed, and in Hutter & Johnk [47, 7 Theory
of Mixtures| where the different classes of a mixture are introduced. Bothe
& Dreyer give in [26] a detailed theory of the mixture problem. All these
publications are based on the fact that J, = 0quq is meant.
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Define the total mass density and the mean velocity (this is II1.3.1(1)) by
1
0= 0as VI=—) 0aVa, 0>0, (IV9.2)
« Q «
and the “relative velocities” (these are objective vectors) by
Ug :=Vq —v sothat > pqua =0, (IV9.3)
67
which follows from the definitions of ¢ and v in (IV9.2)
ZQaua = Zga(va _U) = Zgava - (ZQ&)U =0.
« 6% (0% [0
With these definitions we obtain

9.1 Total mass-momentum system. Define
J:=%J,, r:=%r,, f:=31,.
o « «
Then as sum of the individual balance laws one gets
0o+ div(pv +J) =r,
" T ~ (IV9.4)
O¢(ov) + div(ovv +0vJ" +11,) =1,
where
iz = Z(Qauoa uocT + Uq JocT + Ha) 5

o

) (IV9.5)
f=rv+DvJ+f, f:=) (raua+Ducda)+> fa.

o «

Proof. Since u, satify (IV9.3) we obtain
T
Z OaVq /UaT = Z Qu(’U + ua) (U + Uu)
« o
=3 0av vl + > Oalia uo ! = pvvt + > 0atia U
« « (07

and therefore

Z(Qava /U(MT + Vo J()/T + H(,y)

(03

= 0" + 3 (0atiatia’ + (v + ua) Jot +11,)
(07

= ovv" + 0IT 4+ s
if the matrix II,,;, is defined as in the statement. Moreover

? - E?(y - E(ruvu + D/UuJa + fa)
«

«

= > (rqv+Dudy) + > (roua + DugJo + £4)
«

«

rv+ DvJ +f
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if the force f is defined as in the statement. Thus the formula for the
momentum balance follows. O

9.2 Symmetry of II. Assume II, = II;Y" + I17¢! and

I Z(Qaua UaT + szm) + Z(uoc JaT + ngst)
o o
1 1 1 1

. sym __. 1qrest
=117 =: 11

. . sym . .

with a symmetric part II;Y"™ and a rest II7¢, both objective tensors. Such
a splitting is performed in 11.3.13. Hinweis: Falls J, = 0 kann I, und dann
auch II,,;, als symmetrisch angenommen werden.

In addition to the mass-momentum equations in (IV9.1) we now assume for
the mixture a total energy equation

e+ divg=9, e:=émiz + g]v|2,
- 1
q=ev+ §|U’2J + HmixT U+ Gmix (IV96)

G = S 4 veDud 4 vef + DT + g

subject to the condition that this energy equation together with the total
mass-momentum equation (IV9.4) is a mass-momentum-energy system as
in I1.3.13. In particular it follows that €,,;, and g are objective scalars and
gmiz an objective vector. Eventually, we want the objective scalar g set to
0 in order to satisfy the total energy conservation.

Hypothetical energy equation

But now we ask the question, what should be the constitutive relation of
these quantities €5, and ¢, in the energy equation? As answer we write
down the (hypothetical) energy balance of the phase a and treat the sum
of these equations as total energy equation. This is an idea going back to
Truesdell [122], see I.Miiller [87, 3.2.2.7 Metaphysical principles] and the
text in Hutter & Johnk [17, 7.1 General Introduction], also see Case III in
section II1.3. We follow this procedure. That is, we state the equation

Oeq + divgy = goz ,

O« ..
€q = Eq + 7|va|2 , € Objective scalar,

_ 1 (IV9.7)
Qo = €qVq + 5’7)04|2Joc +HozT Vo + Qo

~ T 2 oTTESt

Ja = ?|va| + va0DvaJ o + vaofy + Dug sl + gq
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where g, is an objective vector and g, an objective scalar. This energy
equation for phase « together with the mass-momentum equation of phase «
is a mass-momentum-energy system as in [1.3.13. Therefore also the sum
over « of these systems stayes to be a mass-momentum-energy system as
in 11.3.13. This means that we are able to define the quantities of the total
energy equation by

e:=Y¢€a, =2 0ar J:= 0a- (IV9.8)

«

Thus by construction these terms have the transformation properties de-
scribed above and satisfy (IV9.6), where the mixing terms are as follows.

9.3 Theorem. With definitions (IV9.8) the energy equation (IV9.6) is sat-
isfied with

0
Emiz = Z;’Uap +Z<€aa
a

o

1
qmiz = Z (%’UaPUa + §|ua|2Ja +HaT Ua) + Z(eaua + Qa) )
a

[0}

r
= Z (?a‘uap + UQODUQ + ua.fa —+ Dua:ngst + ga) .

«

Proof. For e we have by definition, since v, = v + ugq,

e=Yen= (ea+ Qfa\/u + ua|?)

«

- Z (EU‘ + %‘UV + 0aUq OV + |U(Y‘ )
a

4%
Seat+ gl + 5 5 ual
(03

hence 0
Gmmzz€a+z 0(‘ 0’2
a

Next we have for ¢
- - 1
=2 Ga=), (ea'voz + *‘Ua‘%]a +]-_-[(IT Vo + Q(x>
o o
Z( Ca U"‘V_U‘(\) 7|U+uu’2']()/) +Z( U+uu)+Q(y)

1
=y (eav 5\1}]2JQ) +> (eaua + (veuy)Ja +11, T v)
(0% (0%

1
+ Z (§‘ua|2']ut +H(1T U + qa) y
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Now using the identity of e, in (IV9.7)

Y ealia =D Eqlia + D Q—a|v —i—ua\2ua
(0% (0% (0% 2

1 %
= ¥ 5l eatta + 3 ga(veta)a + 3 (ca + 5 fual)ua
o 2 «a @ 2

e 1

=0

it follows that ¢ equals
— %: (eav + %|v|2Ja) + %: (Qa(voua)ua + (veuy)Ja + Tt U)
T (o + 5l e+ oo+ T o +0)
=ev+ %|v|2J + vt v

0 1
+3 (G ualPa + Flual*To + o™ ua) + X (catia + 6a)
[}

«

hence

0 1
Amiz = Z (j‘uoz’zua + 5‘“(1’2']& +HOtT Uoz) + Z(‘Saua + Qa) .

« 2 «

For the right side we get since f = ) _ (rota + Duads) + > fo by (IV9.5)
and writing vy, = v + uq

~ ~ r
g = Zga = Z (?a|va’2 + ’UaoDUaJa + Ua‘fa + Dva:ngst + ga)
@

«

=> (%”012 + roveu, + +veDuJ, + veDuyJ, + v.fa)

«

r
+> (?a]uof + UuqoDvI o + tugeDuad o + Uqof, + Dug TR 4+ ga)

(0%
= g|v|2 + veDuvJ + vef + Za: uqeDvJ
+3 (%“yuaﬁ + tuqeDuaJ o + uqefy + DugsII + g4)
«
Since by 9.2
Dulllet = 3" Dot (uaJo’ + LY = S ugeDud, + Y DusTIe
« (0% (0%
it follows again since vy, = v + uq

G = SIo? 4+ veDud 4 vef + DuII + g

g:=> (%‘]ua\Q + UgoDuaT o + U of, — DUSITEES! + Do SIS + ga)

[e%

r
=> (?a|ua|2 + ugeDunJ o + ugef, + Dua:ngst + ga) ‘
(0%
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The assertion follows. O

Thus we have derived, as wanted, a total energy equation, but with one
essential exception: The last terms of &, and g, contain quantities which
are known only in this derivation and not in the original mixture system.
Therefore we define

£:=) ¢ca, ¢:= (calia+qa),;
[0 [0

- o (IV9.9)
g = Z (?IUOA + ua.DUona + U’Ot.fa + Duo"Ha + goz) ’
o

and one can understand this definition as the fact that mixtures of Case I11
are also mixtures of Case II. For us it is important that replacing the terms
Eas §o and gq in 9.3 by €, ¢ and g defined in (IV9.9), we obtain an equation
which is relevant for the Case II mixture. Therefore in the following we take
¢ and ¢ as independent variables, and forget about (IV9.9).

References: The equation in 9.3, resp. (IV9.10), of different internal ener-
gies one also finds in DeGroot & Mazur [6, Chap.III §4], in Hutter & Johnk
[47, Theory of mixtures (7.6.15)], and in Bothe & Dreyer [26, Mixture bal-
ances, after (19)]. In [26, eq.(38)] the entropy is assumed to be a function of
this “thermal energy” e and the densities g, as we will do in (IV9.15) and

in (IV10.7).

Mixture system of Class 11

We come in a sense back to the mixture problem at the beginning. In
addition to the mass-momentum equations in (IV9.1) we assume for the
mixture the single energy equation (IV9.6), in which we define

Emix 1:5+Z%|ua|2,
o
o w1 ; (IV9.10)
Qmiz ‘= ¢ + Z (?‘ua’ U + §|ua‘ Ja + 11, ua) .
ey

Hence (IV9.1) together with (IV9.6), and with the free variables € and ¢ in
(IV9.10), describes the full mass-momentum and energy system of Case 11
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mixture. We write this down again

Mixture system of Class II:
0100 + div(0ava +Ja) = ra,
0:(0ava) + div(0avave’ + vadal + 1) = £,
Oe+ divi =7, e:=¢cmiz+ gMz
(IV9.11)

£, :=ToVa + Dvada + fa, zu £ and f siehe (IV9.5),
N 1
=ev+ §|U‘2J + Hmia:T U+ Gmiz

§= Sof? + vaDud 4 vef + i + g,

where I1,,,;, is defined in (IV9.5) and €, and g4y in (IV9.10). We want
to consider the energy conservation for the total energy equation, which is
represented by the objective scalar g. But before we discuss this further we
first study the entropy principle

o:=0m+ divyy >0

for this system (IV9.11). The entropy will depend on the variable ¢ in
(IV9.10). Therefore we need the following

9.4 Thermal energy equation. The energy equation of (IV9.11) can be
written, modulo the other equations of (IV9.11), as an equation for the
objective scalar ¢

Oe + div(ev + q) = g — > Dy sIl¥™
«
r
> (?a|ua\2 + ugeDugJ, + uyef, + Dua:Hg“t) .
(0%

Here 11, is an in general antisymmetric matrix. The right-hand side of this
equation is, as it should be, an objective scalar.

Remark: This identity is identical with [26, Eq.(21)], and essentially identical
with [60, Eq.(2.46)] (e.g. replace there velocities by relative velocities).

Proof. 1t is by (IV9.10)

O, 0 0
6:5mix+§|1}‘2:€+2§
«

(Jual” + o*) = & + 3 T lval*-
[0

The second summand satifies the differential identity I11.2.2 (follows from
the mass and momentum equation)

. 1
at(%“\va\?) + dlv(%\’ualz + 5\’00]2Ja +11, 7 ’Ua>

Ty,
= vyef, + E\UQF + voo(Dugd o) + Dugllly, .
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Subtracting this from the differential equation (IV9.6) we obtain

. i~ 1
Ore + div(q = X (5 valva + 5[valTa + o va))
“ (IV9.12)

_ 1
=g9->, (§|va\2ra + vao(Dvads) + vaef, + Dva:Ha) .

«

Since by (IV9.5)

iz i= Z(Qaua UaT + uaJaT) + ZHC‘C )

« «

the flux is by (IV9.11)
~ Qay 12 L2 T
qa—> (?Wa’ Va + §|Ua| Jo +11a Uoz)
(0%
0 1
- (E + Z j‘vaP)v + 7|U‘2 ZJa +Hmi:vTU + Gmiz
a 2 2 o
Qo 2 1 2 T
_2(7”UQ| va—{—§|va| J, +11, Ua)

e

0 1
=ev—). —; \vaPua - (§\ua]2 + voua)Ja — ZHQT Vo
o o «

+ Z(Qav°uc¥)uo¢ + Z(U.ua)Ja + ZHaT U+ Qmix

« «

1
=¢&v — Zgiv|2ua _Zgia‘uapua_zfyuaﬁ*]a_ZHaTua+Qmix
o« 2 « 2 o 2 o

I — |
=0
=cv+q
where we have used (IV9.10) for g, Since

Dullest = 3 Dod(ua Jo' + 11°%) = 3" uge(Dudy) + 3 Dol
« « «

mir

we obtain for the right-hand side of (IV9.12) by the formula for g in (IV9.11)
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and since f =) (rquq + Dupgdq +£4)

g—> (%a [Val? + vae(Duada) + vaefs + Dugslly)
o
r

= §|U\2 + ve(DvJ) 4 vef + DutIll¢s 4 g
r
> (§|UQ\2 + voo(Dugdy) + vaofa) — > Dugel,
r r
=y (?O‘MZ — Ea\va|2) +> (vo(raua + DugJo + £0) — vaofa)
(03 [e%
+ 3 (ve(Dvdy) + uae(Dvdy) — vae(Dvada))
o
+ S DusIlEt + g — 3" Dugdll,
e o
= = Z (rﬂ|74(x‘2 + ua.fa) - E u(x.DuaJoz
(6% 2 «
+ S Dull + g — 3" Du,ell,
« «
=—> (r?a|ua\2 + ugeDugd o + ugef, + Dua:Hngt)
(03
+9 — Z Dva:(Ha - ngst) >
6}
the assertion. O
Proof of objectivity. 1t is >~ uqef, an objective scalar since
(Y uaefa)oY =3 (uqoY )e(fo0Y)
(63 «
= 2 (Quy)e(0h X +205Q(v* + uy)) + 1 (Quy)e(QF)
= (Q X ohup, Jo(X +2Qu) +23 0 (Qui)e(Quy)  + X upefy,

E—— = Q" Qsugu

*T
o =0

since QT Q is antisymmetric. And the functions Duo ¢t are objective
scalars, since I17¢*! is an objective tensor by 9.2, and the fact that u, is an
objective scalar implies that Du,, is an objective tensor. O

Wir behandeln nun zunéchst nichtreagierende Substanzen, zu den reagieren-
den siehe den nachsten Abschnitt 10.

Entropy principle for non reacting systems

We now consider the case that there is no reaction or diffusion

ro =0, Jo=0, hence f=3>f,, (IV9.13)
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and we assume (for simplicity) that I1, and therefore also II,,;, are symmet-
ric. In this situation the mixture system (IV9.11), with the energy equation
replaced by the thermal energy equation from 9.4, reads

at@a + div(gava) =0,
01(0ava) + div(0avava' +1la) = fa, (IV9.14)
Oe + div(ev 4+ q) = g — D> ugefy, — > Dv,ill,,

where g, vV, and € are the unknown variables. We now assume that the
entropy itself is a function of these variables. Therefore we have to use the
following theorem.

9.5 Theorem. System (I1V9.14) is equivalent to the system
Ea + Ua®V 04 + 0a divyve = 0,
00 (Vg + UaoVva) + divyIl, = £,
€+ edivyv + divyqg = g — > ugefy, — > Dugill, .
[0 (e

Here h := (0; + veV,)h for every function h.

Proof. The mass equation of species « is with v, = v + uq

0= atQa + /U(M.VQO& + Oa divmva
= (Ot + /U.V>Qu + Ua'VQa + 0a diVatUu s

the momentum equation

fa = ( at@n + diVm(Qa“a) )UO( + 0a (atva + UQOVUQ) + leTHa

=0
= 00(0r + veV)vy + 0auaeVv, + divyll, ,

and the energy equation in the form of (IV9.14) with
O + divy(ev) = (0f + veV)e + edivyv .

O]

We have to make sure, that the entropy is an objective scalar. The simplest
way to achieve this is to assune that

n=1((es)s,¢)- (IV9.15)
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Then we obtain
o = 0m + divy = 1+ ndivev + divgy (¥ — nv)
= 31100 0n + 01cE + ndivav + divy (1 — o)
(e}

369

= — > N (Ua®V 0o + 00 divyve) — 11e (E divyv + > (ugefy + Dva:Ha))
o (0%

+11e(— diveq + g) + ndivev + dive (v — )

= (77 - 577’5) divyv — nre diveq + diVm(¢ - 77“) +1Neg

— > 0N g, divata — N1 Y Dvgdlly — ) uao(n/gaVQa + n/gfa)
(0% (0% (0%

= ("7 - 577’8) divyv — e diveq + divx(¢ - 77“) +1neg

+ZDva:( — 0aM o, 1d — nrgﬂa) — Zua.(n’gana + nlgfa) .
(07 «

Because

V=) Colaq, Co:=-—, D.Ca=1,
« «

we obtain
Dv =3 ¢aDug + 00 (Vea) ',
(0% (0%

and, since v, = v+ u, and V(3 cq) =0,
S 0aVeal = S0 (Vea)' + S ua (Vea)t .

a
I — |

=0

So we arrive at the formula

Dv =5 coDvy + > uq (Vca)T

(IV9.16)

(IV9.17)

and consequently divyv =) (cq divyve + uqeVey), a formula one finds in
[26, (62)]. Plugging this in the expression for the entropy production o we

obtain
0= (77 - 57”8) divyv —nre diveq + divx(¢ - 77’”) +1eg
+> Dva:( — 0010, 1d — nrgﬂa) -3 uao(n/QaVQa + T]/gfa)
« «
= —MNe div,q + divx(d} - 777)) +neg
+ Z Dva=((ca(77 —ene) — Qan’ga)ld - n’sna)
o
+ 2 uas((n —enre)Vea =116,V 0o — nrefa)
«
= divy (¥ —nv —n1q) +17eg + Vnrceq
+ > 1 DugdSa + > nrcuqes,
(07 «

(IV9.18)
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where we have performed the well known (classical) identity
—nre diveq = divx(*n’aQ) + Vrnceq,
and we have defined S, and s, by
nelly = (Ca(n —enre) — Qan’ga)ld —17eSa
Niefoa = (N —ene)Vea — N0 V0o — Ne8a -
This we can define because the absolute temperature 6, given by

1
) = 77’6((96)5 ,€) >0,

is positive. Thus multiplying the definitions by 6 gives

I, := (ca(0n — &) — 0abn1p, )1d — Sq

N (IV9.19)
fo :=(0n—¢e)Veq — 0115, Voo — 54 .

Also since
Z OalUa =0,
o

we can define with any arbitrary vector field A
So = Sa — CaA
and obtain in the equation of the entropy production
D Ua®Sy = Y Un®Sq, -
(0% (0%
By (IV9.13) it follows
f=>f,=> ((Gn —¢&)Veq — 011y, Voo — sa) + > caA
« (0% (0%
=A—> (Gn/gaVQa + sa)
(0%

which gives X in terms of the overall force f. Thus the terms in the momen-
tum equation become

II, := (ca(Gn —e)— Hgan/ga)ld - S,
fo :=(0n—¢)Veq — 0115, Voa — Sa + o) (1V9.20)
Ai=f43 (000, Vos+s3) -
B
These are the restrictions in the system (IV9.14) which come from the en-
tropy principle. Besides these equations there is the residual inequality

0<o0=dive(¢Y —nv —nscq) +11cg + Vniceq

~ 1V9.21
+> 1 DuadSa + D nrcuaeSy - ( )
o 67
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So far there are no other assumptions on the system (IV9.14) than the
constitutive relation (IV9.15) on the entropy. Now making assumptions we
obtain from the above calculations:

9.6 Theorem. For system (IV9.14) the entropy principle is satisfied for the
entropy and the entropy flux

n=10((0s)g.€), »i=mnv+neq,
if the following holds:

(1) In system (IV9.14) the identities (IV9.20) are true for II, and f, with
symmetric tensors S, and vector fields s,. In the energy equation g := 0.
The actual system you will find in (IV9.25).

(2) The functions in (IV9.14) fulfill the residual inequality

1 1 1
—v(= = : - > 0.
o V<0>oq + 5 S DS+ 5 X tiassa 20 (IV9.22)

Important: The entropy flux v has the form of Clausius-Duhem.

The fact that the entropy flux is of the Clausius-Duhem form reflects the fact
that it has this form for a single fluid and this here is a simple generalization
to mixtures of fluids.

Proof. See the above computation of ¢ resulting in the inequality (IV9.21).
Then one can set ¢y = nv 4+ n/.q and g = 0. O

Having performed the entropy principle we can formulate the reaction-free

~

mixture system. We do this with the free energy (it is f = f((0s)4,0))

f =& — 07], f/g =N, flga = —Hnlga . (IV923)

Then the assumptions (IV9.20) read

~

f=1(e)g,0), e=2(08)5.0),

Do = Qaf’ga —caof, Mg :i=peld = Sq,
fo == fr0aVoa — fVeca — 5a + cal,

A izf—%(f'gawﬁ—%)’

(IV9.24)

and the system without reactions and with the assumptions in theorem 9.6
becomes
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Non-reacting mixtures:
at@a + diV(Qava) =0,
8t(@ava) + diV(Qo/Ua UaT +paId - Sa) = fa y
O + div(ev 4 @) + D pa divug = > DvasSy — > ugef, (IV9.25)
« « «

P and f, and € as in (IV9.24),
q and s, and S, as in (IV9.22).

Here the gradient of the partial pressure Vp, and the partial force f, have
certain common terms. Therefore these terms, because they are equal, will
not contribute to the momentum equation. We show

9.7 Lemma. If for a non-reacting mixture (IV9.24) holds and

pP =22 pi= Y pa, (IV9.26)
QO( o

then for every species a

Vpa — o = 0a (Vpsap — %%Vpsﬂp) + Ca(Vp — f) + (Sa — Cq %Sﬁ) .

Proof. We have that p, = o.ps therefore
Vpa = 0aVPy + 03 Voa -
By (IV9.24) we get for

Pa = Qaf/ga —cof = Qa(f/ga - Z)

that F
pzp:f/{]u_i‘

Now, since

O 1 1 1 Ca
Vea =V (=) = Voo +0aV(=) = -Voo — —> Vogs,
‘ (0) o e <9> 0" ¢ 0%: v

we get also from (IV9.24) that
fo = 10, Voo — [Vea — sa + Ca(f - Zf/gavé’:ﬂ + ZS»‘?)

- (f’ga - I)VQO/ + C(,y(f - Z (f’gﬁ - *)va)) - (5(1 — Cq Zs,ﬁ)
0 16} 0 B

= PSPVQa + Ca (f — ZPZPVQB) o (SO‘ ~ Ca Z 93) ’
3 B

~
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This implies

Vpa — fo = 0o VPP — ca(f — %p;pvgﬂ) + (sa — Cqo %55) .

Now
2 pyVos =V ( Xpies ) — > 0sVpy
B B B
| I |
- Zp@ =p
E

and c,03 = 0acg. Therefore we obtain

Vpa — fo = 0a (szp - ZC,@VpSBp) + ¢y (Vp - f) + (Sa —Ca Y. 3/3) .
B B

This is the assertion. O

By the way, the entropy inequality has no unique representation, although the answer given
here is physically plausible. One should realize that a different entropy flux also implies
a different momentum flux, hence it is important which entropy one takes. (Another
problem with nonuniqueness of entropy one finds in section 12.)

9.8 Non uniqueness of entropy principle. We can add a term

0=> (divz(—ﬂaua) + Duae(Told) + uaov%a) , Tai=Ta—Cay,T8, (1IV9.27)
B

[e7

to the identity (IV9.18). This will lead to a family of solutions with

o = (ca(0n —€) — 0N/, + 0Ta)Id — Sa
(ca (0 — ) = 0atinry, )~ g (1V9.28)
fo = (00 —€)Vea — 0115, Voo + 0VTy — 3q

in place of the representation (IV9.19). The entropy flux will be
Y =1v+1neq+ 3 Tala,
[e%

that is, the entropy flux will depend on the relative velocities.
Remark: In literature one finds 7a := 0a7,, , Which results in

I, = ca (6’7] —e— Qzﬁglyn/m)ld —S.
f, = (677 —— 925g[3n/w)Vca +00aV11,, — Sa,

and it would imply p, = cop and f, would depend on V6.

Proof. To prove the identity we compute

> dive (Tata) = Y dive(Tatta) = Y, VITa®ua + Y Ta diveta

@

and
S Tadiveta =Y Ta divave — Y Ta divey
«@ « «

| —
=0
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since > Mo = 0, which gives the assertion (IV9.27). This added to (IV9.18) gives
o= -—nrdivyq+ div, (L —nv — Zﬂ'aua) +nreg
+ ZDU(Y:((C“ (n—enie) —0anio, + %N)Id — 7]/51_[”)

+ Zu”o((n —enie)Vea — Ny, Voo + Via — nfgf(,)

leading to (IV9.28). O

Equilibria

We call an equilibrium a stationary solution with all v, = 0, hence v = 0 and
all u, = 0, and in addition S, = 0 and s, = 0. Thus the mass-momentum
equations (IV9.25) are equivalent to

Vpo =1, forall o (IvV9.29)

and the energy equation divqg = 0. Then the following holds.
9.9 Lemma. Consider a region where all g, > 0. Then equilibria satisfy
Vpw = Zﬁchpsﬂp for all «. (IV9.30)

That is, the gradient of the specific partial pressure Vpe is independent
of the species «, therefore it is a function of the mixture, or (IV9.30) is
equivalent to:

Vpa is the same function for all a. (Iv9.31)

Proof. Since f =) _f, and p = >__pa, we also have Vp —f = 0. Hence the
result of 9.7 is
Ocr (Vpip -y cﬁVp%p) =0.
5 /

If oo > 0 the assertion follows. Since } zcg = 1 the result (IV9.30) is
equivalent to (IV9.31). O

Therefore if we consider a region where all o, > 0, we can state that the
system (IV9.25), and thus also (IV9.29), is equivalent to

VP:fv pzzpaa f:Zfaa
a a (1V9.32)

VpP s the same function for all «,

9.10 Fundamental law. It follows from (IV9.32) that there are constants
do € R such that

P is the same function for all o, (IV9.33)
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where p, are the “normalized” pressures

ﬁa3:Qaf~’ga_Caf~i> f::f_%gﬁgﬁ-

Remark: Tt is assumed that the space domain is connected. Here we talk
about equilibria, in this case there is no time variable.

Note: Because d, are numbers, the energy equation does not change, if we
choose f =€ — 0On, that is, if we replace e by €.

It is ~
~sp _ T f ~ 7
Py = fron — E where fiq = fr,, ,
therefore the chemical potentials fi, also are independent of a. See the
paper of Huggins, specially the equations [109, (1)-(4)].
Proof. The equations (IV9.32) say that for all & and 8

V(pk — p%p) = 0 in the domain,
so there are constants k,g € R with
pa =Py = kag- (IV9.34)

Then for a given vy define

do = Kanyg -

Since
P = kag -l—p;;p = kag + kgy + pSWP

and also pa’ = kay + py, we conclude
kay = Kap + kgy
hence L
kap = Koy = kpyy = da — dg.-
Then (IV9.34) can be written as

pzp—da:pZP—dﬁ.

We compute for p, defined in the statement

Po _ 5 T A ¥}
PP =" = fr, === fro —=—dy + Y dses,
Oa Y% 0 B

- p(slp - da

and from there the assertion. O
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Wir nehmen nun an, dass auf die Mischung die Schwerkraft wirkt, z.B. die
FErdanziehungskraft, wir bezeichnen daher den Kraftterm in der allgemeinen
Situation mit

f=0V(go), (IV9.35)

wir sind also ein Beobachter, der keine Scheinkrafte bewirkt, oder fiir den
die Scheinkréfte vernachlassigbar sind. Befinden wir uns in einer Zentrifuge
so haben wir die Zentrifugalkraft als eine Scheinkraft, also muss dann f
entsprechend abgedndert werden.

9.11 Simple mixture of ideal gases. Let us consider an ideal mixture of
gases with free energy (see 2.5(4))

f((Qﬁ),B ,0) :=>" 0a (Raelog 0a — cy0log 6 + dae) , (IV9.36)

where R* = c§ — ¢, > 0, and c%, c{; and d* are constants. Then it follows
for equilibria that the pressure p and the internal energy ¢ is given by
(2 0afro,) —f=p =3 Rpa,
“ . (IV9.37)
f=0fg= ¢ =3 cv0oa.
(e

Remark: Here only Gibbs relation, the relation between f and p, is used.
The relation f — 60fy = ¢ was a definition, see (II11.7) or (IV9.23).

If f satisfies (IV9.37) it follows that f is of the form (IV9.36) plus a term

o d(%), which contains terms ) 600,d*(0), provided (agﬁda)aﬁ satisfies

Y 0300050p,d%(0) = 0.
Proof (IV9.36)=-(1V9.37). Wir nehmen an, dass die freie Energie
f= z&: O0aha, ha = an(0)log s — ba(0),
ist, wobei aq(6) := R0 und b, (0) := c{;0log 6§ — d*6. Es folgt
Po = [ron = ha + 0ahary, = ha + aqa,
ﬁzﬂ%gz%%wm+%v (IV9.38)

P=.0aPY = 0> Cali¥ =0 Calla =Y 0ala
(0] (0] (e} (0%

and
. _ = 2 i — p2 [t _ (o
e=f+0n=f—0fny 0 ('9> » 0 (%: 0acilog 9) » Xa: Boacy -
Hence (IV9.37) is proved. O
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~

Proof of the other direction. Let [ = f(0,0) be any function satisfying (IV9.37). If we
subtract from this the function in (IV9.36) we are left with a function f satisfying the
homogeneous differential equations

f=0fe=0, (X o0afre,)—f=0.
The first equation means (g) 1o = 0 hence f(g,0) = 0d1(2). The second equation gives

- rwo() s (49

0-%o.(1),

Qa

hence

d1(2) 4
—d(2).
o~
Therefore f(g,0) = di(‘%‘;l). A function f =3 0pad”(9) means that d = Y c.d® and
0= E Qﬁaegd - Z ( Zgﬁagﬁca >da + Z Qcﬁcaagsda .
B « B af3

| —
=0

O
Warning: It is p = > _pa where p, is the pressure of the moment equation

of species a in (IV9.25), and also p = ) R*0o, in 9.11, but p, is not R*0p,
as one can see in the above proof.

9.12 Equilibrium for ideal gases. Let the free energy be given as in 9.11
and define a,(6) := R*0. Then in the isothermal situation # = const the
system (IV9.32) under gravity (IV9.35) is equivalent to

ZaaVca + (E aaca)Vlog 0= V(g¢) 5

(IV9.39)

a—aVca +a,Vlogo is the same function for all a.
Co

Proof. Die duflere Kraft f ist in (IV9.35) gegeben und mit dem Druck p in
(IV9.38) sind die Gleichungen in (IV9.32) dquivalent zu

v( Z aa@a) - QV(Q¢) )
o (IV9.40)
V(anlog 04) is the same function for all «,

denn, da wir den isothermen Fall behandeln,

VpP =V, — V(i) is the same function for all «,
0

< V[, = Vhe = V(aalogo,) is the same function for all a,
< V(aalog0a) = V(aalog (ca0)) = aaVlogca + aaVlog o

is the same function for all a.
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Da
V( Z aaQa) = V( Z aaCaQ) - Z aa(cha + CQVQ)

= 0(X aaVea + (X aaca) Viog o)
ist (IV9.40) dquivalent zu
Z aaVeo + (Z aaca)VIOg 0= V(g¢) >

a
Vo + a,Viog o is the same function for all «,
Co

O

9.13 Bindre Mischung. Fiir eine bindre Mischung, d.h. o = 1,2, in 9.12
folgt im Fall R' # R? und im isothermen Fall aus (IV9.39)

1 1 k
og—— = (- = —) - (~gd) + & where ci= s,
1 az a1a

a a

k
L log c1 + 2 log co + @
al ag

log o = .
az — a; — a2 — a1

Here kg and k, are constants.
Proof. Da ¢; + c2 = 1 ist die zweite Gleichung von (IV9.39) dquivalent zu

%VCQ + asVlog o = ﬂVq 4+ a1Vlog o,
(&) C1

also fogt mit ¢ := ¢, dass (IV9.39) dquivalent ist zu

(a2 —a1)Ve+ (ajc1 + agce)Viog o = V(go) ,

(ﬂ + %)Vc + (ag —a1)Vlogp =0.
C1 (&))]

Taking Vlog o from the second equation and inserting it in the first equation
one obtains

a a
(a2 —a1)V(gp) = ( (a2 —a1)® = (are1 + a2c2)(;1 + f) )Vc,
1 2
1 1
1 1. .
= —alag(— + —) since ¢; +co =1
C1 (&)

hence the system is equivalent to

1 1
(CLQ — LL1)V(9¢) = —alag(a + g)VC = alag(Vlog c1 — Vlog 02) ,

(ag —aq)Vlog o = —(% + ?)Vc = a1Vlogci — asVlogcs .
1 2
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Now a1(f) = R'0 # R?0 = az(0) and a; and ay are constant, since it is
assumed that the processes are isothermal. Therefore

V((al — a2)g¢ + ajas(log c; — log 02)) =0,
V((al — ag)log 0 + (ailog c; — aglog (32)) =0.

It follows that there are constants kg, k, € R so that

(a1 — a2)gd + araz(loger —logea) + kg =0,
(a1 — az)log 0 + (ailoger — aglogea) + ky, =0,

or
(a1 —a2)gp + kg
=logco —logc) =
C a1an
1 1 k
(L) g e
aya

aq a2

og

1

aj

k
logcy + 2 log co + ¢

a
log o = )
a2 — aj a1 — a2 a2 — ay

also die Behauptung. O

Height
Height

o ~\ Density

4 \ L I B N B o O B Y O B B

Fig. 28: Es wird die “Binare Mischung” aus dem Text gezeigt. Links:
Konzentrationen ¢y and c¢;. Rechts: Dichte p im logarithmischen Maflstab.
In einer vertikalen Saule setzt sich die “schwerere” Substanz nach unten ab
und die “leichtere” nach oben.

Daraus folgt, dass ein Equilibrium von idealen Gasen die “Fraktionierung”
auf der Erdoberflache erlart, sie wird verursacht durch die Gravitation.
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9.14 Fractionation. Consider equilibria as in 9.13. On Earth’s surface if
go(x) = const — ggparth 3, where gparen is the Earth’s gravitation, and if
C = Cg,

(1) it is

a:r:;;c JEarth
— M, — M.
c(1—c¢) RO (M 2)

which is positive if M; > Ms.
(2) it is

ar . 1
Dpsc(w3) = ng;h (My = My) i e(az) = 3.

which goes to +o0, if M7 — My — oo.
(3) is 01 = 01(x3) and satisfies

. JEarth

R0 M;jx3 + const.

log 01 =

Wir betrachten hier nur eindimensionale Losungen, und die Gravitation ist
durch eine lineare Funktion approximiert. Siehe dazu Fig. 28.

Proof (1). It is from the equation in 9.13

c 1 1
o152),. = (2= 2)- oo
(los 7). o) () g
1 1 JEarth )
=(— = — = M, — M-
<a1 aZ)gEath RH( 1 2)

and

(10' ¢ ) — Yz
1 ¢ ws c(l—c)’

]
Proof (3). It is
a
log o1 = log o +log e = ( +1)loge; + ———log e
a2 — aj ar — an
= ( a +1+ @2 ) logc + @2 log © + const
ao — ay alr — a alr — az 1
1 1 1 (I.
fr— 0 — 1 -
05 1—c¢
1 1 1
= (* - 7) (—g(x)) + const = —— - (—gé(x)) + const
a] — ao \aq a9 ay
1 M giarin
= —ngarthLL‘g + const = —%13 + const.
]
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10 Unsteady mixtures

Wir betrachten die Mischung von verschiedenen Gasen und benutzen die
Theorie, die in Abschnitt 9 entwickelt wurde. Wir hatten dort als An-
wendung Equilibria untersucht, d.h. stationdre Losungen, die sich in Ruhe
befinden, also mit v = 0 und relativer Bewegung u, = 0. Hier betrachten
wir nun Gase, fiir die die relative Bewegungen u,, # 0 sind, aber nach wie
vor nehmen wir S, = 0, also II, = p,Id, an.

References: Bothe & Dreyer [26].

Zwei gegenlaufige Substanzen

Here in the case s, = 0 we consider only two substances so that u, have
opposite direction, that is, one substance is moving in the opposite direction
of the other. Hence the mass-momentum-energy equations (IV9.25) are
equivalent to
div(@aua) =0,
div(gata UozT + pald) = fo, (IV10.1)
divg + > pa divug + > uqefy, =0
(6% (0%

for « = 1,2, where f, has the representation in (IV9.24), that is,

fo = f15.V0a — fVea + ca,
Aoi=f— zﬁ:f/%vgﬁ ., f=%1,. (IV10.2)

Da p1u1 + 0ous = 0 definieren wir
w

w
w = 01U = —QP2U2, Ul =—, U2=——",
01 02

also sind die Massenerhaltungen div(gaus) = 0 dquivalent zu divw = 0.
Die Impulserhaltung fiir o wird zu

1
£y — Vpa = div(gata uaT) = div(—wa) ,
O«
also gelten fiir die Massen- und Impulserhaltung die Gleichungen

divw =0,

1 IvV10.3
div(—wa) =fy, — Vp, fir a =1,2. ( )

O

Daraus folgt
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10.1 Lemma. Fiir zwei Substanzen sind die Massen und Impulserhaltung
aquivalent zu

divw = 0,
11
dw((a + g)wa) —f—Vp,

1 1 1 1
— div(—wa) +VpP = — div(—wa) + Vpsy,
01 01 02 02

where p is defined as in (IV9.26).

This is identical to the equations (IV9.32) in the case of equilibria, that is,
to the case w = 0.

Proof. Die Summe der zweiten Gleichung in (IV10.3) ergibt die zweite Gle-
ichung. Zur Herleitung der dritten Gleichung schreiben wir 9.7 als

fo — Vpa — ca %(fﬁ - vP[i)

= fo = Vo = ca(f = Vp) = ~0a (VPR = 2 cs V7))
Jé

und daher fiir a =1
ca(fi = V1) — ei(f2 — Vp2) = =012V + 01c2VDY
was aquivalent ist zu
co(fi — Vp1 + 01Vp) = c1(f2 — Vpa + 02Vpy) .

Division durch ocico ergibt

1 1
—(f1 = Vp1) + Vi’ = —(f5 — Vp2) + Vi’
01 02
was mit (IV10.3) dquivalent zur dritten Gleichung ist. O

Die Gleichungen (IV10.1) sind auch &quivalen zu den Folgenden.

10.2 Lemma. Fiir zwei Substanzen ist das Masse-Impuls-Energie System
(IV10.1) dquivalent zu

divw =0, divg =0,

«

1
Vpa + div(—wa) = cof + PPV, — co Zp%pVQB
B

fir a =1,2.
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Proof. The identity (IV10.2) gives for the partial forces

fo —cof = f’gana - fvca - Ca%f’gﬁvé’ﬁa

and since the specific pressures satisfy

!
Sp - f’ ]
o T,
we obtain
PFVoa — ca %)prVQg
_ f f
- fl@ana - *an — Co Z f’gﬁvQﬁ + Ca— Z vgﬁ
o ] ]
1 1
= f106VOa — f (—Vga + —caVQ) —cay fr05V0p,
0 0 8
1 ]
= Ve,
hence
fo — caf = pa' Voo — Cocng%pVQ,B . (IV10.4)

Now the second equation of (IV10.1) gives by (IV10.4)

Vpa + div(iwa) —cof

Oa

=fo — caf = pPVoa —ca 2_P5 Vos,
E

which is part of the assertion. Since, using (IV10.4),
Z uqofy, = Zuao(caf +pPVos — ca Zpﬁ Vog)
anua ( - Zpﬁpvé)ﬁ) + Zua‘(pa onc) = szPUOc'an >
B « a
e
=0

the third equation of (IV10.1) gives, using divw = 0,

—divg =) padivug + Y uqef,

« [e%

- Zpa divu, + szpua’an
(6% (6%
1 1 Sp Sp
= puro(—) —pgﬂ)oV(—) + Ziongl — plongg =0,
01 02 01 02
which is the energy equation. O
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Hence the momentum balance of the a-th constituent has as force the a-part
of the total force plus and an additional term whose sum over « is 0. Now
we consider ideal Gases as in 9.11 and 9.12.

10.3 Ideale Mischung aus zwei Substanzen. Betrachte eine Mischung
aus idealen Gasen, d.h. mit der freien Energie in (IV9.36). Auflerdem sei
g = 0 in isothermen Fall, d.h. § = const. Dann sind die Differentialgle-
ichungen in 10.2 &quivalent zu der Massenerhaltung divw = 0 und den
Impulserhaltungen

1
aaVoo + div(—wa) =cof fira=1,2.

O

Proof. Betrachte die Impulserhaltung von 10.2

Vpa — (pZPVQa — Cq Zp%pVQﬁ) = — div(glwa) +cof.
B o

Wegen po = gapa ist
vpa = V(Qapzp) - PZPVQa + QanZp s
also ist die linke Seite der Impulserhaltung
= 0 VPP + o %:p%pVQg = %: (0apyy, + capy ) Vs + 10 V0,

da pa = ﬁ;p((g/j)s ,0). Dies ist deshalb richtig, da die freie Energie (IV9.36)
impliziert, dass

P =aq+ha — Y cyhy, an(0) = R0

gt
ha = aq(0)log 0o — ba(0), ba(0) := ci-0log 6 — d*6

(siehe den Beweis von 9.11, eine Aussage, die in der Situation hier gilt). Nun
ist VO = 0, da 0 = const angenommen wurde. also ist die linke Seite obiger
Impulserhaltung

s s 1
- Z@: (Q(xp;lngfﬁ + Capgp)vQﬁ = Qa Zﬂ: ( a’os + pﬁ >VQ5

Wegen
p;p'gﬁ = hargg E(’v v'ep Zc‘/'@@h”f
e} ag 5%3 (%
= —0ap—Cg— — (= h-,
00 0 Pos 5 ( o 0 )
Ao ag h

0
SRY N P L R ] N N
0 P 0 o ZQ T 0 T
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ist
pzp a
S f (0%
’ :YI,),QJg + = —0a,8,
: o Oa
also die linke Seite obiger Impulserhaltung
Qo
= O« Z 75a3v93 = auvé)u 5
8 [Sqe?
also die Behauptung. d

10.4 Bemerkung. Im Falle w = 0 lautet 10.3
Voo = cof fira=1,2.

Dies ist unter den Voraussetzungen in 9.13 &dquivalent zu den beiden Gle-
ichungen in 9.13.

Proof. ... O

In Bearbeitung

Entropy principle for a systems of reacting substances

We now consider the general case, where the substances will react with each
other or/and will diffuse, that is,

r, arbitrary, J,arbitrary, hence f= Z?a . (IV10.5)
o
In this situation the pressure tensors II, and consequently also II,,;, are

assumed to be nonsymmetric. Replacing the energy equation in (IV9.11) by
the thermal energy equation in 9.4, the system to solve is

8t0a + div(gava + Ja) =Tq,
8t(@avoz) + diV(Qava UaT + UaJozT + Ha) = ?a s

fa = I‘a’()a + DUQJa + fOé ) (IV106)
O + div(ev + q) = g — > Do 1™
(0%

5 (5 ftal? + Ducld (I 4 00 30" 4 g
e

where ¢ is the quantity which we will set to 0 in order to satify the energy
principle for the entire energy

e=ct X Dlval? = (e + X Lfual?) + ol
(0% (0%
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and € will be the internal energy independent of the u, = vo — v, that is, we
will have the constitutive equation € = £((g3) 55 #). But the main part is to
exploit the entropy principle, where we will also assume that 7 = 7((0s) 5 0).
Therefore we need in analogy to 9.5

10.5 Theorem. System (IV10.6) is equivalent to the system
Ea + ua®V o4 + 00 divev, + divdy =1y,
00 (Vo + UaoVy) 4 div, T, = f,
E+e divyv + divyg = g — > DugsIIY™
«

=5 (Stfual® + Duat (I + 0 Jo") + uasta)

Here h := (0; + veV,)h for every function h.

Remark: The right-hand side of the thermal energy equation is an objective
scalar, see the proof of 9.4.

Proof. The mass equation of species « is with v, = v + uq

ro = 0400 + Va®V0a + 00 divev, + divd,
- (af + (U.V)Q(x + u()z.vé)(y + 0a diV:I:U(y + diVJ(x ;

the momentum equation

fa = ( at@a + divx(gava) )Ua + Qa(af,va + Uoz'vva) + divm(va JaT + Ha)
1 |

= —divyd, + 1y
= TV + 00 (00 + veVV, + uqeVvy) + (Dyve)Jo + diveIl,
=TqVUq + (Dwva)J<y + Qoﬂ?a’ + 0aUa®Vv, + div,Il, ,

hence
f(y = O« (’8(1 + ’LL(Y.V’U(X) + diV:L'Ha .

And the energy equation in the form of (IV10.6) with
Oe + divy(ev) = (0 + veV)e + ediv,v = £+ edivyw.
O

We assume that the entropy depends on the same variables as before, that
is (IV9.15)
n=1((¢es)s¢) (IV10.7)

is satisfied. Then defining

M, = H?(;est + UaJaT ., M= ZBM/B , (IV108)
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(finally M, will be chosen to be 0) we obtain

In Bearbeitung

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.11 Reaction-diffusion systems 388

11 Reaction-diffusion systems

Wir betrachten ein System von Massen mit Massendichten g, (mit o =
1,...,m), fir die wir die Massenbilanz

0100 + div(gav +Jo) =14 fita=1,...,m (IV11.1)

fordern. Dies heifit, dass die einzelnen Massen miteinander reagieren (mit

Fig. 29: Left: Movement of mixture. Right: Diffusion

Rate ry), und dass sie rdumlich expandieren, also diffundieren (mit Fluss
Jo). Wir werden hier von einer Mischung der Klasse I im Sinne von Ab-
schnitt I11.3 ausgehen, d.h. die Massen werden (nur) mit einer Geschwindigkeit
v transportiert, und es ist die Frage, was die Geschwindigkeit v ist. Wir wer-
den in diesem Abschnitt die folgenden Geschwindigkeitsmittel von II1.3.1
behandeln:

o Geschwindigkeit einer dominierenden Komponente (siehe I11.3.1(3)),

e Baryzentrische Geschwindigkeit (siehe I11.3.1(1)).
Referenzen: Landau & Lifschitz [10, Kapitel VI Diffusion|, DeGroot &
Mazur [6, Chap. XI Heat Conduction, Diffusion and Cross-Effects|, I. Miiller
[87, 6.6.1.1 Phenomenological equations]. Und aus der mathematischen Lit-

eratur mit vielen Beispielen B. Perthame [90] und G.R. Gavalas [41, Chap.
2 Distributed Chemical Reaction Systems].

Insgesamt werden zu den Gleichungen in (IV11.1) fiir die Gesamtmasse
0= E Qa
64

eine einzelne Impulserhaltung und eine gemeinsame Energieerhaltung gefordert,
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so dass wir also ein System aus m + 2 Gleichungen erhalten:

Allgemeines Diffusionssystem:
0100 + div(gav +Jo) =1 fir a=1,...,m,
9, (ov) + div(ovov" +vIT +1I) =T,

. L o9 T =7
Ore + div(ev + §]v| J+IMv+q) =g, (IV11.2)

IT symmetrischer Drucktensor (siehe weiter unten),

? Energie,

.
ef5+2w

w J, r, £, §siche (IV11.3) und (IV11.4).

Hier ist die Energiebilanz aufgefiihrt, was einen Grund hat, namlich dass die
Temperatur bei Reaktionen teilweise eine wesentliche Rolle spielt, so etwa
bei der Flammenausbreitung. Aber auch das Zusammenschiitten zweier
Substanzen, die dann reagieren, geschieht in der Regel mit einer Temper-
aturanderung. Die rechten Seiten f und g erfiillen (113.32), da II sym-
metrisch ist,

f=(+JeV)v+£, fa force (seell.3.8),

r (IV11.3)
g= 5\1}\ + veDvJ + vef + ¢, ¢ an objective scalar,
und J und r sind die aufsummierten Grofien
J=> Jo, =) r0. (IV11.4)

Es sei bemerkt, dass die Massenerhaltung fiir die Gesamtmasse lautet
0o+ div(ov +J) =r, (IV11.5)

was durch Aufsummieren der Gleichungen fiir die Partialmassen folgt. Diese
Massengleichung (IV11.5) und die Impuls-Energie Gleichungen transformieren
sich wie das Masse-Impuls-Energie-System in I11.2.1 bzw. in [1.3.13. Das bes-
timmt die vorhandenen Gréfen II als objektiven Tensor und ¢ als objektiven
Vektor. Wenn wir den abhéngigen Erhaltungssatz (IV11.5) fordern, bleiben
noch m — 1 unabhéingige Gleichungen fiir die einzelnen Komponenten und
die folgende Versionen der Impulserhaltung und der Energieerhaltung fiir
die innere Energie ¢ (siehe 111.2.3):

oo+ div(ov+J) =r, o Gesamtmasse,
0(Ov + veVv) + divIl =f,  II symmetrisch, (IV11.6)
e + div(ev + q) = —Dwell + g, ¢ innere Energie.
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Schlielich postulieren wir das Entropieprinzip
o:=0m+ divyy > 0 (IV11.7)

fiir Losungen des Systems (IV11.2), wobei 1 die Entropie und v der En-
tropiefluss ist, beides sind Groflen, die wir noch zu bestimmen haben. Bei
dieser Bestimmung sind folgende Groflen von eminenter Bedeutung:

11.1 Chemical potential. Falls fiir die Entropie n = 7(0,¢) gilt, wobei
0 = (0a), der Vektor der Dichten, ist das chemische Potential [, der
Spezies a € {1,...,m} gegeben durch

Mo = _en’ga = f’ga )

~

wobei entsprechend f = f(0,0) mit f = & — 0n gilt und wie immer die
Temperatur 0 gegben ist durch

1
7= n(0,€) .

Hinweis: Fir eine einzelne Substanz hatten wir in 3.2 schon eine Definition
gegeben. In 11.9 werden wir noch eine allgemeinere Definition machen fiir
den Fall, dass die konstitutiven Funktionen noch von den Gradienten der
Massendichten abhangen.

Gas in a porous Medium

Wir betrachten die Diffusion eines Gases in einem festen Korper. Es sei
ein fester Korper mit Dichte g5 und eine Fliissigkeit oder ein Gas mit der
Dichte g4 gegeben. Die Diffusionsgleichungen lauten (mit m = 2, o1 = g4
die Dichte des Gases, g2 = g5 die Dichte des festen Korpers)

Orog + div(pgv +J4) =0,
Oros + div(esv) =0,
0= 0s+ 0g, (IV11.8)
0(0v +veVu) + divll =,
Oe + div(ev + q) = —Duwell.
Here we have written the momentum equation and the energy equation as
proved in in I11.2.3 (with J = J, and g = 0). Further, II is assumed to be

symmetric and f is the classical force. We suppose that the entropy principle
holds for solutions of (IV11.8).
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11.2 Entropieprinzip (Gas im festen Korper). Das Entropieprinzip gilt
fiir das System (IV11.8), falls fir die Entropiedichte und den Entropiefluss
n=1(0g,0s,6), Y =m04n,Ig+1nq,

und in der Impuls- und Energiegleichung (IV11.8)

II=pld, p=0(n—ogme —0sne)—c, g=0,
und wenn die Residualungleichung
o=VneJ;+ Vn.eq>0
erfiillt ist. Mit den Identitéten (siehe 11.1)

1 " H "
g = mel@e), _?g =110, (0, €)

muss

1
a:_vcgy%+wm§

sein. Das ist zum Beispiel erfiillt, wenn skalare Funktionen d > 0 und k£ > 0
existieren mit

)quO

1 k

1,=-av(t). q=rv(b)=-k

0 V.

Proof. Die Massengleichungen und die Energiegleichung im System kénnen
geschrieben werden als
Eg + o4 dive = —divd,,
55 + psdive =0,
£+ edivo = —Duvsll — divg+g.
Da n = 1(og, 05, €) sagt das Entropieprinzip, dass
0<o=08mn+ diviy =1+ ndive + div(y) — no)
= 77/@g5g + 17, 53 + 77/52%3 + ndive + div(y — no)
= (N — 09N, — 0sN0, — €Nve) dive — nDuill
—11g, divdg — nre divg +nrcg + div(y) — nv)

= Dv:((n — 0gM7gy — 0sN7g, — €Nre)ld — n/sH)
TV 0Ty + Vijrceq +-1eg
div( — v — 119, dy — 172q)

The representation of II and 1) in the statement give that the first term and
the last term vanish. Thus

o=Vn,eJs;+Vni.eq+mn.g.

Finally, we choose g = 0 in accordance with the energy conservation. O
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Wenn wir nun zum isothermen Fall § = const iibergehen, so wird die En-
ergiegleichung zusammen mit der Entropieungleichung ersetzt durch die
freie Energieungleichung (siehe dazu II1.5.4 und II1.5.5), also bleiben zur
Beschreibung des Systems nur die Massenerhaltungen und die Impulserhal-
tung iibrig, d.h. mit ¢ := g4 + 05

Orog + div(ggv +J4) =0,

Oros + div(psv) =0, (IV11.9)

0(0rv +veVu) + divil =f.

Zusatzlich haben wir die freie Energieungleichung I11.5.4 zu beriicksichtigen,
die wir nun unabhéangig diskutieren.

11.3 Freie Energieungleichung. Fiir das System (IV11.9) ist die freie
Energieungleichung I11.5.5 erfiillt, falls

~

f:f(ggags)v @:fijf’.Qnga

und in der Impulsgleichung (IV11.9)
M=pld, p=o04fro, +0sfr0.— [,
und wenn die Residualungleichung
of =Vfr,edy <0
erfiillt ist. Beispiel: Mit d > 0 sei etwa J, = —d'V 1, (04, 05)-

Proof. Fiir o = pg+ 0, ist 0,0+ div(ov+J,4) = 0 die Massengleichung fiir die
gesamte Masse, und die gesamte Impulserhaltung ist in (IV11.9) enthalten.
Daraus ergibt sich fiir die innere freie Energie f = f(gg, 0s), nach II1.5.5 mit
g = 0, die Ungleichung

0> 0y =0 f+ dive + Duill = O f + div(fv + frp,dg) + Dvill
= [+ div(fro,Jdg) +Dvi(fId +1II)
= [10,0q + [10,05 + div(fro,Jg) + Dva(fId +1I).

Nun gilt
E)g + 04 dive + divJ, =0,

E)S + osdive =0,
und daher ist
0p = fro,(0g + divIg) + f10,04 + Vfro,0J g + Dvi(f1d + II)
- Vf’gg"]g + DU:((]( - Q!If,Qg o QSf/Qs)Id + H) :
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If we choose II so that the second term vanishes, we are left with
0>05=Vfrel,.
This proves the theorem. O

Wir hatten noch nichts tiber die Geschwindigkeit v gesagt. Bei beliebigen
Massendichten o, und ¢, gehen wir von einem baryzentrischen Mittel aus.
Wenn jedoch g, sehr viel kleiner als g, ist, ist v nicht von der Geschwindigkeit
des festen Korper zu unterscheiden, also ist v die Geschwindigkeit der do-
minierenden Komponente des festen Korpers. Wie dem auch sei, wenn wir
nun davon ausgehen, dass wir einen starren Korper haben, also g5 = const
ist, und wenn der Beobachter, in den wir uns versetzen, von diesem starren
Korper aus die Diffusion beobachtet, also wenn v = 0 ist, so bleiben nur
noch zwei Gleichungen iibrig, die Massenerhaltung fiir das Gas

B0y + divdy =0 (IV11.10)

und die davon entkoppelte Impulserhaltung divll = f. Eine spezielle Losung
fiir diese erste Gasgleichung wurde von Barenblatt in [97] angegeben und
zwar fiir den nichtlinearen Diffusionsfall. Die Losung ist von der Gestalt
0y = uund J, = —a(u, Vu), wobei im einfachsten Fall f = f(g,) = 3|0g|?
die Elliptizitat 0 > V f, eJ, der Gleichung aus dem Entropieprinzip 11.2
bzw. der freien Energieungleichung 11.3 herriihrt. Also gilt die Massener-

haltung, dies falls u stetig differenzierbar ist,
Owu — diva(u, Vu) =0, (IV11.11)
was in 11.6 gezeigt wird. Der Beweis benutzt

11.4 Ahnlichkeitslésungen. Wir suchen Losungen (¢,2) — u(t,z) von
(IV11.11), wobei die Funktion a stetig sei, so dass u(t, ) fiir alle ¢ “dieselbe
Gestalt” hat, d.h. es gibt Funktionen ¢ — s(¢) und ¢t — r(t) > 0, so dass

u(t,z) = s(t) u(r(t)z) (IV11.12)

mit einer Funktion y — u(y). Hier ist gemeint, dass die Funktionen r und s
auf einem Zeitintervall stetig sind, und dass w eine stetige Funktion auf R"
ist.

11.5 Theorem. Consider the equation (IV11.11) with the property that
there exist m > 1 and [ > 0 with

m,__l

a(ow,orq) = o™ 1'a(w,q) for all o >0, 7 > 0, w € R, g € R".

Beachte: Fir 7 — 0 folgt a(w,0) = 0 fiir alle w € R.

Weiter sei u nicht negativ und selbstdhnlich zu u wie in (IV11.12) und
V,u(y) existiere klassisch in fast allen Punkten y € R™. Dariiberhinaus habe
u ein geeignetes Abklingverhalten im Unendlichen. Dann sind dquivalent:
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(1) It is u a weak solution of (IV11.11) and for some t = tp, e.g. the initial
time, there exists the nonzero “total mass” M (¢ fRn (t,z)dx.

(2) Fiir ein A € R gilt die Differentialgleichung
divy [a(a@, Vya) + Aay] =0
wobei M := Jgn u(y) dy # 0 existiert und

r(t) = cot ™, s(t) = er(t)™,
a=nm—-1)+1+1, dacgc" ' =1.

Bemerkung: Fiir r = const ist dies die Separation in den Variablen ¢ und zx.

Proof. For the “total mass” we have

M(t) = / s a(r(t)r) de = :%(2) / uly)dy = ;(8)]\7

so that M(tg) # 0 is equivalent to M # 0. We consider test functions
C(t,2) = r(t)"C(t,y) for y = r(t)a
Then (without arguments)

u=su, Vu=rsVu, a(u,Vu)= Smrla(u, Vu),

¢=r"C, V=", a¢ =" ('S 4+ 1o+ r'yeVC),

and therefore

(¢ Oh[u] = divia(u, Vu)]) g xrn)

-1

= / / . ( ' + 10, ¢ 4 1'yeVE ) + sV Cea(T, Vﬁ)) dy dt

//n (s' — —T) +V5o(rl+1 "a(u, Vu) — ;r uy)) dydt.

— 0 - u+ Vea(u, Vu)) dax dt

We use this calculation to derive two things. First we conclude that (2)
implies (1). In fact, the definition of s and r implies

/ / /
S T 77L+a T
Z—n—, plfltgm= cg+” c't ,  —5— = Aq
s r r

n+ao
Y

n+ao mtf
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therefore the term with Z vanishes and the integral equals

= / VZo(rH'lsma(ﬂ, Vu) — fr’ﬂy) dydt
n /rl

_ nta_m
=& 1/

Second we prove that (1) implies (2). Then (1) says that u is a weak solution
of (IV11.11) and we derive writing ((¢,y) = &(t)¢(y) with £ € C§°(R) and
p € G (R)

(¢ Ofu] = divla(u, Vu)]) 5@ xrn)
//n (s ——r )u+V§0( HHlgma(u, V) — ;ruy))dydt

= / / §p-(s'— %T/)ﬂ-ﬁ" Ve (Tlﬂsma(ﬂ, Vu) — fr’ﬂy)) dy dt
R JR" r T

e (/n Vzo(a(ﬂ, V) + Auy) dy) dt =0.

sn s
=/ ¢ (s’ S A rlem) dt
R T T

. / (i, Veon(y), Vipeal@, V) dy.
If we denote by
/ £ ;T‘/, r”lsm) dt € R?,
Ir(p) = /n <<,0u Vpe(uy), Vea(u, Vu)) dy € R?
the two integrals, we have proved that for every £ and ¢

0 = I1(¢)el5(y) (IV11.13)

We conclude that there exist two subspaces U; and Uy for which Uy L Us is
a subset of R3 such that I1(£) € Uy and Iy(p) € Us for all € and ¢.

From (IV11.13) it follows that for every £ and ¢

0—/{ s — ﬂ ! —fr/,Tlem)(t)oIg(go) dt
r

and therefore that for almost all ¢ (hence for ¢ outside a null set which
depends on ¢), say for all t € R\ N, with a zero set N,

o S, S s I+lom
0= (5 TS )(t).]g((p)
- / ((t)p7i + V(1) V(i) + K(t)Vigoali, Vi) ) dy  (IVIL14)
R’ﬂ
sn S, _ T‘l+15m.

where p:=s ——r'", vi=—"0", k:
r r
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If we choose a denumerable dense set {p; ; i € N} of test functions, we
conclude that (IV11.14) holds for all ¢ = ¢;, i € N, and all

t e R\ N, where N := U./\/'Z
1€EN
is also a null set. Now since the set {¢;; i € N} is a dense set in the space
of test functions one can approach all characteristic functions &g ) with

R > 0 (in the weak sense of BV -functions) by this numerable subset of test
functions. Therefore one obtains as limit of (IV11.14) for t € R\ N

0= / p(t)udL™ — / VBR(O)o(y(t)ﬂy + k(t) a(u, Vﬂ)) da" 1.
Br(0) 9B R(0)

Hence, since by assumption u(y) decays fast enough as |y| — oo,

p(t)M = lim p(t)udL”
R—o0 Br(0)

5 ~ ~ o) gl —
= 1%1_{%0 ) VBR(O)o<y(t)uy + k(t) a(w, Vu)) dH"" =0.

Therefore, since M # 0, one concludes u(t) =0 for t € R\ V. Since

A= —
K

is continuous it follows that for ¢ = ¢;, i € N, equation (IV11.14) reads

Ve(A(t)uy + a(u, Vu)) dy =0, (IV11.15)
RN

and therefore also for all test functions ¢. Now, if the subset U; is more
than one-dimensional, there would exist two different values \(¢1) and \(t2)
satisfying the differential equation (IV11.15). Then div, (ﬂy) = 0, hence
yoVyu + nu = 0 and thus u(y) = ugly|™™ is unbounded, a contradiction
to the assumed continuity of u. Therefore U; is one-dimensional and A
independent of time, that is U; = span (0, A, 1). And for this A the equation
(IV11.15) holds, that is divy[a(w, Vyu) + Auy] = 0.

And we have the properties from above

3 sn s
/ / / +1_m
§— ' =0, —2r =xpltlgm,
r r

The first equation says s = ¢17r", ¢ a constant, and than the second implies,
if C1 75 O,
—r' = )\671”_17’0‘“ , a=nm—-1)+1+1,
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. 1. . ”
that is (r~®) = aAc!""! and therefore r(t) = cot =, with time shifted
so that 0 becomes the singularity. Here ¢y is as in the formulation of the
statement. O

Now we choose the elliptic term as a(u, Vu) := d(u)Vu with a scalar d(u).
Hence the condition in 11.4 it satisfied, if [ = 1 and

1 form =1,
d(u) :=

mu™ ! for m > 1.
It is uw = r"u(rx), where u is by 11.4 the solution of
div, (d(@)V,u + Auy) = 0.

If m =1 (and as above d = 1) the differential equation is the linear diffusion
equation dyu — divVu = 0. It is u = su(rz), where r(t) = cot ™2, s(t) =
c1t~2, and 2)\c3 = 1, and where u(y) = exp ( - %|y|2), hence

2
ult,z) = t%exp(— ‘zi\/i ) (IV11.16)

wich is, up to the constant ¢q, the fundamental solution of the heat operator.

If m > 1 (and as above d(u) = mu™"!) the differential equation is a nonlin-
ear equation dyu — divV(u") = 0. There is the Barenblatt solution, which
has compact support and for m > 2 is a distributional solution.

11.6 Barenblatt solution. Let m € R and m > 1. A solution of the
dis-tributional equation

aiu] + div(=[V(u™)]) = 0 in 2'(]0, co[xR™)

is given for
1

u(t,z) = Ct~ o max (0, w(t,z)) ™,
2

)

w(t,r) = R? — °

1
ta
where C' € R and R > 0 are constants. The solution is radially symmetric
and has compact support in space. The function u™ is continuously dif-
ferentiable, hence V(u™) is continuous. For 1 < m < 2 the solution is a
classical solution, that is

Ou — A(u™) =0 in ]0, co[xR".
Proof in {u > 0}. It is m > 1 and d(u) = mu™"!. By 11.4 we have the
equation for u

divy (V,u™ + Auy) =0,
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which is satisfied, if Auy = —V,u"". This is true for

1
u(y) = (a —bly|*) ™ for a — bly|* > 0 where a,b € R,

m

if A = 218 Indeed, u(y)™ = (a — bwﬁ)% and

~m 2\ g —1
Vyu™ = — (a—bly|*) ™ "2by
2bm _ ) 2mb
T 1“@)9 = Au(y)y if A = o1

And r(t) = cot™ 3, s(t) = 1t~ o (if the time is shifted) with e 1§t =1
imply that

with
— 2\ oty — (2>
C=ci(bcg)™1, R (bcg>

m— 1)\

b= ( m_lcg‘H =1.

o ac)

Here C', R, and X are three independent constants. O

Proof in whole domain. Auf jeden Fall ist die Losung w stetig im ganzen

Raum. Fiir m < 2, d.h. =1~ > 1, ist die Losung am Rande von D :=

m—1
{(t,z); |z| < Rté} stetig differenzierbar, also eine klassische Losung in
R x R™. Im allgemeinen ist in D

20 m_
ti )m—l7
«

und da ™5 > 1 ist, ist ™ auf dem Rand von D stetig differenzierbar.
Also ist V(u™) punktweise auf ganz R x R definiert und dort eine stetige
Funktion. Daher ist es eine Distribution. Man kann dies auch einsehen,

indem man V(u"™) auf D berechnet

um = oM (R - |5

2.1 9

1 m x
Vu™) = —C™—m — (R* — ’— m-l g
(™) ta m—1 ( te ) Lo
1 m ta -1 1 m
= _Cmtnn;-‘r2 — E2u:1: =-C™ tn(m;1)+2 p— 12uac.

O
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Baryzentric velocity

Beim baryzentrischen Mittel in I11.3.1(1) werden die Konzentrationen der
einzelnen Phasen

Co 1= %X fir die Phase «, mit ) ¢, =1, (IV11.17)
(63

betrachtet. Daraus ergeben sich die folgenden Gleichungen.
11.7 Lemma. Die Massenbilanzen sind dquivalent zu
0(0rcq + voVey) + divdy — ¢ divl =1y — cor

fir o = 1,...,mund der Gasamtmassenbilanz in (IV11.6). Dabei sind J and
r wie in (IV11.4) definiert. Hdufiger Standardfall: Sind die Gesamtgrofien
J =0 und r = 0, so gelten fiir die Konzentration c,

0(0¢co, + veVey) + divl, =1y . (IV11.18)

Proof. Die Massenerhaltung fiir die Phase « ist

ro = O0i(ocq) + div(ocqv + Jo)

= 0(0rco, + voVey) + divly + co( Oro + div(ev) ),
1
=r — divJ

which is the assertion. Remember that the m equations for the concentra-

tions are m — 1 independent equations. ]

Wichtig bei der Berechnung von o wird folgende Definition sein. Hierbei
wird g ein “Funktional” sein, d.h. es héngt von Funktionen, hier ¢ und
@, ab. Dies kann dadurch gegeben sein, dass ¢(0,4)(y) = g(a(y),u(y))
oder dass zum Beispiel g(g,u7)(y) = g(o(y), Voly),u(y)), also eine “lokale
Abhéangigkeit”.

11.8 Definition (First variation). Let g be a functional depending on
vector valued functions @@= (04), and @ = (ug), in U C RY, that is

g = g(0, @) im Funktionenraum.

Then there exists the first variation g—% of g with respect to g, if g—% is a
L-function, which for ¢ = ((,),, With (, € 2(U) satisfies

59 N . 1 N s RN N
—dL" =1lim [ — - LY.
/L,C.(S@d l O/M(S(g(g—i-éc,u) g(g,1))d
The following statements hold:
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(1) If g is a constitutive function y — ¢(0,4)(y) = g(o(y), u(y)), then

o9 _ (99 o9 _
67 \bea), doa U

(2) If g is a constitutive function y — ¢(g, @)(y) = g(o(y), Vo(y), u(y)), then

dg ([ dg og
50 <5Qa)a * Gga e~ V(G-

Hinweis: Die Darstellung in (1) bedeutet g(g, @) = g(a(s),u(s)), in (2) ent-
sprechend g(g, @) = g(a(s), Va(s), u()).

Proof (1).

/g 99 aLN = lim (15( (64 6¢, @) — g(g, @) dLY

6—0 u

hm/ §(a+ 6¢, @) — g(g, @) dLY

:lim// 59) (0 + s6¢, )oCdeLN:/M(VQQ)( i)e¢ ALY .

6—0

This holds for all test functions ¢, hence

dg

Proof (2). Wir nehmen an, dass ¢(g, %) = §((8B§)|5‘§1,ﬁ).
/( %9 ~ ALY = hm/ 9(0+ ¢, @) — g(g, 1)) dLy

= hm/ %(A((aﬁm 60°Q)jpj1, @) = §((0° D11, ) ALY

6—0

— lim 3 g,aag((aﬁm 560°C) 51<1 11) e dsdLN

6=0 0 wa]al<l

= > Gro0g((0°0)51<1, 10) 00 ¢ ALY

U a:lal<1
= [ 5 0010 (G0 Dpicr, 1) Jsc L
U ozl <1
This holds for all test funktions ¢, hence
59 alga [~ — :
57 (—1)llo (9/8&5((35@\5\971&)) =gz — div(grvy) -
0 a:]al<1

O
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Dass die Gleichungen in 11.8(2) eine Bedeutung haben, werden wir bei der
Allen-Cahn und der Cahn-Hilliard Gleichung sehen, in der Mathematik sind
die Euler-Lagrange Gleichungen ein Beispiel. Wir benutzen die erste Varia-
tion zur Definition des

11.9 Chemical potential. Sei  die Entropie und es sei mit o = (04)a
entweder n = 7)(g, &) oder n = 1(g, Va,e). Wir setzen wieder

1
f =& 977 ) 9 - )
Te
wobei 1/, := 7., sowie ¢ die innere Energie,  die Temperatur und f die
innere freie Energie ist. Dann ist das chemische Potential bzgl. der Kom-
ponente o, einerseits definiert durch die Entropie

g =00

00a

und andererseits durch die innere freie Energie f

of
S 2
/’La * 5Qa )

was im Allgemeinen ein anderes Potential ist.

~

(1) Im Falle dass n = 7)(g, €), entsprechend f = f(g, ), gilt, sind die chemis-
chen Potentiale po 1= pg, = uf; beide gleich, also

o = =005, = frq, -

~

(2) Gilt n =n(0, Vg, ¢), entsprechend f = f(g,Va,0), so ist

M{y = froa — diV(f’Vga)7 Hop = —0n1g, + 9diV<77’V@a>v

und die Differenz zwischen uf; und p) ist

ph, = 1, = 150,90V

Bemerkung: FEine einheitliche Definition von pu, findet sich auch in 12.3.

(3) Falls die freie Energieungleichung benutzt wird. Ist 6 = const,

~

so wird nur f gebraucht und falls f = f(g,V,0) gilt

Ho = M£ = [roo — divfrivg, -
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Historie: Zur Definition des chemischen Potentials j, = —07/,, siehe die
Formel [87, (6.47) S. 185] im Buch von I. Miiller. Zur Historie sei bemerkt,
dass der Begriff des “chemischen Potentials” von Gibbs stammt, sieche dazu
[Wikipedia: Chemical potential — History].

In diesem Zusammenhang sei auch auf die Stetigkeit des chemischen Poten-
tials an der Grenze verschiedener Medien in 12.2 Bezug genommen.

Referenzen: Es sei auf I. Miiller [87, 6.3.2.5 Chemical potentials] ver-
wiesen. Siehe auch [Wikipedia: Chemical potential], wo chemische Poten-
tiale bzgl. der N, (siehe I11.3.1(2)) betrachtet werden.

Proof. Wenn wir konstitutive Funktionen annehmen, also
=00 p<1.¢), f=F((0°D)3<1.0)
0 =0(0")p1<1.¢)
dann gelten die Gleichungen
f=e—06n, On.=1, (IV11.19)

wobei bemerkt sei, dass wie immer die Ableitung 7. := 7/, ist. Also kénnen
wir schreiben

F(0°D)jp11,0((0°Q)j51210€)) = € = 0((0° D) py<1,€) (O Dypia )
Wenn wir dies nach ¢ ableiten, erhalten wir (ohne Argumente)
J?’Ga’s = 1- é\ﬁ’a - 5/5?],
(I

=0

also frg = —1 (falls 0:c #0, 01 1rge # 0). Nun betrachten wir die Ableitung
nach 97 fiir |y| < 1. Sie ist gleich

frong + 1001005 = —001975 — 019757 -

Da schon f/g = —1) gezeigt war, ist also f\/mg - é\ﬁ/m@ Wir haben also
gezeigt, dass R
f’e - 77/7\7
frong=—00gng filr [y] < 1.
Oder anders geschrieben
f’@ - _7/7\7
f’Qa - _077,904 )
f/Vga = —9?7'an .
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Zum Beweis von (2) gilt daher
N’(]; o IU“:Y - f/Qa + 077/@(! o div(f/vgo) - Qdiv(n/vga)
= div(0nrv,,) — 0div(nive,) = N've. V.

Die Aussage (1) ergibt sich als Spezialfall, da dann

: on of
‘;’y e —0 = —97 / e / - - = -(}:
K / (SQ(} 1 Qa f Qa 60& K

da ja fro, = =014, O

Isothermal case

Haufig werden Reaktions-Diffusionsgleichungen in der isothermen Situation
0 = 0y = const behandelt, wobei wir hier der Einfachheit halber nur den
Fall

r=3) ro=0, J=>_J,=0 (IV11.20)

betrachten. In dieser Situation ist das Entropieprinzip durch die freie En-
ergiegleichung zu ersetzen, siehe dazu Abschnitt I11.5. Das System der Er-
haltungsgleichungen besteht in diesem Fall nur aus den Massenerhaltungen
und der gemeinsamen Impulserhaltung (die Kraft ist die klassische Kraft,
dar=0und J =0 ist)

Isothermes Reaktions-Diffusions-System:
0100 + div(gav +Jo) =14 fra=1,...,m,
di(ov) + div(ovv® +1I) =,

IV11.21
0:= > 0o Gesamtmasse, » r, =0, v )
o (e}

IT symmetrischer Drucktensor, > J, =0,
«

f klassische Kraft (siehe 11.3.8).

Es wird die freie Energieungleichung (siehe im Abschnitt I11.5 das Axiom
I11.5.4)
of = O f1 + divp™ — vef <0

gefordert, also mit
flot = f + S\U\Q , [ die innere freie Energie,

ergeben sich folgenden Gleichungen.
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11.10 Lemma. Wenn
ftot — f 4 phin ot — proty L Ty 4 (IV11.22)
so gilt fiir die kinetische Energie f*n .= §|v\2
o fkm 4 div(fkmv + 11t v) = pef 4+ Dvill.
und fiir die freie Energieproduktion
or =0 f + div(fv + ¢) + Duvill.

Hinweis: Im Allgemeinen muss oy = 0y f'" + divp!'® + ¢'° als objektiver

Skalar gewihlt werden, also etwa gt = —@r —veDuvJ — wef. Hier ist aber

r=0und J =0.
Proof. Die Gleichung fiir die Gesamtmasse und den Impuls ist
at@ + le(Q’U) - 07
0(0yv + (veV)v) + divil = f .
Dann ist (vgl. 111.2.2)
at(gw) n div(§|v|%)
|v]?

= 7(8,/9 + div(ov)) + ove(div + (veV)v)

2
(Wegen Vh)2| = ve(Dv) = (UOV)U)
= ve(f — divIl) = — div(II* v) + vef 4+ Du:II.

Das ist die erste Gleichung und sie weist das gleiche Transformationsverhal-
ten wie die Energiegleichung auf. Die zweite Gleichung folgt wegen

op =0 f1 + divp™ — vef
= 0,(f + f*) + div(fo + fFm + IV v 4 @) — vef
= O, f + div(fv + ¢) + Dusll.

Es ist ¢ eine objektiver Vektor. O

Somit lautet die freie Energieungleichung
0> 05 =0.f+ div(fv+ ¢) + Duvill. (IV11.23)

Wir kénnen die folgenden Félle unterscheiden.
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11.11 Spezialfdlle. Wir nehmen an, dass fiir die innere Energie (IV11.22)
gilt und dass mit II = P — S der Spannungstensor S

DviS >0, S=25(5Dv)?), S5(50) =0
erfiillt und symmetrisch ist. In allen drei Fallen gilt

of =—DviS + > (para + Viaed,),
«

wobei in den Féllen folgende Voraussetzungen gelten:

~

(1) Reaktions-Diffusions-Modelle. Esist f = f(0), also jio = fr,,. Es
sind J, die Diffusionsterme und r, die Reaktionsraten. Die Massenerhal-
tungen lauten

0100 + div(oav +Jo) =14 fira=1,...,m.
Die freie Energieungleichung ist erfiillt, wenn (es ist ¢ = > pada)

P= (Egaflga —f)Id und > (VuaoJa —I—,ua-ra) <0.

«

Wahle die Diffusionsterme J, = ja(g,vg) und die Reaktionsraten r, =
T4 (0) so, dass die Ungleichung

S (V100 (2))030 (3. VD) + f10,(0) -Tal(@)) <0

«

erfullt ist.
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~

(2) Allen-Cahn Gleichung. Esist f = f(g,Vg) (beachte 11.12) und es
ist Jo = 0 fiir alle . Dann ist p, = % und die Massengleichungen lauten

000 + div(gav) =1, fira=1,...,m.
Die freie Energieungleichung ist erfiillt, wenn (es ist p = =) aéa fvo)
P= (g Oalia — f)Id + X Vea (frve.)" und > pata <0
Also wahle etwa r, =T, (0, (13)g) mit der Ungleichung

gﬂa?a(@ (Hﬁ)ﬁ) <0.

Beispiel: v, = fzﬂcug(@')ﬂg mit positiv semidefinitem (c,g(0))a,3-

~

(3) Cahn-Hilliard Gleichung. Esist f = f(g, Vo) (beachte 11.12) und
es ist ro, = O fiir alle a. Also sind p, = % und die Massengleichungen
lauten

0100 + div(gav +Jo) =0 fira=1,...,m.

Die freie Energieungleichung ist erfiillt, wenn (¢ = > ptaJo — ZQEQ [von)

P = (Y tatta = N)Id+ X Voa (frve,) und Y VigeJs <0.

Also wihle etwa Jo = Jo(, i, (Vug)g), wobei fi := (ug)g, mit der Unglei-
chung R
Viaed o (0, [, (Vﬂﬁ)ﬁ) <0.

=[]

—

Beispiel: Jo = —)_ 5¢ap(0; 1)V 13 mit positiv semidefinitem (cag(0; [f))a,s-

Man muss hierbei die Nebenbedingung (IV11.20) und die Energieunglei-
chung berticksichtigen. Man kann diese Gleichungen natiirlich auch in den
Konzentrationen schreiben. Oft werden diese Gleichungen auch mit o =
> o0a = const und auch, falls die Impulsgleichung dies erlaubt, mit Beob-
achtern betrachtet, fiir die v = 0 ist.

~

Proof (1). Esist f = f(0), also po = fr,, und
; = ;f’gaga = %}MQEQ . 0u + 0adive =14 — divd, .
Damit folgt mit (IV11.23)
of = ; + fdive + divp + Dwill =) fr,, E)u + fdive 4+ DIl + dive
o
= (f > Qu,f’ga) diveo + Dol + > pio(re — divdy) + dive
o o

= DU:((f - Z Qaf/gu)ld + H) + E(/La'roz + vlta'Jo) )
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wenn ¢ =y pfada gesetzt wird. Wenn wir nun S so wéhlen, dass II =
(ZaQaf’ga - f)Id — S, bleibt also
o =—DviS+ > (ttaTa + Viaeds)
«

iibrig. Hier DweS > 0 aus den allgemeinen Voraussetzungen. O

~

Proof (2) und (3). Es ist f = f(0, V@), wobei dies als innere Energie ein
objektiver Skalar sein soll. Daher ist

5f .
Hao = E :f/ga - lef’Vga .

Wir haben jetzt
F =3 Frontat Y froas(Vea),
wobei fiir die totale Zeitableitung von Vg, gilt
(Voa) = Vi, — D" Voo, (IV11.24)
was sich aus der folgenden Rechnung ergibt:
(9100)" = 04(9:0a) + (v0V)(Di0a)
= 0¢0; 0a + Y vj 050i Oa
|| j=1 1 1
aiat &aj

=0i0iea + 30 (0i(v;050a) — (0:v5)(050a))
J:

=0 (3tga - J; Ujana) - é}l(&-vj)(@j@a)
= 810, — (Dv" Vo), .
Damit ist
f= % fionba + £ Fv0aVes =5 frv0, oDV Voo
= Dvi(Voa (frve.)")
= Y ptoda + div( S bafve. ) ~ Do L Veu (90" )
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Also folgt wegen Ea = —oo dive + 1, — div],

of = ; + fdive + divyp + Dol

= (f - gu,uu) divo 4+ Y pia(re — divdy)

+ div((p + zo; E)af/an) + Dws (H — za: Voa (f/vga)T)

= Doz (11 - 5 Voa (froea) = (5 gata - /)

+ S(ptara + Viasda) + div (i + INEIEDY pada)
Wenn nun

= (3 eatta = F)ld+ 3 Vea(fva,) =5,

=2 tada = 2 00 1vpa
(0% (6%
gesetzt wird, erhalten wir

o =—=DviS + > (taTa + Viaeds) .
(0%

Hier DweS > 0 aus den allgemeinen Voraussetzungen. O

Zu Beginn des Abschnittes hatten wir angenommen, dass II symmetrisch ist,
und unter dieser Voraussetzung das allgemeine Diffusionssystem (IV11.2)
aufgestellt. Wir miissen also zeigen, dass dies erfiillt ist. Nach 11.11 haben
wir dazu zu zeigen:

11.12 Symmetrie von II. Nach dem Entropieprinzip ist n ein objektiver

~

Skalar, also auch f = f(g, V). Daraus folgt, dass

Z v@a®f’V9a

eine symmetrische Matrix ist, auf jeden Fall, wenn f = f(2, (dgy)g<~), wobei

dﬁ’Y = (f’Vgg)'(f’Vgn,) .
Proof fiir die spezielle Darstellung. Es ist

f’V@u = 2f’d(va(Y + Z f’d,g«/ ’ (5;‘3,an"/ + 5%an8) )
B<y
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und daraus folgt
Z v@a®f’Vga =2 Z ﬁdaav‘ga@an

+ Z E f/dm ’ (5B,o¢v9a®VQ7 + 57,aVQa®vQﬁ)

=2f14,.V0a®V 0o + f/dm - (Vog®@Voy + Vo,®Vog)

B<y
= > fry, - (Vog®Vo, + Vo,@Vop)
B<y
which is a symmetric matrix. O

Proof in der allgemeinen Situation. Da 1 ein objektiver Skalar ist, ist dies

auch f =¢—0n. Esist f = f((gﬂ)ﬁ, (Vog)s), wobei wir die Variable von

Vs mit z3 bezeichnen, also f((03)3,(28)s). Nun gilt mit g,0Y = g, und
daraus folgend (Vo,)oY = QVo}

F(0)5: (QVah)s) = foY = f* = f((eh)s. (Vb))

Indem wir dies nun bei gegebenem Punkt (t7,z*) als Gleichung fiir alle
Transformationen auffassen, erhalten wir, wenn wir (Q = () wahlen, fiir die
Ableitung nach s

d 7 - d
0=-f((eh)s (@sVep)s) = gf’za(n-)'(@Qng?;)

> f/za(...)oAsQVQz (wobei Ay = (%Qs) QST>

ZO; (f/za((gﬁ)ﬂ, (Vog)g)oY)e(AsVoaoY) (Wobei 0o Wie oben)

As:< ; Fraa(08)8, (Vgﬂ)ﬁ)@’VQ“) ¥

Da A, antisymmetrisch ist fiir alle s, konnen wir dies fiir ein gegebenes s
als eine beliebige antisymmetrische Matrix A; = A wiahlen, so dass also fiir
dieses s

0= A=§ Froa((08)8 (V05)5) ©V 0a

das heifit, da pg und Vg beliebig gewéhlt werden kénnen,
> frza((08)8: (Vop)s)®Vea

ist eine symmetrische Matrix, was zu zeigen war. (Die Beweismethode findet
sich auch in I1.4.14 beim Satz tiber konstante objektive Tensoren.) (]

Nachdem wir diese Gleichungen mit Gradientenabhangigkeit studiert haben,
ist jetzt natiirlich die temperaturabhingige Version der Diffusionsgleichun-
gen von besonderem Interesse.
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12 Temperature dependent diffusion

Wir behandeln nun Diffusionsgleichungen mit thermischer Ausdehnung, was
eine wesentliche Eigenschaft bei Reaktionen ist. Wir betrachten hier der
Einfachheit halber wieder nur den Fall (IV11.20), d.h. J =0 und r = 0 fiir
die Gesamtgrofen, weshalb die (gesamte) Kraft gleich der klassischen Kraft
ist. Das Differentialgleichungssystem (IV11.2) ist dann

Reaktions-Diffusions-System:
000 + div(gav +Jo) =1 fira=1,....m,
di(ov) + div(gvo® +1I) = £,

dre + div(ev +11T v+ q) = vef + g,
(IV12.1)

0:=>_ 0o Gesamtmasse, > r, =0
« (6%

IT symmetrischer Drucktensor, » J, =0
(0%

e=¢ec+ §|v|2 Energie,

Das Entropieprinzip besagt das Folgende, wobei wir hier die Voraussetzung
machen, dass die Entropie nicht von Ableitungen der Dichten abhéngt.

12.1 Entropieprinzip. Wenn fiir die Entropie und den Entropiefluss gilt
UZﬁ((Qa)a,EL Y =mnv+o,
1

1 1
= - € _ TIJ = — - -
o 71 §alua a=ga— 3 §a:uaJa,

so ist das Entropieprinzip erfiillt, falls in den Gleichungen (IV11.2) (bzw. in
(IV11.1) und (IV11.6)) gilt

O=pld—S, p=> oata—f,
[0
a=q"+> peda, pa=ps+0ul, g=0
(073

und die Residualungleichung

1
0

1
0§0=5DvoS+V<

)’qE - %: %Nara - %: (vﬂg + évﬂfx> oJao

~

erfiillt ist, wobei f = f((0a)a, ) und
pa = =0n1p0 = fron -

Zum Zusammenheng zwischen f und 7 siehe (IV12.5).
Definition: Die Gleichung jio, = u, + 0pa “zerlegt” das chemische Potential
in einen Energieanteil pf, und einen Entropieanteil /1,:{[.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.12 Temperature dependent diffusion 411

Man kann also zum Beispiel p, = pq setzen, so dass dann ugd = 0, also
hat der Entropiefluss die Darstellung wie bei Clausius-Duhem, oder man
setzt pg = % Ho = —Nro, und dann pg, = 0. In diesem Falle besteht der En-
ergiefluss ¢ nur aus dem Warmeanteil, dafiir hat der Entropiefluss zusétzliche
Jo-Terme. Diese Alternative wurde zuerst in Alt & Pawlow [18] benutzt,
und zwar in dem Fall, der in 12.4 behandelt wird.

Proof. We repeat the proof of 111.2.4 but for the entropy in this mixture
case

n= ﬁ((@a)aa 5) )
that is, now the entropy is a function of each mass density g, of the mixture.

Define h = 9;h + veVh for each function h. This gives

[e] o] (e}
0= 10400 + 1€
(0]

and Ea and € can be computed by the equations (set IT = pIld — S, we always
can do this without meaning of terms)

Ea + 0o dive =1, — divd,,

) (IV12.2)
£+ (e + p)divu + divg = DveS +g.
Hence
0<0o=0m+ divy
=1+ ndive + div(¢ — n)
= N0 Ea + nfsg + ndive + div(y — nv).
(63
Now

D110 O+ 117 + 1 divo

[0

= > Nrpe(—0a dive + 14 — divd,)
(03

+1/:(—(e + p) divo — divg + DveS + g) + ndivv
= divv - (7 = X2 0N, — (€ +D)117c) 4+ 11:DvesS
(6]

+> 0. (ra — divly) +1/:(g — divg) .

Gehe jetzt zum Beweis des klassischen Falles oder zum Beweis des allge-
meinen Falles tiber. O

Proof (klassisch). Wir nehmen an, dass wir r, — divJ, wie Raten behandeln
konnen (womit also der Fall abgedeckt ist, dass die Fliisse J,, verschwinden).
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Dann ist
%:n/ga(ra — divd,) +1::(g — divg)
= 200 (Yo = diva) + 179 — 11 divg (IV12.3)
= 2o (Yo = diva) +1reg + Vipreeq + div(—1req),
wobei die letzte Gleichung die Standardmanipulation
e divg = div(n:cq) — Viprceq
darstellt. Also erhalten wir

0<o=div(y —nv—1.q)
+divov - (77 -3 0aM’ 00 — (e +p)77/g) + n::DveS
(0%

+ Zn’ga (I‘a - diVJa) +neg + Vniceq.
(e}

Dies ist, falls J, verschwindet, die klassische Darstellung der Entropiepro-
duktion. Hierbei hat der Entropiefluss nur den Term 7..q, der ja schon in
der Clausius-Duhem Ungleichung auftrat. Bei allgemeinem J,, ist

q=q +> peda,
(07

und obige Darstellung von o geht in die Darstellung in der Fortfiihrung des
Beweises iiber. Gehe jetzt zur Fortfithrung des Beweises. O

Proof (allgemein). Fir allgemeine J, erhalten wir, wenn wir ¢ = ¢ + J¢
schreiben,

Zo;n/ga (ro — divdy) +n/e(g — divg)
= %) MaTa + 17eg — 1re divg®
— > g, divdy — nro divI©.
o
Den ¢¢-Term formen wir wie bei Clausius-Duhem um
e divg® = div(n:eq°) — Vnr.eq°
und die restlichen Flussterme sind, wenn wir setzen

Jo=>ueda, =3 pdda,
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gleich

somit
%:n/ga (ro — divly) +n/:(g — divg)
=2 MgaTa +10eg — div(nieq® — J") 4+ Vo
° . (IV12.4)
+ 200 = Wt — 1) divIa
+ %(—WIEVMZ —Vug)eJa .
Gehe jetzt zur Fortfiihrung des Beweises. O
Proof (Fortfihrung). Also erhalten wir
0<o=div(y —nv—n.q + ;ug.}a)
+dive- (- 2 0allgn — (e + p)ne) +n:-DvesS
+ %f MoaTa +17eg + Vieoq + ZO;(—nngui = Vui)eda
+ 22100 = Wity — 1) divda
Setzen wir nun die vier Gleichungen
Y —nv—nq"+> ulJ, =0 (Entropiefluss),
o
= 0aNg, — (€ +p)ne=0 (Gibbs-Relation),
@

g=0 (Energieerhaltung),
N ow + Nielly + 1 = (Verteilung der pq-Terme),

voraus, so folgt

0 <o =mn:DveS+Vnreq +3 (n’gara = (Vg + n’evﬂz)”]a) )
«

was aquivalent zur behaupteten Residualungleichung ist. O
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Proof (Innere freie Energie). Wir fithren die innere freie Energie ein

f((0a)a:0) := & = On((0a)as€)

with 6 = 6((0a)a, ) = 77/5((91c1)a-€)

und berechnen die Ableitung nach e

fro0e =1 =00 =01 =—01,
also fig = —n, und g,

Froa + f100100 = =001, = 010,17,
also fr,, = —0n:,,. Es gilt somit

fro =—nund fi,, = —0n,, .

Also ist
0= 001~ = 0w, — (< + )
S r Zo; 0a0M1p, —€—p (IV12.5)
= Zajgaffga —f-p,

und

0=0(— 110y — Mk, — Ha)
= Ha — ,U; - G,UZ )
und daher wird die Entropieproduktion zu
1

0<o= %Dv.s+ V(%)oqe % %f/gura -3 (wg + ewg).Ja.

O]

Das Reaktion-Diffusions-System schreibt sich also unter der Annahme, dass
(IV11.20) erfiillt ist, mit den Konzentrationen wie folgt

Reaktions-Diffusions-System:
O(0ca) + div(ecav +J4) =14 fir a=1,...,m,
di(ov) + div(ovov® +pld — S) = £,

Ore + div((e +p)v — Sv + ¢ + % peJo) = vef (IV12.6)

Y
e=ct P, p=(Seatre.) 1
(03

Mazuiﬁ'@ﬂg, Zra:(], ZJaZOv
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wobei S, ¢, ry, and J, die Residualungleichung erfiillen miissen. Hierbei
sind die Entropie und der Entropiefluss wie in 12.1 gewahlt. Siehe jetzt
insbesondere den Abschnitt 13, wo temperaturabhingige Anwendungsprob-
leme behandelt werden.

Stetigkeit des chemischen Potentials

Wir vergegenwértigen uns nocheinmal die Definition der Temperatur und die
Definition des chemischen Potentials in 11.1 (und 11.9, wenn man p, = pf,

setzt) , 5 } 5
g=re(=5) 5 = (=50)

wobel wir annehmen wollen, dass 1 = 77((0a)a,€) ist (in Klammern ist der
Fall angegeben, dass n vom Gradienten der Dichten abhéngt). Wir sehen
also, dass es sich sowohl bei der Temperatur als auch beim chemischen Poten-
tial um erste Ableitungen der Entropie handelt. In I11.6.1 hatten wir schon
gezeigt, dass daraus an der Grenze zwischen zwei Medien die Stetigkeit der
Temperatur folgt. Wir zeigen nun, dass das chemische Potential am Grenz-
iibergang stetig ist. Voraussetzung dafiir ist, dass es keinen Produktionsterm
auf der Grenze gibt.

12.2 Stetigkeit des chemischen Potentials. Es gelten die Massen-, Im-
puls- und die Energieerhaltung im Distributionssinn im stationédren Sinn in
U C R™ und es gelte (fiir einen Beobachter)

U=DYyurup® , I eine glatte Fléche, .
Dann folgt fiir die chemischen Potentiale
M(l) - M(Q) auf T,

wenn im Distributionssinne Massen-, Impuls- und Energieerhaltung sowie
das Entropieprinzip gelten.

Proof. Wir fassen die Erhaltungsgleichungen als Distributionsgleichungen
auf, also gilt fiir die stationdren Gleichungen, dass in 2'(U)

divjpv + J| = [r],
div[gvo® +10] = [f],
divlev +TI" v +q] = [g],

wobei o = Q(k) in D(k), k = 1,2, entsprechend fiir die anderen Groéfien, und
vWer = 0, v@er = 0 auf I', wobei v eine Einheitsnormale auf I ist. Fiir
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Testfunktionen ¢ € Z(U;R) heifit dies fiir die Massenerhaltung

0= /ZA (VCo(ov+J) 4 (r) da

=> [ (V¢e(@Mo™ +IW) 4 ¢r¥) da
k J D)

_ Z/ ¢( = div(e®o® 4 30) 4 r®) 4y
k J D)

//Cv- 0@ 3@ — oMy — gy " (2)

wobei v = vp2) = —vpa). Daraus folgt
~div(e®o® 4 3B 4 x8) _ (i p),
das heifit die Differentialgleichung in den einzelnen Phasen, und am Grenz-

iibergang I'
JPey =JWey .

Entsprechend folgt aus der distributionellen Impulserhaltung neben den Dif-
ferentialgleichungen in D*)

0®y =Wy auf T
und die distributionelle Energieerhaltung ergibt dann
q(2)oV = q(l)ol/ auf I'.

Jetzt schauen wir uns noch die Entropieungleichung an, die in der distribu-
tionellen Version lautet

] + divy] > 0 in 2'(U)

mit n = n(k) in D®) und entsprechend fiir 1, das heifft, wir nehmen an,
es treten keine distributionellen Terme auf I' auf. Die Entropieungleichung
sagt flir nichtnegative Testfunktionen ¢

0> /U (8¢ - 1 + VCo) d(t, )

= / /D . (8:¢ - ') + V¢oyp®)) da dt

/ /Dm — o™ — divg™) de dt
+Z//C”' — W)y dH" " (z) dt.
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Die Entropieungleichung in U enthéalt nun einerseits

0> —an™® — divep®) in DK

die Entropieungleichung in D®*), und zum anderen
0> ve(yp® — M)y,
Da der Entropiefluss ¥*) in D®) erfiillt

P ®) = k8 4 ﬁ B o 3 (k)

(es ist u®) = Wk _ 9(’“)#("’)”)

1 1
®.® L L ow_ L wmm
VUt s T gmt I

ist

1 1 (2) (1)
@ oy (L Ly Y
02 ve(y™ —¢) = (9(2) 9(1))”’q (9(2) 9(1))”"]’

wobei veq = veq!) = veg? und veJ = veJ) = 1eJ?) wie oben gezeigt.
Da veq und veJ beliebige Werte haben koénnen, folgt

1 1 p? B p)

92 — p T 9@ — e
O

Die Differentialgleichungen mit freiem Rand erh&lt man auch durch eine
Phasenfeldapproximation (siehe z.B. [22]).

Gradient dependence

Wir leiten nun noch das Entropieprinzip her, falls die frei Energie auch von den Gradienten
der Dichten abhangt.

12.3 Chemical potential (Gradient dependence). Assume

~

n="1n(g,Va,e) resp. f=f(g,Vg0).

Seien Vektorfelder 1S, and h! gegeben mit

Nrvon = hil + %H; (IV12.7)

und definiere

i, = % — Voheh! — 79((% + V(%)QE;) ,

so dass also gilt . .
Lo = [ro, +0divh] + divhg

=—0(nrp, — divh? — .. divflg) .
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Erste Variation: Wir habe die Definition der ersten Variation in 11.8 benutzt.
Speziell: Es gilt im Zusammenhang mit 11.9

_g o

_ 00a

Ha = Sf

50a

= pi wenn hy, =0,
= ,uﬁ wenn h,, = 0.

Auflerdem, wenn ﬁg =0 und 71; = 0, also n und f vom Gradienten unabhéngig, so gilt
die alte Definition fi, = pta = —61:,, = fr,, in 11.9(3).

Proof. Es gilt (immer mit den richtigen Argumenten) f/v,, = —01/v,,, also ist (IV12.7)
dquivalent zu

frvon = —0Nrvo, = —0hd — he,, (Iv12.8)
also ist

;—f Voeh! = fi,. +0divh] + divh,
Qa

—9(77/0 — divh? — e divflg)

9(55971 +v<0> ﬁ;) ’

O

12.4 Entropy principle with gradient dependence. Wenn fiir die Entropie und den
Entropiefluss gilt, dass

N1 =71((0a)a,(Voa)a,e) ein objektiver Skalar ist,
1. o -
=m0+ 54" = (pada +ooha),

so ist das Entropieprinzip erfiillt, falls in den Gleichungen
I=prP-S5,
P = (9(77 —ene) + 22 Qaua)ld =03 Voa®nrvy,
q=q + X (peJa+0,h5), 9=0

gilt und die Residualungleichung

O<a—§DvoS+V< ) E Mara—Z(VMZ-F%VN;)'Ja

erfiillt ist, wobei f = f((ga)a, (Voa)a,0) und
Po = o +O0pl, Mo, = R+ 5he (1V12.9)

Hierbei ist das chemische Potential 1o := Ti, wie oben in 12.3 definiert.
Wichtig: Die Zerlegung der Terme in (IV12.9) bestimmt, welcher Anteil in den Gleichun-
gen der physikalischen Prozesse auftritt.

Proof. Wir beginnen wie im klassischen Fall II1.2.4, wobei jetzt fiir die Entropie n =
1(a, Va,e) gilt, weshalb

0<0=0mn+ divyy

=1+ ndive + div(y — no)

= 52190 00, + 1170, ®(V0a) ) 4+ nsc€ + ndive + div(y — n),
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wobei wir hier 5& und ¢ durch die Gleichungen

0., + 0o dive =1, — divd,,
f ¢ (IV12.10)
€ + edivv + divg = —Dvell + ¢

ersetzen wollen, also bleibt (Vga)° zu betrachten. Die totale Zeitableitung (Voo )" erfiillt:

(Voa) = Vo, —Dv" Voa, (IV12.11)

was sich aus der folgenden Rechnung ergibt:

(0i00)° = 0:(Di0a) + (vOV)(8;00)
= 0:0; Oa + Z Vj 8_}81 O«

— j=1 | 1

0;0¢ 0;0;

= 0:0100 + Z (8:(vj050a) = (95v;)(9j0a))

= 01(Bhea + 35 vi0500) = 35(001)(9500)
= 8i§a - (DUT Vga)i .
Indem wir nun (IV12.11) benutzen und € von (IV12.10) einsetzen, erhalten wir
0 <o = div(y) — nv) + ndive
+ 0080+ 079008V = L1170, (DY Vea)
—ens. dive + Dve(—n/ 1) — n/. divg + n/eg
= div(y — )+ Dve((n = enr)ld = X Vou (915,,)" —n7:11)
X0 G+ L1v00 8V o — e divg g
In der letzten Zeile nutze nun
11900 = ht +nehs,
a=q" +Xa3u3Ja +Xa35a713
aus, um zu erhalten
100 80+ 0790, 0V o = 11 divg +177cg
= 30100 80+ L (A2 + 1:h2)0V d,
— e div(0ahe + pada) = nre divg” + 119
=3 div(g,hi) = e divg + 1129
(000 = divhy, — e divhg)o, — 2 div(pada) -
Indem in der letzten Zeile

—Nrefla =1/p, — divﬁg — N divH;
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ausgenutzt wird, wird dies, wenn wir ¢ von (IV12.10) einsetzen,

=3 div(g,hd) —nve divg® +n1eg

- Mreto — Ynre div(uida)

=2 div(0,hd) = nr= divg" + 1729

=2 Mrepa(—0a dive + ro — divda) — 32 n-c div(pada)

= diV(Z ouhe + Z/AZJ&) —nredivg® + 1.9

+Dve ( > Qan’a#ald) =D MrefaTa

+ Z&:nxs,ua divJ, — Xa: div(pdda) — %377«5 div(peda) -
And since n/cpia — pg — Mo, = 0 we see that the last line is

=2 (Vud +neVipg)Ja .

Altogether
0 <o = div(yp —no)
+Dv°((n —enve)ld =3 Vea (M9ea)" — 77'51_1)
+diV(Z 0o bt + ZMZJQ) — e divg® + /g
+DU'( > Qan’sﬂald) =D NreHaTa
- %:(VMZ +1eVia)Jao .
This proves the assertion. O
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13 Chemical reactions

We describe here some examples for the reaction term r, in (IV11.2), as
they occur in chemistry. We base the computation on an internal free energy
depending on the denisties gq:

~

[= f((Qoz)a’ 9) , 0= (Qa)a . (IV13'1)

Bei chemischen Reaktionen ist von dem Einfluss der Temperatur 6 auszuge-
hen. Wir kommen darauf zuriick und konstatieren zunédchst nur, dass fur
jede Masse der Reaktion der Erhaltungssatz

006 + div(gav +J4) =14 . (IV13.2)

erfillt ist. In diesem Abschnitt betrachten wir die Konzentrationen:

Denstities: Oas 0=1(0a)as 0: = 0a,
o

. Oa
Concentrations: Co=—,C=(Ca)a, >, Ca=1.
(0%

Also koénnen die Massenerhaltungen (IV13.2) auch geschrieben werden als
81?(@0(1) + diV(Qco/U + Ja) =TIq = Ql‘zp, rfxp = éraa (IV133)

wobei rfy die spezifischen Reaktionsraten sind. Falls alle J, = 0 und die
Gesamtrate r = ) r, = 0 konnen wir (IV13.3) auch schreiben als, siehe
den Standardfall in (IV11.18),

Ca =T, (IV13.4)

wobei h := O;h 4+ veVh fiir jede Funktion h.

13.1 Spezifische freie Energie. Die freie Energie f habe die Eigenschaft
wie in (IV13.1) und Entsprechendes gelte fiir die Entropie. Die spezifische

freie Energie ist
. 1
= Ef. (IV13.5)

In 11.1 waren die chemischen Potentiale 11, schon eingefiihrt, es gilt
Ho = —977’@(57 0) = f/Qa(é: 0) .
(1) Ist fP = ]‘“\Sp(é', 0) so gilt, wenn g = oc,

0 =
o = f10,(8.0) = 5~ (FP(e2,0)). (1V13.6)
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(2) Ist fP = fsl’(é', 0,0), so gilt mit einer von o unabhéngigen Funktion d
fio = fron = f?fa (¢,0,0) +d(C, 0,0). (IV13.7)

(3) Mit f* wie in (2) ist
o =fn +

wobel 7o 1= 3 55 ;éa%(ea — eg) Tangentialvektoren an die Bedingung an ¢
sind und wobei ein Normalenvektor durch v := %(1, ..., 1) gegeben ist.

Also auch wenn fSp fiir Vektoren ¢, welche nicht die Nebenbedingung erfiillen,
gebraucht wird, d&ndern sich dadurch die Darstellung der chemischen Poten-
tiale po nur durch eine konstante Funktion, d.h. durch einen von a un-
abhéngigen Term.

Proof (1).

(F™(0c,0)),, = (;f(@c, 9)) = i)(f(gc, 0),. = gf/@u(gc, 0) = fia .

Die Nebenbedingung > c, = 1 fiir die Konzentrationen wird hier nicht
benutzt. O

Proof (2). Es ist f(2,0) = of**(Z,0,0) mit ¢ = Y, 00, also

9 . 75 7S 66’ « 03
= 7 = 5P + o—— Sp — £Sp + ?p + 713 Yba ES
po = fron = [ Qagaf P +ofi, g%ﬁfcﬁ( , Q2>

Cc

= [P+ of i+ [Ih =S esfit, = [h, + const(Z 0,0)
5

mit const(Z, 0,0) = [ + of}% — Y 5ea 0. 0
Proof (3). Es ist e = 7, + v und e, — e sind Tangentialvektoren. O

References: See DeGroot & Mazur [6, Ch. X §3 Coupled Chemical Reac-
tions] and I. Miiller [87, 3.2.2.3. Seite 68, 6.5 Seite 196 Chemical Equilib-
rium|, and the book of G.R. Gavalas [41, Nonlinear Differential Equations
of Chemically Reacting Systems|. Also visit [Wikipedia: Chemical reaction]
and see the references below. For an overview see [Wikipedia: Stochiometrie]
and [Wikipedia: Stoichiometry] and [Wikipedia: Stoeichiometrie].
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Stochiometrie
Betrachte Molekiile My, k =1,..., N, in einer Mischung mit J Reaktionen,
und zwar fiir j = 1,...,J, welche wir schreiben als
Stochiometrische Gleichungen:
S UM 2 Y EMy
k k
M, Partikel (Molekiil, Atom, Ion, Elektron, ...) (IV13.8)

vl, 7, e NU{0},
’yi = Uf; — yi stochiometrische Koeffizienten,

(stoicheion = Grundstoff, metron = Ma$f).

Als Beispiel geben wir die Bildung von Wasser an.

13.2 Beispiel: Bildung von Wasser (N = 6, J = 4). (Nach I. Miiller
57, 3.2.2.3))

(1) Die Reaktion lautet vereinfacht
2H, + Oy & 2H50. (IV13.9)

Allerdings hat man dabei die Reaktion von 3 Molekiilen, ndmlich Hs, Hy
und Og, was ein seltenes Ereignis darstellt.

(2) Genauer haben wir die folgenden Reaktionen. Es sind die beteiligten
Molekiilarten
H, O, OH, H;, O3, HO

und die Reaktionen schreiben sich als
H+O0 & OH
Hy ¥ 2H
0y ¥ 20
H+ OH & H,0

(IV13.10)

Die stochiometrische Matrix ist

(-1 +2 0 -1
-1 0 42 0

i +1 0 0o -1
Y= (’ylz:)kj = 0 ~1 0 0
0 0 -1 0
| 0 0 0 +1]

Es ist ranky = J = 4, d.h. die Reaktionen sind unabhangig voneinander.
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“Addiert” man die einzelnen Reaktionen in (IV13.10), so erhdlt man (IV13.9).

Proof (2). Es sind

1 0 01 02 00
1 0 0 O 0 0 2 0
B |0 0 0 1 o,y |1 0 00
vi=0e =g 1 g o VTR g 0 0 0
0 01 0 0 0 0 0
L0 0 0 0] 10 0 0 1]
also hat v = 7 — v die angegebenen Eintrage. O

CHy + 20, —— CO, + 2H;0

Fig. 30: “As seen from the equation .... , a coefficient of 2 must be placed
before the oxygen gas on the reactants side and before the water on the prod-
ucts side in order for, as per the law of conservation of mass, the quantity
of each element does not change during the reaction” from Wikipedia

13.3 Ansatz fiir Reaktionsraten. Mit den stéchiometrischen Gleichungen
in (IV13.8) machen wir fiir die Reaktionsrate des k-ten Molekiils den Ansatz
rskp = Z Lk’)/i)‘] )

J

wobei A die chemische Reaktionsrate der j-ten Reaktion ist, und ¢ noch
zu bestimmende Konstanten sind. Die Reaktionsrate A’ ist eine Funktion
der chemischen Potentiale ux, und wie folgt gegeben. Definiere

)‘J = )\J (57 Q797 ZLkVZMk ) Z Lkp‘ljguk ) .
k k
1 ] L ]

— gj —. gj
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Dann ist also

(G 0,0) = Y uyiN (€, 0,0,8,¢).
J

Mit den so definierten Reaktionsraten gilt
Stk = o Y = ok wyl  N(G0,0,60,89)
k k kj —_
= (7}, — 1})
= 032 ( S w(# — v )N (0,6,€7,€)
J k
|

—¢-¢
J 1 1
< 0 nach der Voraussetzung

also hat dieser Teil der Entropieproduktion das richtige Vorzeichen.

13.4 Voraussetzung. Fiir jedes j gelte, dass
MNRVT2ZxRxR—-R,
(€ —EN(2,¢,€) > 0 fiir alle z,&, €.
Wir verlangen dariiberhinaus noch eine Nichttrivialitéat, die besagt
(E—EN(2,£,8) >0 fiir £ £E. (IV13.11)
Wenn M stetig ist, folgt dann M (z, &, &) = 0 fiir alle z und £.

Kehrt man eine chemische Reaktion um, so vertauschen sich I/z mit ﬁi, also

wird 79 durch —+7 ersetzt und & vertauscht sich mit &’. Die Bedingung
(IV13.11) ist invariant beziiglich dieser Vertauschung.

Free energy

Die freie Energie fiir ideale Mischungen von Gasen wurde in 9.11 angegeben
mit

~

f=1(@0) =3 (R*0oxlog ox — cf oxblog 6 + d*Boy,) . (IV13.12)
k

Die zugehorige spezifische freie Energie ist

~

o0 = f(Q;9> = 3 (R*0cglog (cr0) — chexflog 0 + d*ocy)

k
=" (RF0cy(log e, — 1) + ak(0,60) i)
k
ar(0,0) := RFO(log o + 1) — &-0log 0 + d*6
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and therefore by 13.1(1)

HEe = f’gk(@e) = aick

also

pu, = RF0log ¢, + a0, 0) .

Und daher ist mit den Definitionen in 13.3

. . i , . .
&=yl =3 uRr0log (c,F) +a’(0,0), a’(0.0) =3 uviar(e,0),
% % %

s . vj . . L
g = Zk: LTy = Zk: R 0log (c,F) +a(0,0) , @ (0,0) := Zk: wax(0,9) .

Dies ist in die Gleichungen einzusetzen

o

Cr = I'Zp = Z//k’}’i)\](a Qveafjﬂgj) )
J

wobel wir &/ und €, wie gerade berechnet, einzusetzen haben. Folgende
Version wird fir die chemischen Reaktionsraten A\’ meistens verwendet.

13.5 Chemische Reaktionsraten. Das klassische Modell ist

N (@ 0,0,6,€) = 07(7,0,0) - (exp (%) —exp (é@)) | (v13.13)

wobei 0/ > 0 und R > 0 ist. Bemerkung: Dieses Modell stammt aus der
statistischen Mechanik fiir Gase, wobei R = kp die Boltzmann-Konstante
ist. Linearer Fall: Ein lineares Modell nahe dem Equilibuium ist mit 37 > 0
gegeben durch N (¢, 0,0,¢,€) :=67(G, 0,0) - (£ — ).

Wir bestimmen nun die Werte ¢, so dass fiir einen Wert R gilt

e RF = R,
& (IV13.14)
indetaile:E, Lk ::%, R 2237
MF M M

wobei M frei gesetzt werden kann. Dann wird

fj 1 j LkRk vl aj(g, 9)
_ = = = — = 1 k =
7 g o e = 2T los (o) +
_ vy, @(e.0) _ Y, @(e.0)
=3log (o) + —5g —log(l;lck )+

und analoges fiir Ej. Damit gilt
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13.6 Lemma. Falls die freie Energie wie in (IV13.12) gegeben ist, lautet
die Annahme (IV13.13), dass fiir alle Reaktionen j

. 4 4 i 4 i
N =0l (Z 0,0) (aﬂ (0.0) T —a(0,0) I1 ckk) (IV13.15)
k k
wenn i .
. J . al
a’(0,0) = exp (agée)) . @ (0.0) = exp (“ Eé)ém) :

Wir bekommen also die Differentialgleichungen zu den Konzentrationen

o . . Ao ]
b =S 0! (@ 0,0) (¥ (0.0 [T —@(0,0)[1¢]")
j l l

; (IV13.16)

fuirk=1,...,N.

Was sind die stationdren Losungen dieses Systems? Losungen mit rechter
Seite gleich 0, oder sind das Lésungen mit &/ = & fiir jede Reaktion j?
Antwort auf diese Fragen gibt das folgende Statement.

13.7 Stationdre Losungen. Es mogen die Voraussetzungen in 13.4 erfillt
sein. Wir fiihren nur die Abhéngigkeit von den Konzentrationen ¢ an und
definieren 7 := (r}");, entsprechend ji := (). Dann gilt:

(1) Falls (IV13.11): 7(&) # 0 <= ji(¢)e7(€) < 0.
(2) Falls (IV13.11): #(¢) =0 <= Firalle j=1,...,J gilt

mei,uk(é) =0 (General mass action law).
k

(3) Falls (IV13.15): #(¢) =0 <= Fir alle j = 1,...,J gilt

J J(0.0
chk — a'(g, ) (Mass action law),
k

a’(o,0)

wobei gilt

1 .
e~ (- g Lodnlen).

Proof (1). Unter der Voraussetzung (IV13.11) gilt nach der obigen Identitét
O(E) = 5 iy = = (0 - €@V,
z J
<0 und = 0 genau dann,wenn &’ (&) = EJ(F') fur alle 7.

Ist also ji(c)er(c) = 0, so folgt &7(c) = E}(F) fir alle 7, nach 13.4 ist also
N (E,€(8),€ (€)) = 0 und daher (&) = 0. Damit ist (1) bewiesen. O
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Proof (2). Es ist #(¢) = 0 nach (1) dquivalent dazu, dass &/(¢) = EJ(F) fiir
alle j, was nach der Definition in 13.3 bedeutet, dass

> ’/kW‘/i/lk,((?) = 0 fiir alle j.

O]

Proof (3). Wegen ¢/ = E} fiir alle j ist AV = 0 fiir alle j nach (IV13.13), also
7 v i i
o [lef =a [[er,

das heif3t

Wir behandeln nun einige konkrete Standardbeispiele.

13.8 Water. (Nach I. Miiller [87, 3.2.2.3], siehe 13.2.) Fiir die Reaktion
von Wasser in 13.2 ist J =4, N =6 und

c1 CH (-1 +2 0 -1
c2 co -1 0 +2 0
~ |lez| | con j |+ 0 0o -1
el T e | WE=] 0 1 0 o
Cs5 €O, 0 0 -1 0
| C6 | | CH50 | L 0 0 0 +1_

Dann lauten die gewohnlichen Differentialgleichungen

. g
crp = Zkayi)\J firk=1,...,N

7=1

mit (es seien 0/ = 1)

M =alejes —ales ,
£\ = ey — @,
N =ales —aies,
M= alejes —ateg.

Zeige, dass die Summe der Konzentrationen gleich 1 ist.

Da die Summe der Konzentrationen gleich 1 ist, mufl immer gelten

S umN =3 (Z Lm,i) X, (IV13.17)
n :

J:k J k
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und aus den Eigenschaften der A (dass sie beliebige Werte annehmen koénnen)
folgt daraus, dass fiir alle j

> wyy, =0 (IV13.18)

sein muss. Die Groflen sind konstante Materialgrofien.

Proof. Wir haben (IV13.18) zu zeigen, wobei M; = My und My = Mp
gegeben sind und
M3 = Moy = Mo + My

My = My, =2Mpg
Ms = Mo, = 2Mo
M¢ = Mpy,0 =2Mg + Mo .
Nun gilt
F ML T

-1 -1 +1 0 0 0 Moy

CY gy |2 0 0 =1 0 0| | M
(%Mk’/k) =Mk =10 5 o o 1 o | |Mm

j
1 0 -1 0 0 +1]||Ms

L M
— My — M5 + Mj —Mypy — Mo 4+ Mon
_ +2M7 — My _ +2Mypy — ]\[Hz —0
+2My — M; +2Mo — Mo, ’
—]\fl - ]\[3 + ]\[6 —A[H - J\IOH + ]\[HZO
woraus die Behauptung folgt. O

13.9 Haber-Bosch process. (See I.Miiller [37, 6.5.1.4 Seite 198], see also
[Wikipedia: Haber process].) Bildung von Ammoniak aus Stickstoff und
Wasserstoff. Die Reaktion lautet

N, + 3H, & 2NH;4

mit (esist J =1, N = 3)

c1 CN, 1 0 -1
c=|c|=|c |, v=13|, v=|0|, v=]|-3
c3 CNH; 0 2 2

Das ideale Gas-Modell nach (IV13.15) ist daher (wenn o := 1) mit Koef-
fizientenfunktionen o > 0 und @ > 0

A= a(f)eics —a(f)cs.
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Also ist ¢ eine Losung der gewohnlichen Differentialgleichung (IV13.16) mit
nur einer Reaktion

o

c1 = —U1\, 82 = —319 ], 83 = 2i3)\.

Lose im Fall, dass a,@ = const ist, das Gleichungssystem und zeige, dass
die Summe der Konzentrationen gleich 1 ist.

Proof. Es ist (c1 + co + 03)0 = (=1 — 312 + 2t3)\ = 0, wenn

L1+ 3o = 2u3.

Dies ist erfiillt, da
L] = INy = 2IN,
L2 = lHy = 2LH y
L3 = INH; = (N + 3LH .

Nun zur Existenz. Fir Konstanten K7 und Ks ist

4 c3 C2 3 Ks
—+ —=const =Ky und — + — =const=: —,
L1 2/)3 31/2 21/3 3
also 3
c3 c3
01:1,1([(1——)./ (:2:1,2([( ——),
2L3 2L3

das heifit, dass K1 und K5 durch die Anfangsbedingung gegeben ist. Und
es folgt

C3 = 23\ = 21,3((1(:1(::23 — @(*%)

= 2 (K1 — 52) (K2 - ‘;’jj)“ ~ad).
Also ist c3 eine Losung dieser Gleichung 4.0Ordnung. (Siehe Losungsformel
in I.Miiller [87, 6.5.1.4 Seite 199].) O

13.10 Saha equation. (From the book of I. Miiller [87, 6.5.1.5 Seite 199],
see also [Wikipedia: Saha ionization equation]) (Dies ist wichtig in der As-
trophysik, siehe [Oskar von der Liihe: Einfithrung in die Astronomie und
Astrophysik, 2.9 Physik der Sternatmosphéren|. Spektroskopische Messun-
gen eines Sternenlichtes erlaubt Berechnung der Oberflichentemperatur.)
Wir betrachten hier nur den Fall, dass ein Atom ein Elektron verliert. Die
Reaktion ist
Na & Na® +e.

Sei (esist J =1, N =3)

C1 CNa 1 0 —1
c=|c|=|cxat |, v=|0|, =1, =11
Cc3 Ce 0 1 1
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Nach (IV13.15) ist daher (wenn o := 1) mit Koeffizientenfunktionen o > 0
und @ > 0
A= a(f)c; —a(f)cacs,

also ist ¢t — ¢(t) eine Losung der Differentialgleichung (IV13.16), falls

o1 = —11(a(0)er — @(0)eacs),

82 = +io(a(f)c; —@(f)cacs) ,

é3 = +uz(alf)er — a(f)eacs)
Die Molgewichte sind

1

My, =2 M, =——
Na 37 e 18407

My ,+ = Mna — Me .

Wenn die (-Werte dementsprechend gewahlt werden, ist die Summe der
Konzentrationen gleich 1. Der stationdre Punkt erfiillt « ¢y = @ cacs, d.h. aena =
Q Cyu+Ce, Oder

CNat a(g)
cCe = —
CNa a(f)

Die allgemeine Saha-Gleichung gilt fiir ein Atom, welches mehrere Elektro-
nen freisetzen kann. Bemerkung: (Siehe ...Exercises..)

(Saha-Gleichung). (IV13.19)
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Temperaturabhingige Reaktionen

Solche Phanomene treten insbesondere bei der mathematischen Behandlung
von Verbrennungsvorgéngen (en: Combustion) auf.

Referenzen: Fiir das folgende Beispiel siehe [B. Larrouturou: Modelisation
Physique, Numerique et Mathematique des Phenomenes de Propagation de
Flammes, pp. 65-119] in Larrouturou [52].

Als Beispiel betrachten wir eine simple exotherme Reaktion
R (Reactant) ¥ P (Product)
und dazu nach dem Massenwirkungsgesetz die Funktion

A=0(0,0)(c1(0) c1 —a2(0) c2), o= 01+ 02,
01=o0c1, 2=0c, c1=c, c2=1-c¢c, (IV13.20)

a1(0) :==exp (2%) ,  ag(f):=exp (Z)%) .

Mit dieser Reaktion gilt das Folgende.
13.11 Beispiel (Nach B. Larrouturou). Betrachte fiir die Dichte ¢ und

die Konzentration ¢ das Differentialgleichungssystem
O¢(oc) + div(pcv — pDVe) = —pA,
Oro + div(pv) =0,
d(ov) + div(ovv® 4+ pld) = f,
e + div((e + p)v — aVOh — pQDVc) = vef .
Hierbei sind D und @ und a positive Konstanten, und A ist in (IV13.20)

gegeben. Dieses Problem erfiillt das Entropieprinzip in 12.1. Die Energie
und der Druck sind gegeben durch

e = oc(hd + cv0) + o(1 — ) (S + er), e=c+ gw,
p= Rof (vgl. 2.4).

Daraus bestimmen sich innere freie Energie und die Entropie und es folgt,
dass

Q= hy —hp.

Wenn @ = h% — hOP > 0 ist, ist die Reaktion R & P wie behauptet exotherm.
Es sei bemerkt, dass wenn h% — —o0, dann konvergiert ay(f) — 0, also
A — o(0)ai(0) ¢, d.h. im Limes ist ¢ = 0 die stationdre Losung.
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Proof freie Energie. Es sind zwei Phasen der Gesamtmasse ¢ vorhanden,
cp:=c und cy:=1—¢, c1+ca=1,
ok = 0ck, ©0=01+02, 0= (01,02)
Die innere Energie ist gegeben durch
e = oc(h$ + cvb) + o(1 — ¢)(hY + ¢y )
= 01(hix + cv0) + o2(hp + cvb) .

Wir sehen dass daraus die freie Energie berechnet werden kann. KEs gilt
néamlich f = ¢ — 6n, und da fy = —n ist, folgt

f—0fg=c¢,

wobei sowohl f als auch e Funktionen von (g, ) sind. Also ist

(;f) _f=0fe _ ¢
0

6 02 02
hOR Ccy h% Ccy
= Ql(ﬁ + ?) + Q2(§ + ?)
_ othy + o2hp L oV
62 0
und daher mit einer Funktion ¢+ ¢o(0)

— h + 02h
Tf = —go() - LR 7 270 1 oey logh

oder
= 90(0)0 + th% + th?: — ocyBlogh .

Daraus ergibt sich die Entropie als

n=—frg=—g0(0) + ocv(logd +1),

und fiir den Druck p = Rpf (vgl. 2.4) erhédlt man
Rob=p =3 onfro. ~ I = (Zkf 0900, — 90)0,

und damit
> 0k9goo, — 90 = Ro.
k

Eine Losung dieser Differentiagleichung ist (siehe Aufgabe 18.1)

90(0) = RZk_J or(logop — 1),

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.13 Chemical reactions 434

also ergibt sich

£(@,0) = RO o(log o — 1) + o1h% + 02hp — ocvflog .
k

Daraus folgt fiir die chemischen Potentiale mit Y = h$ und h§ = h{, wobei
wir log o = log 0 + log ¢, schreiben,

pk = frg, = ROlogcp + a(0,0), ar(o,0) :=hY) —d(o,0), (IV13.21)

wobei d(p,0) = RfOlog o + cyflogf. Weiter unten werden wir p; und pg
noch zerlegen. O

Proof Entropieprinzip. Die beiden Massenerhaltungen sind dquivalent zu
(die zweite Gleichung ist die Gleichung fiir die gesamte Masse minus der
Gleichung fiir den ersten Massenanteil )
901 + div(e1v — 0DVe) = —pA,
Oro2 + div(gav + 0DVe) = +oA,
also ist
J1=—0oDVe, Jo=+40DVe, J1+J2=0,
ry =—pA, r2=+90A, 1T1+1r2=0.

The momentum equation has as pressure tensor II = pld, and the energy
equation has as flux

qg=q¢"+J°, ¢ :=—-aVi,

JO=—0QDVe = pid1 + p5Ja, pi—ps=Q.
Wir miissen noch die Entropieungleichung verifizieren. Fiir den Entropiefluss
setzen wir Y = nv + %qe — J" an, wobei wir gem#fl der Entropieungleichung
in 12.1 fiir den zuzétzlichen Fluss J7 = %, 1]l J), annehmen, wobei

k= i+ O g with pf — 5 = Q. (IV13.22)
Die Entropieungleichung lautet dann (es ist S = 0)

I 1 SN
0<o= V<7)oq — > ~para — 2 (Vi + Vg )edy .
0 o 0 % 0

Es werden in diesem Fall alle drei Terme nichtnegativ sein. Nun gilt fiir den
Warmefluss ¢¢

1 € 1 € a 2
V(§>oq = — 5 V0eq" = +5|VO? > 0 wenn a > 0.

Wegen (IV13.21), d.h. uy, = Rflogcy, + hY) — d(p, ), kénnen wir setzen
gy =hy —d° und ) = Rlogc, —d",
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wobei d° + 6d" = d(p, 0) (as you wish), so dass also die erste Gleichung in
(IV13.22) erfiillt ist. Also ist

Q= i — s =hy — hp.

Aus diesen Darstellungen folgt fiir den letzten Term der Entropieproduktion,
da h{ = const und h{ = const konstant sind, also p§ — p§ = const,

— 2 (Va o+ %WZ)-J;C
= —(V(ug — i) + %V(ué — p1))s(eDVe)
= V(i — pg)e(eDVe) = RV (loger — log c2)e(0DVe)
= oDR- (011 + ;)Vc|2 >0 wenn D > 0.
Es bleibt der zweite Term der Entropieproduktion zu behandeln, aber dass

der Reaktionsterm einen nichtnegativen Anteil der Entropieproduktion ergibt,
folgt aus der allgemeinen Theorie. O

Proof Massenwirkungsgesetz. Die Reaktion R & P ergibt

SR A IR R

Der allgemeinen Theorie folgend haben wir in (IV13.15) fiir die Reaktion-
srate A angesetzt, wobei die Darstellung der chemischen Potentiale in (IV13.21)
benutzt wird, wobei wir nicht die o-Abhéngigkeit nennen,

A=5(0) - (o) [16* ~a0)[16*) = 506) - (a(0) e ~i(0) ).

wobei, wegen 1, = 1 fiir k = 1,2 und R = R,

a(f) = exp (a];?) , a(f) =exp (a[(g?) ,

a0) = Sviar(t) = ar(6), a(0) = Shar(0) = ax(0).

In (IV13.21) wurde ag () = h) — d(6) gezeigt, also

d(0) d(0)
a(f) = ay(0) exp ( - ﬁ) ) (0) = a2(0) exp ( ﬁ)
und damit folgt die Darstellung in (IV13.20). |

Es sei noch das Massenwirkungsgesetz genannt, welches hier besagt, dass

c o a h%—hOR B
e~ o "a () = exp (

= — =exp

(051} RO B ﬁ)
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Das bestétigt obige Aussage, dass ) >> 1 zur Folge hat, dass im stationéren
Fall ¢ fast 0 ist. Es sei noch bemerkt, dass das Differentialgleichungssystem
in der Aussage 13.11 dquivalent geschrieben werden kann als

Oro+ div(pv) =0,

oc— div(eDVe) = —pA,

g”B +Vp=1£,

£ 4 (e + p) dive — div(aVl + pQDVe) = 0,

wobei A wir in (IV13.20), @ > 0 und D > 0, und

p=Rfp and = Q(ch%L + (1 —c)hd + cv) .

IN BEARBEITUNG
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14 Reactions in biology

We describe here some examples for the reaction term r, in (IV11.2), as
they occur in theoretical biology. We consider the isothermal case and the
examples are based on an internal free energy depending on the densities
Oa’

o~

[= f((@a)a) , 0= (Qa)aa
so that by 11.9 the chemical potential is

Ha = f’ga(@ .
The differential system of the mass equations is
010a + div(gav +Jo) =14 fra=1,...,m,

where we assume that

0:=20, J:=2Ja=0, r:=31r,=0, (IV14.1)
« (0% (e

References: See the examples in [H.W. Alt & W.Alt: Fluid mixtures and

applications to biological systems. In M. Griebel: Singular Phenomena and

Scaling in Mathematical Models (SFB 611), pp. 191-220. Springer 2014].

Also visit [Wikipedia: Lotka-Volterra equation]. We refer also to [93, Chap.

14 §F Applications to the Equations of Mathematical Ecology].

We treat here only the case, that the masses o, are spatially homogeneous
(hence J, = 0) and that v = 0 (this is mainly done for simplicity). Then
the reaction equations become

0o = 1, for all a.

14.1 Remark. In this situation the entropy principle becomes

f:ZMaraSO'
«

Proof. This is also true because
f= Zf’g(\éa = Zﬂ‘ara-
(0% (0%
O

There is one example, a gradient flow, for which the r, are proportinal to
Lo, SAY, 00 = — Ao, Where X = A(g) > 0. In this case the entropy inequality
is trivially satisfied.

As first example we consider cyclic reactions, which are important cases and
often the basis for biological processes.
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14.2 Cyclic processes. The system is

0o =1rq(p) fora=1,..., N,
‘o +(2) (IV14.2)
ra(@) = Na+10a+1 — Nala »

with cyclic repetition, on1+1 := 01, N+1 := n1. Here 0 = (9a)a and 7, are
positive constants. This system satisfies the entropy inequality in 14.1, if

~

£ = 7@ = folo) + blo) g nad?,

where ¢ = Zgzlga and with a positive functions b(g) > 0.

The stationary solutions, if they exist, are values 9° = (¢5,)q with
Nort10041 = Nalo = 1" -

This 2° € RY is a unique point, if the value of p* = Zgilgg is considered

to be given. For general solutions p is rotating around the stationary line
and converging to a value ¢°, what can be seen from the free energy. We
mention that the sum in the free energy can be written as

S 0002 = 1000 — 05) +20°0 — S na(05)?.
[0 [0 (07

Moreover, we obtain overall mass conservation, that isr =) r, = 0 and
therefore ¢ = 0.

Proof. We take a free energy

o~

f:f(p) - Zba{)?y

with b, € R, so that
Ha = f/ga = baQ(y .

Then, with b, = n4b, and assuming b, > 0,

Z Moo = Z ba@u (7](,x+1 Oa+1 — Na Qa)
« «

— Z (bo<(7/0<+1£)a.+1)(naé)a) - b(li(n()IQ(X)2>

:§<\/g§jl£a+lfafi)

where &, := ’r/(,tga\/’l;(y. Letting

ba
Co =] =

ba+1
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and using €néat1 < 5(62 +&2.4), this is

= Z (C(xga—‘rlfor - 6(21) < Z ( €a+1 + f fa)

«

=2 (CQQ_I + % - 1)53 =0 ifc, =1 for all a,
«

that is N N
b=by =bar1 >0 for all a,
or b, = nob. This shows the theorem in this special case.

If we take a free energy f = f(g, 0) as in the assertion, the derivative with
respect to o has no effect, since the total mass production r is zero. Therefore
the theorem is proved. O

As next example we treat the case which you will find in the literature, its
a system consisting of the second and third equation below, the classical
Lotka-Volterra system.

14.3 Lotka-Volterra system. For the predator-prey model (de: Rauber-
Beute Modell) we let > 0 be the number of prey (de: Beute) and y > 0
the number of predator (de: Rauber) and consider the system

b= —\z ,

T=x- (a - By) s

z=nzy,

d=ry.
The additional variables are a the quantities b, d, and z. They are modelled
by b proportional to birth of prey, d proportional to death of predator,

and 2 proportional to interactions between predator and prey. This system
satisfies the inequality in 14.1, which reduces to

exx + Cky +Enzy >0,
if the free energy is given by
f=Fb.x,y,2,d) = —logz — alogy + 6z + By + b — (d — £z,

which is a convex function for constants v > 0 and « > 0. The inequality
in 14.1 holds, if in addition the constants €, {, n, A, k and £ satisfy e\ > 0,
(k> 0, and &1 > 0. The remaining quantities 8 and § are positive because
of biological reasons.
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The variables transform into (bio)mass densities by

op = bmy, 0, = xMyY, Oy = YMy, 0d = dmg, 0, = zm,

with positive mass constants satisfying

am, ym
A= T k=2
mp mq

By — bm, (IV14.3)

m, ’
which implies that the sum of the mass production terms are 0. The pa-
rameter 7 is positive if and only if biomass is lost during transfer from prey
to predator.

Proof. 1t is f = f(b,x,y, z,d) = —log K 4+ ¢b — {d — £z with

xTy

KEK('T7y> - edreaBy

and one computes for solutions of the system that K = 0, that is, this convex
part of f is constant for solutions, and moreover, we see that solutions rotate
around the equilibrium

This is the basis for the entire result: For the mass densities the system is

. / /
Op =Tp =Myly, Tpi=—AT,

Qx:r;t:mmr;, r;:x~(a—6y),

Qy:ry:myr;/-/ r;:—y-(v—ém),
0, =1, =m,r,, T.,:=n1y,
Q.d:rd:mdréh rél = RY,
and, using the identities (IV14.3), that is
Bmy = dmy +nm., Amy =amg, Kmg=ymy, (IV14.4)

we obtain
ry = —"7Tp, Ty = )\Wlbl’,

e =Ty — Toy, Toy:=CTY, C:1= Bmy
nm.,
ry=-Tqg+ (1 —w)my, w:= c

r. =wrzy, (we=nm., (1—w)c=dmy)

rq =174, Td:= KMmqgy,
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hence r = 0. Then one easily computes

r;d]’tv/l + r/y]lv/y - = (I‘;[(/(,L. + r;/K’:l)

K

1. . L
= - @K +yKy) = -2 K =0,

and therefore
o /2rs /s /2rs /2rs /2rs
Z g = ryfro+ryfre+ ryf’y +r.fr.+refra
1]

= rg,f/b + rlf/y + rﬁif/d = —eXr — Cry — Enzy < 0.

O]

Jetzt noch einige Beispiele aus dem Buch von [93, §14 C]. Diese Beispiele
sind fiir die Konzentrationen ¢ geschrieben, die Gleichungen lauten

o¢r +divdy =rg

fir alle k, wobei (IV14.1) gelte. Es werden hier nur die zwei wesentlichen
Gleichungen aufgefithrt. Ahnlich wie bei 14.3 hat man dies noch zu einem
vollstdndigen System (biologisch abgeschlossen) zu erweitern, so dass dann
die Entropieungleichung gilt. Es ist auch noch nicht klar, wie die zugehorige
freie Energie aussieht. Es ist v = 0.

14.4 ékologische Interaktionen. Es werden Differentialgleichungen von
der Form

Ocp, — div (Zakl(C)Vcl) = gx(c) fir k=1, 2,
l
gk (c) = cxhu(c)
behandelt.
(1) Rduber-Beute-Modell (Predator-Prey).

c1 Rauber, ¢y Beute,
O1he < 0 (mehr Rauber erniedrigt Beute-Wachstumsrate),
Ooh1 > 0 (mehr Beute erhoht Réuber-Wachstumsrate).

Das Standardbeispiel ist

g1(c) == c1(=\+vea) (1 > 0 Geburtenrate Beute),

g2(c) :

ca(p —ver) (A > 0 Todesrate Réauber),
(v > 0 Fressrate).
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galu) = u,’t(,-'/é,w.éu # ca2)
32.-3%"3 uz(@a a)(.f,(+ atzj- CM,J

Altz

>0

o+

Ve~

| -

@ﬁ@ Y

o'.>~

Vey. !@M

(2) Rivalisierende Spezies (Competing species).

82h1<0, O1he < 0.

(3) Symbiose.
Ooh1 >0, 0O1hy > 0.
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9/{&'2 >0 ) 92[( >O
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15 Prandtl’s boundary layer

In this section we consider liquids with low viscosity or high speed in an area
Q, for which the boundary condition v = 0 is given on 0€). In the case that
this very high velocities occur in the liquid, the transition to zero velocity
at the boundary is realized only on a boundary layer, an area which can
be so narrow that it is very well approximated by a surface term on Of).
Then there is no longer a stationary incompressible Poiseuille flow 1.3.7 the
physical solution, but rather an unsteady solution will occur in many cases.
The transition from laminar flow to turbulent flow can happen quickly (see
the top of the wing in Fig. 31).

Fig. 31: Left: Laminar flow. Right: Turbulent flow.

Let us now consider this boundary layer in a model for liquids in an open
domain Q C R3 with boundary I' := 9§ (the observer sits on €, therefore
Q2 is independent of time). In this situation let us take the incompressible
Navier-Stokes equation in €2

div,v =0,

0t (00v) + divy(govv™ +1I) = f,
M=pld—S, S=2a(Dv)°,
v=u(t,z), p=ptz),

(IV15.1)

and consider R?\( as rigid body, that is, we assume the boundary conditions
v=0onTl (IV15.2)

(other non-trivial boundary conditions for the mass and momentum conser-
vation are not considered here).

We now introduce the boundary layer in a three-dimensional model with
flat boundary. We use the notation of "Matched asymptotic expansion”
[Wikipedia: Matched asymptotic expansion]. Let

Q:={$ER3; xz >0}, F::(?Q:{ZER?’; x3 = 0}.
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For x € Q we introduce the variables y = (y1,¥y2,y3) near the boundary I’
by
x3
Y1 =11, Y2=T2, ygzj as 0>0, (IV15.3)

and we define to a quantity (t,x) — u(t,x) a quantity (¢,y) — U(t,y) by
the relation U(t,y) = u(t,x), if x and y as in (IV15.3). Let us denote by

R?x]es, oo the outer region,
R? x [0, 2¢5] the inner region,

WhGI‘GEJ-)OaHd%J—)OO&S(S—)O.

For example we take €5 := v/0. We imagine that in the outer region the
function (¢,x) — wu(t,z) is relevant and in the inner region the function
(t,y) — U(t,y). Where the outer region coincides with the inner region, we
consider the equation

2e5

— IV15.4
S (Vs

. E§
Ut y1,y2,93) = ult, g1, y2, ys) fir - < ys <
so the relation between the original function u to the newly defined function
U. We now ask for the convergence

Hu—u(o)‘ S 0asd =0, K:=K*N(Ry x R2x]es, 00])

CO(K$)

HU —y® ‘ oy = 08020, K} = (K0 (Ry x R2)) x [0, 23]

for compact sets K¢ C R x R3. If this consequence is true, we call U©®) an
inner solution and u(©) an outer solution, where the connection of both
is given by the matching condition which is derived from (IV15.4).

Usually the expansion for the inner solution U is U = U© 4+ 5UM) + .. with
different matching conditions for the higher terms.
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Prandtl boundary layer equation
We apply this convergence to a flow with small viscosity, that is, with a

viscosity coefficient which goes to 0 (see for example the picture in Fig. 32)

a =62
The flow equations with boundary condition are then

divyo =0,

in R x €,
00(04v + (vVeV . )v) = —Vp + 62 A0 + f (IV15.5)
v=20 on R x I

Let (v, p) be a solution and
V(t,y1,y2,y3) = v(t, y1, Y2, 0y3) ,
(t, 91,92, y3) = v(t, Y1, 2, 6y3) (IV15.6)
P(tvylay27y3) = p(taylay2a6y3) .

Then we get the following statements as d converges to 0.

Pgex
-laminare Stronung -turbulente Stromung [ pa
RingmeBstelle Prandtirohr
-— l I ='
o -—
T I
. “ Lblanlle s o e - e
- -
—1- d -nt" d
- ST M| i
C
¢m Re<2300

laminar %.. turbulent

Fig. 32: Flow through a pipe

On the subinterval Ry X R? X [es,00[. Ifv — 0O p = p(© (we assume
that f is independent of §) we get the limit equation

divzv(o)
(IV15.7)

= 0,
00 (atv(o) + (U(o) . Vx)v(o)) =V, 1 f

in Ry x R?x]0, 00[.®
8 These equations are sometimes called incompressible isothermal Euler equations.
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On the subinterval Ry X R? X [e5,2¢5] .  We have the “boundary
conditions”

V(t,y1,y2,y3) = v(t, y1, 92, 0y3) €5 2e5
for = <ys < —.
P(t7ylay27y3) :p(tay17y276y3) 5 6
If we set g5 := /4 and if
€S 1
= —= = —— 5
Y3 5 \/g — 00, Y3 — 07

we get, as 0 — 0,

1
V(O)(tvyla Y2, OO) <~ V(ta Y1,Y2, 7) = U(t7y17y27 \/3) — U(O)(ta y17y270) ;

Vs

1
P(O)(taylvaaoo) «— P(tvylvaa 7) :p(t7y1>y2a \/S) _>p(0)(t7y17y270)7

e

where we assume v — 0@, p — p@ and V — VO P — PO Thus we
have the matching conditions

VOt 00) = 0BG, 2,0), (IV15.8)
PO(t,y1,2,00) = pO(t,y1,92,0).
On the subinterval Ry X R? x [0,2¢5]. From the identity
V(t, 91,92, y3) = v(t, y1, Y2, 0y3) (IV15.9)
the boundary condition v(t,y1,¥2,0) = 0, and V — V(0 it follows that
VO (t,y1,12,0) = 0. (IV15.10)
Equation (IV15.9) yields the following formulas
Ov=0V, Opv=09,V, Oov=08V fori=1.2,

1 2 1 2
896311 = gays.v s axg’U == 5726113‘/ N
Op;p = Oy, P fori=1,2,

1
ax3p = gaygp .

Since the Navier-Stokes equations (IV15.1) are
Oz, V1 + Ogy02 + Ogav3 =0,
0001v; + 00(V103; + V205, + V302, )vi = —0y,p
+62(02 v + 2 v + 02,v;) + £ fori=1,2,
00013 + 00(V10z, + V205, + V305,)v3 = —0Ogyp
+6%(92,v3 + 02,v3 + 02, v3) + f3,
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the transformed equations for (V, P) are

1
aylvl +ay2v2 + gaysvé =0,

1
000V; + 00(Vidy, + Va0, + <Vay,)Vi = —0,, P
+8%(0; Vi+ O, Vi) + 2. Vi + £ firi=1,2,
1 1
000tV3 + 00(V10y, + V20, + ngﬁyS)Vg = —gang

+6%(05, Vs + 0, Vs) + 02 Vs + 5 .
If it is
V=vO_4svl) L 0@?),
P =P 45PN L O,
then the conservation of mass reads
1

50iVs" 0, V3 = 00),

9 + 0, V3" +

and from this it follows
62/3 VB(O) =0,
62/1 Vl(O) + ay2 VQ(O) + 83/3 V3(1) =0.

The first equation states that V3(O) is a function of (¢, y1,y2), and due to the

boundary conditions V(O)(t, y1,Y2,0) = 0 follows V3(O) = 0. Because of the
matching condition VO (¢, y1,y2,00) = vO (¢, 41, y2,0) we get

UZ(}O)(t?yhyQa 0) =0.

Thus, the expansion of (V, P) reduces to

Vi=v94+006) fori=1,2,
1
5
P =PO 4 5PM L O(?),

Vs =13+ 0(5),

and the momentum conservation becomes

Qoatvi(()) + 90(‘/1(0)@;1 + V2(O)ay2 + ‘/3(1)6113)‘/;(0) - _ayiP(O)

+2 VO 4 £+ 006) fori=1,2,
1

0= —gaygp@ — 8, PY + £5+ O(0) .
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Thus this gives the equations

000V + 00(V09,, + V00, + V8,V
= —9,PO + 2 VO 4 £ fori=1,2,

0= 0, PO,

0=, PW — £

(IV15.11)

Here we have used that

f(t,y1,92.0y3) = £t y1,72,0) +O(9).
—_———
= £ (t,y1,y2)

Result on Ry x R? x [0,00[. With the functions (not to be confused
with the initial functions)

V= ’U(O), Vi = V;(O) fori=1,2,
Vai=W, P:=PO,
the following is true.

15.1 Prandtl boundary layer. The following equations hold, the equa-
tions in (¢, )
div,v =0,
00(Opv + (v Vo)v) = =Vop+ 1, (IV15.12)
Ug(t, T1,T2, 0) = 0 5
and the equations in (¢, )
Oy, V1 + 0y, Vo + 0, V3 = 0,
000¢Vi + 00(V10y, + Va0y, + V30y,)V;
— 0, P+ 2 Vi+£? fori=1,2, (IV15.13)
0=0y,P,
V(t7 Y1,Y2, 0) =0 )

with the matching conditions

Vi(t,y1,y2, +00) = vi(t, y1,y2,0) fori=1,2,
i(t Y1, y2 ) = vi(t, y1,92,0) (1V15.14)
P(tvylay27+oo) :p(t7y17y270)‘

Reference: For the Prandtl boundary layer theory see Stemmer [65] and
White [70, 4-2 Laminar boundary layer equations].
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Velaeity Mogrllude
.15

Fig. 33: Turbulent flow in a pipe

The only equations for (V, P) are to be solved are the momentum conserva-
tions for ¢ = 1,2 with the matching boundary conditions for Vi, Va, since it
is

P(t7y17y27y3) = P(t7 y17y27oo) =p(t7y17y270)

und "
%(tvylay%y:"») = _/ (ay1V1+ay2V2)(tay1,y2,3) d87
0

which enclose the boundary condition for V3.

The only boundary condition requiring the boundary layer at the remaining
flow is v3(t, z1,22,0) = 0. It is easy to perform a generalization for

e boundaries I' which are not planar,
e the compressible case.

Naturally, the convergence of the asymptotic expansion are restrictive. Here
they don’t allow to describe the flow at the “stagnation points” [Wikipedia: Stagnation point]
(de: [Wikipedia: Staupunkt]).
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16 Self-gravitation

Physical objects generate a gravitation, and this gravitation is distributed
in the entire space. We call it self-gravity if we want to describe the result
of this gravitation on the object itself. Stars are particular objects which
are formed by their self-gravity. The same effect is the gravitational force
of the earth, and we feel it in our daily life.

Let us assume for a moment that all quantities are represented by smooth
functions throughout the entire spacetime. With this the gravity equation
together with the conservation of mass, momentum and energy reads as

—Ap=p, ¢t ,x)—0if |z] > oo,

Oro + div(pv) =0 (o total mass),

d(ov) 4+ div(pvv® +1I) = f  (II pressure tensor),

f=goVe+1y (f classical force),
dre + div (ev +TIT v + q) = vef ,

(IV16.1)

e=¢c+ §|U\2 (e internal energy).

The first equation is the gravitational equation where ¢ denotes the gravi-
tational potential. In the momentum equation goV¢ is an objective vector
and the remaining force fj is transformed like a classical force (see section
I1.3). Under the assumption that there is no force besides the one caused
by gravity, the remaining force fy vanishes for observers, which realize that
they are an inertial frame. In reality the functions, in particular g, are not
so smooth to ensure the equations as presented. Instead we make use of the
distributional version.

We consider the equation for the gravitational potential ¢, which is gener-
ated by the mass density p. This equation we have already seen in (12.10),
and it is

div(—=V[@]) = [0] in Z'(R x R™), (IV16.2)

where g is the total mass density in R x R”, here a function g € L], (RxR"),
where physically n = 3. The Newtonian gravitational potential ¢ is an
objective scalar, and the map z +— ¢(t, z) is in the space C1(R") (see 1.2.15),
if o has, what we assume, only jumps on Cl-surfaces. Then V[@] = [V4)

holds in (IV16.2). In the momentum conservation occurs as a force term

goVe Newton’s force density, (IV16.3)

which is a product and therefore requires a certain explanation. In our
case, o0 and V¢ are functions, and thus, the product of L*°-functions is
well-defined as a distribution. The equation (IV16.2) is normalized such
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that ¢riteratur = —4mG¢ (for n = 3) is the usual potential in the physics
literature, where
3
1 m
kg s?

is the gravitational constant, see (13.13). And g = 47G (for n = 3).

G =6.67384-10"

Now consider a planet or a star (or a collection of these objects) occupied
by QO = {x € R"; (t,x) € Q} where Q2 C R x R". Further we assume that
the exterior domain 2’ := (R x R")\ Q is a rare gas and no mass transition
occurs between the gas and the planet. We model this situation by

¢ global defined potential,

o, v, [I=pld—S quantities in the star €2,

o =0 (v undefined), TI' = p'Id  quantities of the external gas in (V.
With this notation we have the following non-stationary distributional equa-

tions, where the gravitational equation as well as the mass, momentum and
energy conservation are written in their original distributional version:

Self-gravitation in 2'(R x R™):
div[-Vg] = [oXo],
O loXa] + div[pXov] =0,
O[oXav] + div[pXouvT + Xo(pld — S) + Xop'Id] = [f],
Ay [er!] + div [e''v + I Xov + Xoq + X ] = [vef],

etOt = eXQ + 6’)(9/ (IV16 4)

¢ gravitational potential, @(¢,x) — 0 for || — oo,
= goXqo Ve + £ (fo contains fictitious forces),

) C R x R™ region of planet or star,

e:&?—i-g\vlz, e =2(0,0),

(0,v,6) quantities of planet or star.

This section is divided into several parts. First we consider stars from a
certain distance so that they can be considered as mass points. Next we
study the incompressible case under the assumption of rotation, which is
the classical result of Newton. Then in this section we bring as results
of Caratheodory the self-gravitation of gaseous planets or stars which are
assumed to be radially symmetric, therefore they do not rotate. Finally we
give an interpretation of this situation for gaseous stars. Their energy is
kept inside the gas with a nonconstant temperature.
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Star as point

Wir betrachten einen Stern aus einiger Entfernung, bei der er uns schon wie
ein Punkt erscheint, d.h. es gibt eine Trajektorie ¢ — £(t) so dass sich der
Stern zur Zeit t in

Q7 C Bs(£(1))

befindet, wobei § eine kleine Zahl sei. Der Stern habe die Massendichte o°
in Q9 und die Gesamtmasse ist dann

m‘s = o i xZ .
(t) A%@a,>d

16.1 Star as point. If m® — m uniformly (the standard case is m? := m)

as & — 0 it follows that
[0° 1ys] — mpe in ' (R x R").
Hence the gravity potential ¢5 induced by the star, that is
div(=V[$°]) = [0 nas]
converges in L' to the limit potential ¢ satisfying

div(~V[g]) = mp

Note that ¢ is a fundamental solution of —A, the negative Laplace operator.
And if the limit m® — m exists, this implies that sup ¢° — .

Proof. For ( € (R x R™;R) we have as 6 — 0
< C 9 [Q(S/L(Zé} > - [26(96<)(t7 "L) d(t, “L)
— [ [ cteo)d b atieo) + 0)
R JQS
= [cteew) [ Fta)di@aLte + o)
R Q2
— [ cte®mO L) = (¢, mug)
R

hence [0°pgs] — mpe in Z'(R x R™). In the same way it follows that for all
times t for all n € 2(R™; R)

<T}, Qa(t7 O)XQ;SLH > — <77, 7n<t)6£(t) > .
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Since

¢(tv JL’) -

)

g 1 5 (1
m(t) #(02) = / 0" (t, y) X (v) 1

onlz —£(1)] 7 onlz — Y|

this implies

sita) = 0= [ s

O-7L|x - 5(t)| n 0'”‘[1} - l/‘
1)
w0 (8 y) X (y)
— / SN Al dL™(y) = ¢5(t, ).
n oplr—yl

Thus we have shown that ¢‘5 — ¢ pointwise. From this it follows imme-
diately that ¢° — ¢ in L'(R x R") since #° is estimated uniformly by Cé¢
where C' = const. O

What about the mass-momentum equations in (IV16.4)? Let us neglect for
a moment the superscript §. If €} is connected for all ¢ this yields p’ = const
in €. Hence we subtract the constant p'Id in the momentum flux, and we
assume S = 0. Then we obtain for the mass and momentum equation in
(IV16.4), including the gravity,

div[-V¢] = [eXo],
OloXo) + div[pXov] =0, (IV16.5)
doXav] + divieXovv' + Xo(p — p')Id] = [goXaVé + ],
that is, only the self-gravitation acts on the object {2 in consideration, and
everything else, gravity from other stellar objects included, is contained in
the smooth force f, which we assume is of the form oXogg. We impose now

for the velocity the identity v = ¥ 4+ u with a “global in time” velocity v,
which in detail reads

(mv)(t) ::/Q(gv)(t,x)dx where m(t) ::/Q o(t,x)dz,

u(t,x) == v(t,z) —o(t)

(IV16.6)

(compare the definition of mean velocity in I11.3.1(1)).

16.2 Lemma. It follows that for all ¢
/ (ou)(t,z)dx =0.
Q¢

And on the boundary there is the condition (v —vgq)erg = 0 (compare with
(IV16.9)) where v = v + u.

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



1V.16 Self-gravitation 455

Proof. 1t follows

/ (ou)(t,z)dx = / ((ov)(t, ) — o(t, z)v(t)) dz
Jo,

Jou
= / ov(t,x)dx — m(t)v(t) =0
Q

by the definitions. On the boundary there is a condition only on v, not on
v and wu, since the mass equation in (IV16.5) says for all ( € C3°(R x R™)
(this is as in the proof of 3.8)

0=~ (¢ DlloXa] + divlo¥an]) = [ (¢ -0+ Veo(ev)) d(t.2)
= /Q v(t,x)C’(Q-/ Q’U) dLlJrn(t./ L) (V(mj) = (875, VT) )

- / Cnge(o, ov) dH" — / ¢ divigay (0, ov) ALY,

where ng is the outer unit normal to @ C R x R™ (see the Definition in 3.8).
Therefore
noe(1l,v) =0 on 0%,

Oro + divz(pv) =01in Q.
The first equation is equivalent to (v — vgq)evg = 0, see (IV3.10). O
With this definition the equations in (IV16.5) read, it is fy = oXngo,
div[-Ve] = [oXo] ,
OtloXa] + div][pXov] + | div[oXqu] [= 0,

Ot[oXaT] + div[eXaTD" | 4| 0[oXu] + div[eXo(@u® + uTh))

+ div[gXQuuT + Xo(p — p)Id] — [goXaVe] | — 0Xago = 0.

(On the boundary there is only the equation (v+4u—wvgq)evq = 0. Therefore
this is only to indicate what we are going to do.) If now we apply this to
the above sequence we obtain the following result.

16.3 Theorem. We now consider the sequence [Q‘SXQa], we use again the
superscript 4, and we make the assumptions of 16.1. In addition we assume
that £ := 0°Xsgo and

m5, ’ﬁ5|, ‘u5| < const , m5 — m, @5 59
If in @’(]R % R”)

. . T
lim (div[o"Xosu®u’ + Xos (p° — p)Id] — [00° Xas VE']) = mgpe .

9we mean the pointwise convergence with respect to t.
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then as limit we obtain a mass point mpu, satisfying the properties of 1.3.1,
that is,

o(t,€(t) =&(@1), m=0,
m=f, f=m(g—g).

Special case: Usually g = 0. This is so in the case [.4.5 for v = 0. And we
will show this also in 16.5 as a result of Newton. This holds if gy = 0.

(IV16.7)

Fig. 34: “2014 MUG69, aufgenommen am 1. Januar 2019 von New Horizons,
7 Min. vor der engsten Annédherung.” Von NASA /Johns Hopkins University
Applied Physics Laboratory [Wikipedia: (486958) 2014 MUGY]

Proof. As shown in 16.1 the d-gravitational formula div[—Ve°] = [0 Xs]
converges to the limit equation

div[-Ve] = mpu, .

Next we look at the mass conservation 9[0°Xqs] + div[e’Xnsv?] = 0 in
(IV16.5), which in distributional formulation reads for ( € C§°(R x R™;R)

0= / (@C 00+ VxCo(g5vé)) d(t,x) (v(S =10 + u‘;)
0o

:/ (8t§+v‘sovx§)g‘5d(t,x)+/ V.Co(0u®)d(t, x).
Q9 08
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The first term is

_ / (0 + T (£)o V0 )C(E, )0 (£, ) du dt
RJQS

~ [(@+ D0 E0) [ &ta)dedi+ 00
R

Qt
— / (01 + B(1)o V)0 (. £(1)ym(t) dt

<Ca (mﬂg) - dlvx(mv,ug) >

since 70 — T pointwise. The second term is

:/ V.C(t, z)e(o’ud) (t, x) dz dt
RJQS

- [weans( [ (&)(:2) ) -+ O) = 0)

by 16.2, which tends to 0. Thus the mass equation in the limit is
Or(mpg) + divy(mope) =0 in Z'(R x R™).
Next we have to consider the momentum equation. From (IV16.5) we get
010" Xs (07 + u®)] + diva[0" Xgs (00 + 1) (@ + u®)' + Xgs (b — p')1d]
= [90° X0s V¢’ + 0" Xoseo]
The velocity terms read with test functions ¢ € C§°(R x R™;R")

/ (atg.( (@ +u’)) + Dai(o 5(@5+u5)@5+u5)T))d(7g,x)

= [ acs(e)dtta) + [ aicete

+ [ Decele e ) dtta) + [ Do ) + ()0 ) ko)
5U6U5 xX).
+ [ Dac(dut™ ) dt.a)

Except the last term the terms on the right side have a limit
= o0’ JCHONROR ?dx
= [ (@oe.eor'® + 00wk 0P ")) ( [, o )
7° ° ° Sl r)dr
+ /R (@) (t.€(1) +2(D0) ¢, €07 (1) ) o /Q (&)t 2)d ) dt
+0O(5)
— [ (@0t £0)30) + (DO EOR (0T Jm(t) )
<C7 O (mv pe) — dive (mvo" ﬂ§)>
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Therefore if we define
o A o T - o
WO = div[e® Xgsu’ u’™ + Xgs (p° — p)Id] — [g0° X5 V']
we have shown that the limt equation is

Or(mv pe) + div, (moo" pe) + glgg) wo = 0113(1)[952(95 go] = mgope -
Finally, if we apply theorem I11.6.4 or 1.4.5 with f = m(gy — g), we get the
assertion. O

The convergence of a star to a point is not due to an observer transformation,
it is an approximation on long distance. If one introduces the variable
y = % in order to have the star in a handable unit ball, the tansformation

(t,z) = 7(t,y) = (t, dy) is like the transformation from reference coordinates.

Stationary case

Let us assume that the outer forces fy are zero, that is, the observer assumes
to have an inertial frame. Therefore the only force to consider is the gravi-
tational force. In the very thin gas, that is in (¥, we assume o' = 0, so the
surrounding of our stars do not contribute to the gravity. In the gas the
following equations hold

divvg =0 in @,
Vp =0, O +divg' =0 1in .

Hence, if )} is connected for all ¢ this yields p’ = const in €V'.

We now assume that the spacetime domain (2 represents a single object and
that we have waited long enough, so eventually this object will approach a
periodic movement (we mean for example an asterorid turning around itself
like “Ultimate Thule” in Fig. 34). If the object is a planet or star, after
such a long time the compression due to self-gravitation will make that it
is a stationary solution of the equations (it means that v = v(z) and that
Q = R x D). With this assumption we have to consider the stationary
mass and momentum equations alone, might be for an incompressible or
compressible object. Therefore

Q:=RxD, Q:=RxD', D=R}\D,

where D is a fixed bounded domain in R3. In this case one has to solve the
following special statements:
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Stationary gravitation:
div[-Vé] = [oXDp],
div[pvXp] =0,
div[Xp(ovvt + pld — S) + Xp/p'1d] = g[oXp V]

¢ gravitational potential, ¢(t,z) — 0 for |z| — oo, (IV16.8)
D C R3 the star or planet having gravity,
o the mass density, v the velocity,

p the pressure:

p variable, p = const, in the incompressible case.

{ p = p(e) the pressure in the compressible case,

Here the conservation laws are written in the original version, i.e. they have
to be understood in the distributional sense. This implies the following.

16.4 Theorem. Assume that the complement D’ is connected. Then the
equations in (IV16.8) are equivalent to p’ = const in D’, the boundary
conditions

vevp =0 and (p—p')vp==Svp ondD (IvV16.9)
and the differential equations
div[-V@] = [oXp] in 2(R3),

div(ov) =01in D, (IvV16.10)
div(pvv™ 4+ pld — S) = goVe in D.

Remark: 1f S = 0 the last equation can be written as

oveVv + Vp =goVe in D. (IV16.11)

Proof. The momentum equation in D’ says that Vp' = div(p'Id) = 0. Since
D' is assumed to be connected, we conclude p’ = const in D’. The mass
equation contains the boundary condition verp = 0 and div(gv) = 0 is
the remaining differential equation in D. It remains to write down the
momentum equation which is

div(ovov® + pld — S) = goVe
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in D together with the boundary condition
ovevv +pv — Sv = p'v

for a normal v on 0D, where ver = ( is known. The remark follows as usual
since div(gvo') = vediv(gv) + gveVu. O

Newton’s spheroid

Here we study a rotating planet under self-gravitation. In general the planet
has to satisfy (IV16.4). But after millions of years it came possibly to a
stationary solution. If we assume this, then the planet has the stationary
form 2 = R x D and its velocity v is time independent. We further assume
that the planet is incompressible with constant density o = gy = const.
Hence we have to solve (IV16.8) and the speed v is that of a rotation.

16.5 Isaac Newton: Rotating planet. We consider a rotating incom-
pressible planet modelled by constant mass density ¢ = g9 and a vanishing
stress tensor S = 0. We treat solutions of the stationary equations (IV16.8),
where the rotation axis is given by the x3-axis

{zeR3:; 2, =0,20=0} with o(z)=w(—z2,21,0),
i.e. w is the constant angular speed. Then it holds:

(1) If D is convex, then p’ = const and the choice of v implies that equations
(IV16.8) are equivalent to the rotational symmetry of D and

p(x) —p' =0for z € 0D,

I _ QOW2
2

with a constant ¢y = const, and

(23 4+ 22) + good(z) + ¢o for x € D

p(x) —p

_ 2 dy

= for x € R3.
Ar Jp |z -yl

b(x)

(2) Suppose D be an oblate spheroid, that means, there are constants a
and ¢ with 0 < ¢ < a such that the surface 9D consists of those points
x = (11,79, 73) € R? which satisfy

2 .2 2

]+ x

AT T o1, 0<c<a.
a C

Then D is a rotating planet as in (IV16.8) with angular velocity w around
the xs-axis if

[ 265 -2 +8)

— dH? (&) .
ceraeTeg B ©

wla = GooB(=), B(z)

Cc
a
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The proof of 16.5(2) shows that the spheroid is a solution of the interface
problem at 0D. In D it is made use of the fact, that the planet is assumed
to be incompressible. Fiir den Schluss, dass das Interfaceproblem notwendi-

References: The fact that an oblate spheroid D is a solution has been
proved by Newton in his “Principia Mathematica” in the year 1687. You find
it there in “Book I1I Proposition XIX”, see the translation in [119] und [120].
We mention also Fig. 35 and the historical remarks in [newtonreception6.pdf].
Besides this original literature we refer to the article of Solonnikov [64],
where he proves the stabillity of a rotating incompressible body.

in establishing the law of universal pravitation, 1687,
s fsaac Newton correctly concluded that the wean figure
ol the eurth is that of an chlate spheroid of revolution, with
nblateness considerably less than 1: 230, {Principia, Lib, I1T,
Prop. 1g), which corresponds to the hypothesis of homogeneity.

Fig. 35: From Astronomische Nachrichten Band 213 (1921)

Proof (1). Equation (IV16.8) in D’ reads only
div(p'ld) =0 in D',
and from this it follows that p’ = const locally. This also applies globally on

D’ since D is assumed to be convex and therefore D’ is connected. Then the
term p'Id can be subtracted. Thus the equations (IV16.8) are equivalent to

div[-Ve] = [00Xp],
divjvXp] =0, (IvV16.12)
div[Xp (0ovv" + (p — p")Id)] = 8o XD V)]
The second equation of (IV16.12) is equivalent to
divv =0in D, wvevp =0 auf dD.

The differential equation is satified by the given velocity v. The boundary
condition verp = 0 yields the rotational symmetry of D due to the chosen
velocity v. The third equation of (IV16.12) is equivalent to an boundary
condition and a differential equation

p—p =0o0ndD,
div(eovv! + (p — p')Id) = gooVe in D,

where the boundary condition is simplified by verp = 0.  Since it is (we
had this already in 1.4.5)

g00Ve = V(g0od) ,
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the differential equation reads

div(govv" + (p — p' — good)Id) = 0

or
V(p—p — good) = — div(eovv") = —ooveVu

0 -1 I
= —Qow2< —xz2 | 1| +21| O ) = oow? | T2
0 0 0
x2+a:2
9 ()

(we had this already in 1.3.5), thus (since D is convex and therefore simply
connected) for x € D

Qow2

5 (1t +22) +co, co=const,

p(x) —p' — good(x) =

quod erat demonstrandum. The solution of the first equation of (IV16.12),
that is, the gravity equation is given by

Q0 dy
T)=— . IV16.13
o) -2 [ 2 (V16.13)
(See [64, equation (3) and following].) O

Proof (2). Since p is continuous on D, we have to determine the planet D
such that, we use the result of (1),

Qow2

o (a1 +23) + 9008() + o = p(x) — p' = 0 fiir = € ID,

or, if ¢g 4+ googy = 0,

2
$(x) = ¢y — ;"—g(a;% +23) fiir 7 € OD (IV16.14)

(¢ is the value of the potential for points € 9D that are on the axis). So
we have to choose D such that the quadratic representation of ¢ on 0D is
satisfied, where ¢ is given in (IV16.13).

We introduce polar coordinates around a point x, where now first for sim-
plicity assume that x € D. Thus we have

y=x+rf withr > 0and & € S%

If we assume that D is convex, then for given x € D there is a radius
rz(&) > 0 with
D={x+7r&; €8 0<r <r(€)}
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463
and, due to |z — y| = r and dy = r?dr dH?(&), it is
b(z) = 90 / / rdr dH2(€)
W—m S2
00 2 32
= — dH .
87 Jo Tr(g) (5)
Let be now D an axis-parallel ellipsoid, that is
3
D={yeR’; ¥ alyl* <1}
i=1
with positive a; > 0. If we set y; = z; + r&§ with r = r,(§), i.e. y € 9D,
then it is
& 2 o 2
1= ailyil” = > ailwi + r&il
i=1 i=1
& 2, < 212
=3 ailz)® + Y ai(2r&m + r716]7)
i=1 i=1
hence

r2(€)° 23: ail&l® + 2ry(8) 23: ai§ivi =1— 23: alzi)* > 0.
=1 =1

i=1
| —

s ag(€)

We obtain

3

3 3
> aiki; 1—3 alaif?

> ai&imiN 2
i=1 i=1 i=1
Tz g - = + + .
e a0(©) ( a0 ©) )
Now, if x approches a boundary point, that it in the limit x € 9D and hence
3 ) 2

> iqailzs|® =1, then it follows

3
2> ai&w; 5
i=1
=0 f i&iwi <0,
r2() w0() or 2 aikiti <
0 elsewhere .

We now plug r,(§) into the above integral, then we obtain the desired
quadratic representation

#w) = & [ e an(g)
3

00 / aiajfifj 2
Py TiTj dH=(¢
2m 1,j=1 ! {§€S2 H Zai§i$i<0} 0/0(5)2 ( )

00 & / aia;j§i&j 1o
= — T;X5 dH
Ar i,j=1 ! S2 a0(§)2 ©)
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(we split the integration area into two halves {£; > ,a;{x; < 0} and
{&5 > ,ai&x; > 0} and we map the first to the second with £ ~ —¢, and
since (—=&;)(—¢;) = &&; the integrand stays the same). Since ag(§) depends
only on [&|%, i =1,2,3, it is

@& o s aifl o
Lt @ = [ are
=:b;>0

(we split the integration area for i # j into two halves and these we map to
each other such that & ~ —¢;, that is, is mapped into its negative, while ¢;
remains the same value.) Thus we obtain

0 & /aiajfz'fj 9 00 S 9
r)=— LT dH = — > biaxj.
¢(@) 4 i,j=1 ! S2 aO(f)2 ©) 4 z;
= 0;ja;b;

Since z is a boundary point, i.e.

agmg =1- > aix?,
i=1,2

this representation becomes

o(zr) = %(bg (1 — Z am%) + > bmﬂ?)

i=1,2 i=1,2

- @(bg Y (b — bﬁam?)

4r i=1,2
for x € 0D. Now we observe that if a; = a3 < a3 then
b1 = by < b3.

(For the proof of by = by consider in the integrals the map (£1,&2) ~ (§2,&1)-
For the proof of b; < b3 consider in the integrals the map (£1,&3) ~ (£3,&1)
and use the inequalities 2 >1 > 7L.) We thus obtain

b b
pz) = L2 _ 200 s 22 he by — by)ay = (bs — by)as,
47 47 i=1,2

which is the formula (IV16.14) if

obg w2 ()b
oy = '947 and % = i—ﬂ

And

2ba:B(E), a3:1>£:a1:a2, z:E,

a ¢ a a
B(z) = 2(bg — b1) = 2(b3 — ba) = 2b3 — (b1 + b2)
:/ < 263 28+ 8) )dHQ(f)
s \2(§F+ &) +&F G+ &)+ & ’

which gives the assertion, since g = 47 G. O
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If the force in the momentum equation in (IV16.8), which is self-gravitation,
would change a little bit then this results in a different shape of the planet.
This is because, for example, other objects through their gravity field lead
to a perturbation of the situation, and therefore the physics is different.
For example, this is definitely true for the moon Io, which is perturbed
by the gravity of Jupiter. If however one assumes that one is not in an
inertial frame, the situation is different. One can imagine a rotating system
around the xs-axis. This would leave the above gravity term unchanged,
but introduce an additional Coriolis force, and therefore the equations in
(IV16.8) would have an additional force term, which is a fictitious force.
The physics would of course be the same.

Chandrasekhar’s compressible stars

We treat again the stationary case (IV16.8) where the trace of the star is
2 =R x D. But now we restrict ourselves to the case that D is a ball and
v=0. As in (IV16.8), now p is arbitrary, but it is again S = 0.

Reference: We refer to the book by Chandrasekhar [28], which is a thor-
ough study of the self-gravity of stars. In particular, for this section [28,
IV. Polytropic and isothermal gas spheres| is relevant. We also refer to the
original book [105] of Robert Emden. Also look at the exercise [21, 7 Grav-
itation of a rotationally symmetric star].

As before, if the outer region D’ = R3\ D is connected, one can conclude that
p' = const. Therefore one can subtract the constant p'Id in the momentum
flux. Then equations (IV16.8) read

div[-V¢] = [oXp] with ¢(¢t,x2) — 0 for |z| — oo,

, (IV16.15)
div[Xp(p — p")Id] = gloXp V] .

The system (IV16.15) consists of two equations, the gravity equation and
the stationary momentum equation. The gravity equation has the solution

1 [ e(y)dy
Ba) = o /D el (IV16.16)

and the momentum equation in (IV16.15) is equivalent to

p=p ondD,

) (IV16.17)
Vp=goV¢in D.

We assume the following.

16.6 Assumptions and lemma.
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(1) We assume with p: [0, co[— R that the constitutive equation p = p(p)
is satisfied, and that ps, > 0. Since p’ = const in D’ this implies that there

/

exists a unique ¢’ € R with ¢ > 0 that p(¢') =p/.

(2) From the momentum equation it follows ¢ = 5(9), see (IV16.18), and
therefore ¢ = ¢' := ¢(o') on OD. Attention: This follows since v = 0 and
since besides self-gravitation there are no forces or fictitious forces.

Proof of (2). It follows from the momentum equation (IV16.17) that inside

D
1 Prolo 1 [®pry(s)ds
V¢ = —Vp(o) = AV@ = V(/ L)
g‘Q gQ 00 S

for any positive constant gg. Since D is connected there is a constant cg

with . )
¢ =co+ — / plg(:)(b =: 8(9) in D (IV16.18)
00
Consequently ¢ = g(g/) =:¢' on OD. O

In this case, the gravity potential can be determined using the momentum
equation (IV16.17) in D, and the gravity equation div(—Ve¢) = p in the
domain D, which is a ball, is an elliptic equation in the variable p.

16.7 Elliptic problem. Let D = Bg(0). Then the isothermal stationary
gravity problem is an elliptic boundary value problem: Find a solution g of

~div(2V(p(0))) = 9o in D,

o=0 on dD.

(IV16.19)
Such a solution does not have to exist. If a rotationally symmetric solution
o exists, the desired gravity potential ¢ is given by the equation (IV16.18).
Proof. By (IV16.17) the momentum equation implies
Vo = ;V(p(0) in D, (IV16.20)

Inserting this in the gravity equation of (IV16.8) gives

o= —div(Ve) = — div(g}gV(p(g))) in D,
which is the differential equation (IV16.19) in p. O
Proof of ellipticity. The differential equation is of the form

—div(a()Vo) + f(e) =0,
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where

by assumption. Since
flo) = —go

is monotonically decreasing in g, the existence is not assured. (The theory of
monotone operators'® apply only if f would be monotonically nondecreasing
or would satisfy a one-sided smallness condition.) O

Hence the right-hand side go has a sign which does not imply a priori the
existence of a solution. This is also physically clear, since the problem
involves a self-gravitation, and this self-gravitation may cause the fact that
the star compresses itself to a point (with a non-stationary solution). We
first examine several models with different pressure functions

p=Kp", K =const (IvV16.21)

for which we search a solution with bounded ¢ in the domain D. To get an
impression of this constitutive equation, see definition 16.13 and (IV16.33),
and the statement 16.14 on polytropic stars.

16.8 Lane-Emden Gleichung. Es sei
p(0) = Ko7 mit Konstanten v > 1 und K > 0.

(1) Dann lautet das elliptische Problem in (IV16.19)

K
—div( 27 VQ) =goin D,
Q*'Y

0= ¢ auf 9D.

(2) Mit u:= @71 ist dies

1 1. g
—Au=cuFT in D —(1-)2
u=cu-Tin D, ¢y :=( ’Y)K :
u=ug:= (¢)7! auf D.
Proof (1). 1V (p(0)) = £V (0") = 2% Vo. O
Proof (2). = Vo= 7;’1V(9771) = 7LVU. O

10 See e.g. [H. Brézis: Operateur mazimaus monotones, Theoreme 2.3
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Dieser Fall wird ausfiihrlich in dem Kapitel des Buches [28, IV. Polytropic
and isothermal gas spheres] von Chandrasekhar behandelt. Dabei ist n € R
mit 0 < n < oo definiert durch

1
n:= also vy =1+ — so dass
v—1 n

Yy<2<«=n>1 und n<b<=~y>

(i e

16.9 Lane-Emden function. A solution s of the nonlinear equation
—As = 3as" with s(0)=1,

it is called Lane-Emden function of index n € R with a = const > 0.
We call it s,, := s.
If u solves 16.8(2) then the Lane-Emden function with index n is

u

Sp 1= w0) and  3a=cu(0)"", n(y-1)=1.

The normalization s, = 1 only changes the coefficient of the differential
equation. If one determines s,, numerically one sees that for n < 5 the value
R at which s,, attains it’s first zero is finite, whereas s; has an unbounded
support (see [28, IV.5 The Lane-Emden function for general n] and Fig. 36).
The function s5 is known explicitely.

16.10 Schuster-Emden Loésung. Fir a > 0 ist

1

die Losung der Lane-Emden Gleichung fiir den Index n = 5. Die Losung
verschwindet im Unendlichen, siehe dazu Fig. 36.

Proof. Ausrechnen. O

Mit dieser Schuster-Emden Losung lédsst sich jetzt mit Hilfe von Varia-
tionsungleichungen die allgemeine Losung konstruieren, und zwar im Falle
1<n<5.

16.11 Theorem. Let 1 <n < 5 and D = B(0). We assume that in 16.8(2)
the boundary data ug on 0D satisfy

n—1 3(” + 1)K

S TR (IV16.22)

Then there is a solution u of the Lane-Emden equation 16.8.
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TABLE 4
THE COXNSTANTS OF THE LANE-EMDEN FUNCTIONS®
=T .3
9 o} —
" & _g(Ze 5 = .-.¢ L W, ('.
@)eme] = == () e - : o +06 () -,
L] 4. 5588 1.0000 ©.33333  |eevceirerens o.119366 0.5
o. 3.7871 1 Bybn o.02150 2.270 o.26237 0.53847
1. 3.14150 3.28087 | ... o.6366z ©. 393609 0.3
b 2. 71406 5.00071 ‘132 3843 0.42422 ©.779140 ©.53849
2 2.41105 TT. 40234 10_4050 o.36475 1.63818 o.fiotbo
2. 2.18720 23 4obyh 3.82662 0.35150 3 0.60050
3. 2. o182 54 1823 7. 01814 a. 1105006 o.85432
3- L. B8.153 .54716 ©.37 20365 o.96760
v. & E 50 152.884 I_z0426 0. 40104 4. 1.1acly
3. 1.70723 623.408 0.719702 o.47720 | 247.5 1. 66600
4 1.73780 618047 0304356 0.65798 | 4g22.125 3.33100
4 1.7355 934800 ©.14239 1340 3.693X 108 16.550
5. i.73%035 L a = - @
*The valhues for # = 6.5 aad 4.9 &re computed {rom Emden's integrations of 8.; for 8 = 135 58 b by Chandrasekbar bas boen used. w= 5

corresponds to the Schuster-Emden integral. For the other values of w the Brivish A mecisiios Tabler, 'id.]].hﬂﬂl-i.

Fig. 36: The radius of the Lane-Emden functions [28]

Hinweis: Fir die Randwerte ¢ > 0 der Dichte ¢ heifit dies

3(n+1)K Lo

0< ()7 < eR 0 7S

Proof for ug > 0. Let ug be the Dirichlet condition of u on 0Br(0) and
assume this to be positive. Then

o u
U= —
ug
satisfies
ATl = -1, n _ n—1-mn _ —-—mn - _ n—1
—AU = cyug U = cyup" T U =C¢u", €= cyup

Hence w solves the boundary value problem

—Au =¢u" in Br(0) ,

(IV16.23)
w:=1on 0BR(0) .

We compare it with the function

= (1 —|—aR2) s5 > 1 on Br(0),

which satisfies 5
PV TR
(1+aR?)
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with the same boundary data s =1 on dBr(0). We now make the assump-

tion that
3a

(1+ CLR2)2 .
If we further have, purely formal, a solution w of (IV16.23) which satisfies
1 <u < s then

c< (IV16.24)

§° > 5" > 0" (IV16.25)
and with (IV16.24)
3a 5

2

— = P >es >eut = —Au.
(1—|—aR2

—As =

Therefore A(uw — s) > 0, which means that @ — s is nonpositive and subhar-
monic, therefore it cannot reach the value 0 in the domain D, hence u does
not touch the upper obstacle.

To make this rigorous let % be the solution of the obstacle problem!!
ue X and &(u) < &(v) for all v € #, where
1 _
&) ::/ (5190l — —Swm) ard.
A ={veWh(D); 0<v<sinD,v=1ondD}.

The solution of this minimum problem is radially symmetric, positive and
continuous and satisfies for all v € &

/ (V(u—v)eVu—cu"(u—v))dL® <0. (IV16.26)
D

We show that u cannot touch the upper obstacle. Let ( € C§°(D) be a
nonnegative test function, then we can take v = w — ¢ and obtain

VU —cu" 3

oz/D(vc v ¢) dL

_ / (VCoV(T— 5) + C( —As —ea ) dL?
D I_—/\I

— / (V¢oV(u—s) + A¢) dL.
D

Since s > 1 and @ < s the inequalities (IV16.25), that is s> > s > u", hold
and therefore because of the assumption (IV16.24)

A= —As—cu" = 37(1235 —cu" >c(s® —u") >0
(1+aR?)

see Theorem 2.1 of [D. Kinderlehrer, G. Stampacchia: An Introduction to Variational

Inequalities and Their Applications. SIAM’s Classics in Applied Mathematics 31 (2000)]
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that is A > 0 is a positive function. Hence the nonpositve function u — s is
a weak solution of

—A(m—5)+A<0 therefore A(u—s)>A>0.

Then the mean value property implies that pointwise u(z) < s(x). With
this it follows from the variational inequality (IV16.26) that % is a solution
of (IV16.23), that is, u = wug is a solution of 16.8(2).

If we choose in (IV16.24) the optimal @ = R~2 we obtain

, 3
n+1
Cry Uy < 472

as stated in the theorem. OJ

Hence the planet allows a stationary solution if it has a constitutive relation
p=Ko,v=1+ %, with n < 5, i.e. v > g, and the mass density at the
boundary of the planet is 0.

Polytropic gas clouds

We mention that this solution does not carry heat to the outside provided
the star is a gas cloud, that is, in the section about fluids and gases the
properties in 2.5 are satisfied, in particular for the internal energy

e=cybo. (IV16.27)

Why is this true? In the general instationary case the equations (IV16.4) in
the gas cloud (2 are (see 16.12)

—A¢ =,

0o + div(pv) =0,

9y(ov) + div(ovv! + pld) = oVé,
Oe + div(ev + q) + pdive = 0.

(IV16.28)

The entropy principle in I11.2.4 or 2.2 says n = 1)(p,¢) with
. 1 1
O + div(nu + gq) =0= V(E)oq >0,
and that the Gibbs relation for p is satisfied, that is,

1
O:gnlg—n—i—@(s—l—p) or

p+e+00*00(0,e)=0 or

p=o0f(0,0)— f(0,0), f=¢e—0n.
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Now, we can replace (see 16.12) the energy equation in (IV16.28) in the
domain (), that is, inside the gaseous star, by the entropy equation and
obtain the system

—Ad = o,

oo + div(ov) =0,

0y(ov) + div(ovv! + pld) = oVé,
9 + div(nv) + §divg =0,

(IV16.29)

again with the Gibbs relation and with ¢ satisfying V(%)oq > 0.

16.12 Theorem. In the general case the system (IV16.4) inside € is equiv-
alent to (IV16.28) and also equivalent to (IV16.29).

Proof of (IV16.28). The energy equation inside € is
Ore + div (ev + pv + q) = vef |

and this is modulo the mass and momentum equation as usual, using I11.2.2,
equivalent to the equation for e. O

Proof of (IV16.29). We perform the method of Liu & Miiller explained in
section II.4 and use the fact that we can write 7 = 17(0,€). We obtain the
following for all functions satifying the Gibbs relation

Om+ divipu+1o) —o (o =%qand o =V (%)eq )
= (0 + veV)1)(0,¢) + ndive + divipg — o
=11,(0r +veV)o + 1:2(0; +veV)e + ndive + diviyg — o
= nlg(atg + veVp + Qdivv) + e (8t5 + veVe + edivy + divg + pdivv)
+dive - (= onrg — ene = nrep) = nredivg + divg — o
=1o(80 + div(ov)) 4+ n:c (9 + div(ev + q) + pdivo)
+dive- (n—one— (e +p)ne) + Vireeqg—o + div (Yo — 17cq)
L P S 1
= 0 (Gibbs relation) =0 =0
=110(8r0 + div(ov)) 4+ n:- (9 + div(ev + q) + pdivo) ,
if we define (siehe Abschnitt 11)

’)7/ :1 7]/ :H
IS 97 o 0

Thus we have just repeated the calculation of the proof of the entropy in-
equality, but now for a larger class. It gives that

Oe + div(ev + q) + pdive
= 0(0ym + div(nv + o) — o) — (8o + div(ev))
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for all functions satisfying the Gibbs relation. Thus, since # > 0, we can
replace in system (IV16.28) the equation die + div(ev + q) + pdive = 0 by

1
0 =0 + div(nv + 1bg) — o = O + div(nv) + 0 divg

and obtain (IV16.29). O

16.13 Adiabatic processes (Definition). A physical process is called
adiabatic, if the heat flux ¢ = 0. Addendum: If ¢ = —Fk(p,0)V0 (then the
entropy principle is satisfied, if £ > 0) this is the case, if the heat capacity

kE=0.

— I
ffhel?evfgfe; if we have an adiabatic process then ¢ = 0 and the entropy
equation in (IV16.29) becomes
0 =09+ div(nv) = 0i(en™) + div(en™v)
=P ((%Q + div(gv)) + Q(@mslo + voVnSp) = 0(0r + veV )P,
hence (0, + veV)n*® = 0. Since n*P does not depend on v it is plausible to

assume the stronger condition that (0, V)n® = 0 and therefore, since (2 is

connected,
NP = const. (IV16.30)

Therefore this condition implies the entropy equality. Thus
_A¢ =0,
0o + div(ov) =0,
0 (ov) + div(ovvT + pld) = oVé,

n°P = const

(IV16.31)

are the equations we assume. And that n°P is constant means by 2.5(3)
const = n* = ¢y loge — cplog o + const

€
= cv(loga — vlog g) + const = cy log 977 + const,

that is, there exists a constant ¢. € R with € = ¢.0” hence cy0p = ¢ = ¢.0”
or

Ca —1 CP
0 = 0 = — Y = —,
5(0) el AT s (IV16.32)
Then 2.5(2) says, it is R = ¢, — ¢y,
p=Rbo= =07 = c.(y - 1)0" (IV16.33)

a constitutive equation, which was assumed also in (IV16.21). Hence, the
solutions which were found with this assumption on the pressure apply for
ideal gases and they are adiabatic solutions.
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16.14 Polytropic processes (Definition). A process is defined poly-
tropic, see [28, II Physical principles] specially [28, I1.3 Polytropic changes],
if

NP = clogf.

Then there exists a constant ¢, such that

p=c.(y/ = 1) with 4 := z‘lj :z (instead of v = Z—C) .
e=cybp!
Proof. 1t is by assumption, since € = ¢y 0p,
P = clog O = c(loge — log o) + const
and by 2.5(3), since p = Rfp,
7P = cy loge — cplog o + const
hence
const = (cy — ¢)loge — (cp — ¢)log o = (cy — ¢) log gi'
which gives the assertion. O

The question arises whether the stationary solutions presented so far are
stable or unstable with respect to the general system (IV16.29). This ques-
tion can be answered if one discretizes the instationary system and proceeds
with numerical computation.

If one wants to study more about stars under self-gravitation, one has to
look at other physical principles. This is because the material is compressed
so much that chemical reactions will occur and this will be the source of
radiation.

17 LiquidCrystals

— Dieser Abschnitt folgt noch —
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18 Exercises

18.1 Spezifische freie Energie. Sei

9@ = 3. enllogar — 1)

fiir ¢ = (cx), € RM with ¢k >0 for k=1,..., M. Zeige:
M M
(X ckgre,) —9= 2 k-
k=1 k=1
18.2 Diffusionskoeffizienten. Sei
3>Jr=0 and > cp=1.
k k
Zeige: Sind fiir beliebige Funktionen c¢; mit der angegebenen Nebenbedingung Ji =

—> 1 dri Ve, so folgt
> di = D fiir alle
k

mit einer Funktion D.
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V Higher moments

Fiir manche Prozesse ist die Angabe eines Systems fiir die Masse, den Im-
puls und die Energie nicht hinreichend, um die Dynamik genau genug zu
beschreiben. Dies gilt insbesondere fiir die in der zweiten Hélfte des 20.
Jahrhunderts durchgefithrten Experimente, sieche den Text der Fig. 1 und
Fig. 2.

However, the recent decade has witnessed a surge of interest in going
beyond the classical formulation. There are several reasons for this. One
of them is the development of experimental methods able to deal with the
response of systems to high-frequency and short-wavelength perturbations,
such as ultrasound propagation and light and neutron scattering. The ob-
served results have led to generalizations of the classical hydrodynamical
theories, by including memory functions or generalized transport coefficients
depending on the frequency and the wavevector. This field has generated
impressive progress in non-equilibrium statistical mechanics, but for the
moment it has not brought about a parallel development in non-equilibrium
thermodynamics. An extension of thermodynamics compatible with gener-
alized hydrodynamics therefore appears to be a natural subject of research.

Fig. 1: Aus dem Buch von Jou & Casas-Vazquez & Lebon

Es sind also Modelle von mehr als den klassischen 5 Momenten erforder-
lich, welche die Dichte g, die Geschwindigkeit v und die innere Energie ¢
(beziehungsweise fiir die Temperatur ) darstellen. Basis fiir diese Theorie
sind die Boltzmann-Gleichungen fiir Materialien aus einzelnen Molekiilen,
die einen gewissen auf Impuls- und Energiebilanz basierten Kollisionsmech-
anismus haben, also fiir Gase (siche Abschnitt 2). Aus diesen Gleichun-
gen lassen sich die iiblichen Erhaltungsgleichungen extrahieren. Man erhalt
dariiber hinaus eine ganze Hierarchie von Differentialgleichungen fiir hohere
Momente (sieche Abschnitt 3). Ein Teil dieser Gleichungen wird als Grund-
lage fiir die Theorie genommen.

Es bleibt aber trotzdem das Entropieprinzip als grundlegende Eigenschaft
bestehen. Daher wurde die Theorie auch “Extended Thermodynamics”
genannt, obwohl ja nur das Entropieprinzip auf eine andere Klasse von Mod-
ellen angewandt wird (in unserer Sprache wird eine neue Matrix Z von néten
sein). Von dieser Theorie handeln die Abschnitte.

476



V.1 Cattaneo’s 8-Momente Gleichung 477

Our aim is to propose a theory which goes beyond the classical formulation of
thermodynamics. This is achieved by enlarging the space of basic independent variables,
through the introduction of non-equilibrium variables, such as the dissipative fluxes ap-
pearing in the balance equations. The next step is to find evolution equations for the dissi-
pative fluxes. Whereas the evolution equations for the classical variables are given by the
usual balance laws, no general criteria exist concerning the evolution equations of the
dissipative fluxes, with the exception of the restrictions imposed on them by the second
law of thermodynamics.

The independent character of the fluxes is made evident in high-frequency
phenomena. In general, they are fast variables that decay to their lo¢al-equilibrium values
after a short relaxation time. Whereas many authors have studied the elimination of such
Jast variables in order to obtain a description of the system in terms of slow variables,
our aim is the opposite one. We want to describe phenomena at frequencies comparable to
the inverse of the relaxation times of the fluxes. Therefore, at such time scales, they must

be included in the set of basic independent variables.

Fig. 2: Aus dem gleichen Buch

Referenzen: Im Zusammenhang der “Extended Thermodynamics” ver-
weisen wir auf die Biicher von Miiller [88] und Jou & Casas-Vazquez &
Lebon [82]. Wir verweisen weiter auf den Originalartikel von Grad [108].
Zur Boltzmann Gleichung siehe den Ausgangsartikel von Boltzmann in [98]
und die Darstellungen in [Wikipedia: Boltzmann Gleichung] und anderer-
seits in [Wikipedia: H-Theorem].

1 Cattaneo’s 8-Momente Gleichung

Fiir manche Prozesse ist die Angabe einer Gleichung fiir die Masse, den
Impuls und die Energie nicht hinreichend, um die Dynamik zu beschreiben.
Es bleibt aber trotzdem das Entropieprinzip als grundlegende Eigenschaft
bestehen. Die Entropie muss nur noch von weiteren Variablen abhéangen.
Wir geben hier das Beispiel von Cattaneo (1948) an. Es besteht aus der
Energiebilanz, zusammen mit den Erhaltungsgleichungen fiir Masse und im-
puls, aber mit dem Unterschied, dass fiir den Wérmefluss keine konstitutive
Gleichung wie iiblich vorausgesetzt wird, sondern eine Differentialgleichung.

Referenzen: Zum Cattaneo Modell siche den Ausgangsartikel von Cat-
taneo [101], den Artikel von Herrera & Falcon [45, Speziell die Gleichung
(6)], and the general statements in Miiller [87, 2.1 The Cattaneo Equation]
and Dou & Casas-Vazquez & Lebon [82, 6.6 Heat Conduction in a Rotating
Rigid Cylinder]. Recently, in [66] Straughan has applied this to porous
media and used the article of Christov [30] who gave an frame indifferent
version of the Cattaneo model.
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Wir haben also Massen-, Impuls- und Energieerhaltung (siehe (I112.5))

0o + div(pv) =0,
Oy (ov) + div(ovv’ +1I) = f,
Ore + div(ev +TIY v + ¢) = vef ,

e=¢c+ £[v|?,

(V1.1)

und versuchen, ein Entropieprinzip herzuleiten, wobei die Entropie n nun
im Gegensatz zu Abschnitt III.1 noch vom Warmefluss ¢ abhéngt, der als
unabhéngige Variable betrachtet wird. Das heiffit wir nehmen an, dass

n =10 €,q) . (V1.2)

1.1 Lemma. Da 7 ein objektiver Skalar sein muss, hangt n in Wirklichkeit
nur vom Modulus von ¢, d.h. von |g|?, ab. Es gibt daher einen objektiven
Skalar 7 = 7(p, ¢, |¢|) mit

Ng = —74.

Proof. Essind p und € objektive Skalare. Da n ein objektiver Skalar ist, muss
daher die konstitutiven Funktion in (V1.2) fiir alle Werte QQ¢* denselben
Wert wie fiir ¢* haben. Also folgt die Behauptung. O

Es soll das Entropieprinzip
o:=0m+ divyy >0

erfillt sein, wobei der Entropiefluss noch zu bestimmen ist. Um die En-
tropieproduktion o zu berechnen, definieren wir wie immer ¢ = d;g + veVyg
fiir jede Funktion g, und schreiben die Gleichungen in (V1.1) entsprechend
um und erhalten das dquivalente System

0+ odive =0,
ov + odive + divll = f |
€ + edivu + divg = —(Dv)ell.

Nun ist in Analogie zum Beweis von I11.2.4

o =1+ ndive + div(y — nv)

=110 + 1€ + 1rgeq + ndive 4+ div(y — no)
= Due((n — on/p — €nve)Id — nc11)

+n1g0¢ — i divg + div(yp — no)

= Doe((n — 017 — nrc)Id — 110
+qo(Vipe = 7¢) + div(y —nv —n7eq) .
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If we define as usual the temperature € and the pressure p by

1
g =Mes N=0npF (e+p)ne, (V1.3)

and if we let the entropy flux

Y =nv+11q, (V1.4)

then the entropy production becomes
1 1 .
o= éDvo(pId —1I) + ge (V(é) - 74).

Das Ziel ist es, dass die Entropieproduktion nichtnegativ ist, d.h. ¢ > 0.
Indem wir ausnutzen, dass

qo(D’U q) = z qiqjajvi = Dvo(qu) R
ij
konnen wir die Entropieungleichung schreiben als
1 1
o= aDvo(pId — Mgqt —1I) + qo(V(é) +ADvg —7¢) >0 (V1.5)

mit einer beliebigen Funktion A, was ein objektiver Skalar sein soll. Wir
wollen jetzt wie tiblicherweise annehmen, dass beide Terme nichtnegativ
sind, d.h. es soll gelten

1
EDvo(pId — Mgq¢t —10) >0,

qo(V(%) + ADvgq — T(}) >0.

Die erste Ungleichung schreiben wir wie gewohnt als
DveS >0, II:=pld—S — Mqq* (V1.6)

mit einer objektiven Matrix S, so dass also II wie gewiinscht eine objektive
Matrix ist. Hier hat II die Standardform, falls der A-Term verschwindet.
Die zweite Ungleichung ist erfiillt, wenn

1

Here we have to make clear that the equalities and inequalities are objective.
Therefore let us show the following.

1.2 Lemma. Die Gleichung und die Ungleichung in (V1.7) sind beobachterun-
abhéngig, falls M die Transformationseigenschaft

MoY = (N —m)QQT + QM* QT
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We now write energy balances for the solid and fluid parts of the porous
medinm separately, and likewise write Cattaneo Christov heat flux laws tor each
of the solid and Auid components (cf. Straughan 2008, pp. 14-15), which only
deals with the classical Fourier theory. The solid and fiuid parts are denoted by
subscript s,f. Then we have the energy balance and Cattaneo law for the solid,

{pock Ty =—Qi (2.6)

and _ ~
T:-'-Q.'..' = (J.' - k\ :fl:." {Q‘T]
where ¢ is the specific heat. 7, is the relaxation time, &k is thermal conductivity

and QJ the heat fux. For the fluid, the energy balance and Christov (2009) heat
flux laws take the form

{F‘E] f'fr}l'{ TJ + V.l T__. } == f?,__. {ZH]
and . i g 5
To{ Qi+ Viliy — QVij)=—Qi—&T; (2.9)

where ¢, is the specific heat at constant pressure. k is the thermal conductivity
and 7y is the relaxation time. {(The classical Cattaneo law is found from
equation (2.9) by putting V=0. If then 7y =0, one recovers Fourier's law

(. =~k T,. Equation (2.9) is an invarient form of Cattaneo law valid in a moving
body and proposed by Christov (2009]).
Fig. 3: Aus dem Paper von Straughan

erfiillt, d.h. der antisymmetrische Anteil M”* diese Eigenschaft hat und der
symmetrische Anteil M> eine objektive Matrix ist:

MSOY _ QM*S QT ,
MAOY _ ()\*—T*)QQT+QM*AQT
Proof. Es ist v ist eine Geschwindigkeit, also voY = X + Qu*, und ¢ ein

objektiver Vektor, d.h. goY = Qq*. Indem wir diese Identitit ableiten,
erhalten wir

02 (Qq") = Op:(qoY) = 3_(0r:9)0Y Qi ,

0r-(Qq") = (Brq)oY + Y2 (0r,q)0Y X,

also
goY = (0rq)oY + > v;0Y (0s,q)0Y
i

— (Dyq)oY + Zi:(amiq)oni + zi:(’u,-oY — Xi)(Oa,q)0Y
= 9 (Qq") + %f Qijvj (Oz;q)0Y

= 9p-(Qq") + %}vjﬁx;(Qq*)

= Q(drq" + %jv;az;q*) +Qq*

= Q((¢")) +Qq".
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Somit haben wir gezeigt, dass die Transformationsregel
GoY = Q(¢") + Qg
gilt. Hier ist also ¢ = (0 + veVy)q und ¢* = (¢*)" = (Op= + v*eV,+)q". Da
voY = X 4 Qu*, ist (indem wir diese Gleichung nach z* ableiten)
DuvoY = QQ" + QDv* Q" |
folglich wird (es ist 7 und A ein objektiver Skalar)
(tr¢ — ADvq+ Mq)oY
=7(Q4" + Qq") + (MoY — X (QQ" +QDv* Q"))Qq"
= Q(7*¢" — N'Duv* ¢*) + (MoY + (7" = A)QQ")Q¢*
=Q(77¢" — N'Dv* ¢* + M*q"),
falls
MoY + (7" = \"QQ" = QM*Q" .
O]

Insgesamt ist damit den beiden Gleichungen und Ungleichungen (V1.6) und
(V1.7), die sich aus dem Entropieprinzip ergaben, Geniige getan.

1.3 Theorem. Wenn die Temperatur und der Druck wie in (V1.3) definiert
sind und fiir die Lésungen von (V1.1) die Gleichungen

I=pld— S — Nqq" ,

Tq'—)\qu:V(%) — Mg

gelten, wobei M die Bedingung in 1.2 hat, so ist das Entropieprinzip erfiillt,
falls
DveS >0, gqeMg=>0.

Wenn wir nun A = 7 setzen, sind die Bedingungen von Cattaneo-Christov
erfillt.

1.4 Cattaneo-Christov Modell. Es ist A = 7 in 1.3 und M symmetrisch.

Dann ist das Entropieprinzip erfiillt, falls zusétzlich zu (V1.1)
II=pld— 95— 7'9qu

L (V1.8)

T(0g + 30i0iq — 30,q:0) = V(5) — Mg

und
DveS >0, gqeMg>0.

Relaxationszeit: The function 7 is related to the “relaxation time”. Geht
7 — 0, so konvergiert das Modell zu dem gehabten klassischen Modell.
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Fassen wir also zusammen.

Cattaneo-Christov Modell:
0o + div(pv) =0,
dr(ov) + div(ovvt +1I) =,
dre + div(ev +IIT v 4 ¢) = vef ,

1
T(@tq + veVq — quv) = V(g) — Mgy

II=pld— S — 70qq" , (V1.9)

e=¢ec+ g\vP , ¢ die innere Energie,

DveS >0, M symmetrisch positiv definit,
0 die absolute Temperatur,

q der Warmefluss,

T proportional zur Relaxationszeit.

Siehe auch die Gleichungen in der Fig. 3 ((2.8) und (2.9), bei der Tempera-

] % j;[ -

(b} {c)

|
|
i
I—-'Ox‘—ﬂ— m—T
|
i

Fig. 4: Paradoxon (aus dem Buch von Miiller)

turgleichung fehlt der Term mit divv). Es gibt aber auch andere Modelle,
und zwar fiir A = 0, d.h. der Drucktensor II ist gegeniiber dem normalen
Drucktensor nicht gedndert. Der Grund ist, dass ge (Dv)A q =0 ist.

1.5 Beispiel. Es ist A = 0 in 1.3 und M* = —7Dv® und M, := M positiv
definit. Dann ist das Entropieprinzip erfiillt, falls zusétzlich zu (V1.1)

I=pld-— S

V1.10
r(d— (D) q) = V(3) — Mog (V1.10)

mit DveS > 0.
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Ist v die Geschwindigkeit eines sich drehenden Zylinders, so sind die beiden
Gleichungen fiir ¢, d.h. die zweiten Gleichungen in (V1.8) und (V1.10),
identisch, die beiden Gleichungen fiir IT jedoch nicht. Wir verweisen in
diesem Zusammenhang auf das Paradoxon in Fig. 4.
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2 Boltzmann Gleichung

Die Boltzmann Gleichung ist ein Erhaltungssatz fiir eine Wahrscheinlichkeit
(t,x,c) — f(t,z,c) ER,

die angibt, wie wahrscheinlich es ist, dass in einem Gas ein Partikel an einem
Ort x zu einer Zeit ¢ sich mit einer gewissen Geschwindigkeit ¢ fortbewegt.
Die Differentialgleichung fiir f lautet

8tf+ Z C’Laxlf + Z glac,f =r,
= =t (V2.1)
Z Gcig,; =0.
i=1

The quantity f is the density of atoms at (¢, z) with velocity ¢, and g denotes
the external acceleration and is a function of (¢, z,c), and r is the “collision
product”, which we explain later in this section in (V2.8), and is also a
function of (¢,z,c). First let us clarify frame indifference. The variables
(t,z,c) and the probability f and acceleration g and the collision rate r
have the following transformation behaviour under an observer change.

2.1 Observer change. With the usual notations we have for the coordi-
nates the transformation

t t T ()
x| =Yg | |2* =|  X(tra") , (V2.2)
c c* X(t*, 2*) + Q(t*)c*

where T, X, and @) are given by the classical Newton transformation

v (H) - {Xﬁ*ﬁ*)} - [Q@*flffb@*)} |

So we can say, the variable (t,x) transforms like usual and ¢ satisfies ¢ =

X(t*,2*) + Q(t*)c* like a velocity. Moreover, the probability f and the
collision product r are objective scalars, that is

ft,z,c) = f*(t*, 2%, c*), r(t,z,c)=r"(t*z*c), (V2.3)
if coordinates transform as above. The acceleration satisfies
g(t,z,c) = X(t*, x*) + QQ(t*)C* + Q(t)g* (t*, x*, c*). (V2.4)

The transformation rule for the acceleration is the same as for the force
in I1.3.7 except that the velocity is taken as the individual velocity and
the equation is divided by the mass density. We mention that this rule is
mandatory if one wants to achieve an equation like (V3.1) for the moments
(see the statement in 3.5). With this transformation rules it is true, that
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2.2 Lemma. The Boltzmann equations (V2.1) are objective.

Proof. The transformation of the variables (¢, x,c) is given in (V2.2). Then
(V2.3) implies that

Frt, o, ¢) = f(t5 +a,Q(t")z* + b(t*), X (t*,2%) + Q(t*)c*)
and from there we obtain (we omit arguments)
Ve f* = Q' Vef,
Vo = QU Vof + (D0 X) Vef = Q7. f + Q" V.,
O [* = O f + XoVof + (X + Qc*)eV.f.
We obtain

)T

Op= f* + C*va*f* + g*.vc*f*
=0if + (X 4+ Qc*)eVof + (X +2Qc* + Qg*)eV..f.

Since ¢ = X + Qc* the result follows, if g = X + 2Qc* + Qg*, that is (V2.4)
is assumed. Here we have used that r is an objective scalar.

We also have to show that the condition div.g = 0 is objective. To prove
this we compute the derivative of (V2.4) with respect to ¢*, that is

D.gQ =20Q +QDusg" or D.g=2Q0Q" +QD.g"Q" .

From this it follows that trace D.g = trace De-g*, since Q QT is antisym-
metric. O

Referenzen: Zur Boltzmann Gleichung siche den Ausgangsartikel von
Boltzmann in [98] und die Darstellungen in [Wikipedia: H-Theorem] sowie
[Wikipedia: Boltzmann Gleichung]. Dartiberhinaus siehe die Ausfithrungen
in I.Miiller [87, 5.2.1 The Boltzmann equation] und fiir Systeme in DeGroot
& Mazur [6, Ch. IX §2-4 The Boltzmann equation]. Als mathematische
Arbeit sieche DiPerna & Lions [35].

The entropy principle for the Boltzmann equation has the following form.

2.3 H-Theorem. If a,b € R and a > 0 then
n(t,z) = —/aln (bf(t,z,¢)) f(t,,¢)de,
it ) = —/aci In (bf (£, 7, ¢)) f(t,, ¢) de
satisfies
dun(t, ) + divib(t, ) = — / aln (bf(t,2,¢)) x(t, 2, ) de > 0 ,

if r is given as in (V2.8) below.
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Proof. We compute

d o, :
@(ln(bj) ~f)=In(bf)+1

and therefore with ¢ := —In (bf) — 1 we obtain
at( . /1og (bf) fdc) + Zal(f /cilog (bf) fdc)
—— [omon -5 [ o e
~ [e@us+ S et pde= [(or -5 pmon g e

=/w¢+§/%@@ﬂ%ﬂ®=/w®,

if f vanishes fast enough for |¢c| — co. That the last term is nonnegative, is
a consequence of 2.5(2). In fact, there the integral over r is an integral of a
probability times (the quantities ¢y, ¢}, fi, f, are defined as there)

(1 + 92 — 1 — 5) (fifs — fif2)
= (—In(bf1) —In(bfo) +In (bf}) +In (bfy)) (fifs — f1f2)
= (In(fifo) —In(frfo)) (fifs — fif2) >0

since the logarithm is a monotone increasing function. O

Hence the H-Theorem plays the role of the entropy principle and it is due
to the special form of the collision term, which will be introduced now.

2.4 Collision of mass points. Es seien zwei Massepunkte gegeben mit
Massen my, fir k = 1,2, die mit Geschwindigkeiten ¢ aufeinandertreffen.
Nach der Kollision sind die Massen unverédndert und die Geschwindigkeiten
sind ¢}. Bei der Kollision bleiben die Massen, der Impuls und die Energie
erhalten (siehe 1.3.2 fiir die Massen und den Impuls), d.h. es gilt

/ /
mic1 + maCa = Micy; + Macy,
mQ 2 ml 712 m2 712
—|eo)® = — |17 + —==|ch)” .
2 ey = T 4 T2 g
Das ist dquivalent dazu, dass die Geschwindigkeiten ¢} und ¢, gegeben sind

durch

gl

m m
c’1:—101+—2(02+k’), ms = mi1 +msa,
My M
=" — W)+ ey, K €R" mit K] = | — e
ms ms

Also sind (fiir n = 3) die sechs Gleichungen fiir ¢j und ¢, durch vier Gle-
ichungen der Impuls- und Energiebilanz gegeben. Die zwei Freiheitsgrade
sind durch k" € 9By, _,|(0) C R™ ausgedriickt.
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Fig. 5:  “Orbits of atoms in interaction” aus I.Miller [$7, Fig. 5.7]

Es ist nicht gesagt, dass sich die Teilchen wirklich treffen (siehe Fig. 5),
sondern in einem gewissen Abstand sieht das so aus. Lokal kann also ein
Abstoflungspotential wirksam sein.

Proof. Wir definieren den Schwerpunkt der beiden Massen durch die Gesamt-
masse
Mg := M1 + My

und den Impuls durch
MgCs = M1C1 + MaCy = ml(:’l + 777/26/2 ,

also ist die Geschwindigkeit des Schwerpunkts

mq mo my msy ,
Cs:= —C +—Cc=—c; +—c¢y. (V2_5)
M mg M Mg
Physikalisch bedeutet dies, wenn man mit der Geschwindigkeit ¢ an dem
Stof3 vorbeifliegt, sieht man die beiden Korper aufeinandertreffen mit Geschwindigkeiten
¢ — ¢s und nach dem Stof mit ¢} — ¢, auseinanderfliegen, denn aus aus der
Impulsbilanz folgt 0 = myci +maca —mscs = micy +mach —mscs und daher

my(c1 —cs) = —ma(ea —cs)  und  my(c] — cs) = —ma(ch —cs).
Da gilt
c1—cs=(1- %)cl — %62 = %(Cl —c2), (V2.6)
cp—cs=—rder+ (1= 72)cr = = (c1 — c2)
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und / ( ) / (/ /
Ah—cs=(1—7h)c) — 72ch = 72(c) — ¢3),
/1 ) m1 ./ 1 ’ " l /2 / (V27)
¢y —Cs=—prdh + (1 - ) (L — )

definieren wir den Kollisionsvektor (en: collision vector) durch
kK'=c —d.
Aus der Energiebilanz
maler|? 4+ malcal? — mgles? = ma|c) [ + malcy|? — my|es]?
folgt unter Zuhilfenahme von (V2.6)

miler|* + maleal® — mles|* = ma(ler]® = |es]?) + ma(|eal® — [es]?)

=my(c1 — cs)e(c1 + ¢s) + ma(co — cs)e(ca + ¢s)

mim mim
- (c1 —ca)e(cy +¢5) — ! 2(01 — co)e(coy + ¢s)
My ;
mi1ms9

— ‘Cl _62‘27
ms

und genauso mit Hilfe von (V2.7)

mimsa, , 712
C1 — G|,

malei [* + malch|* — mles|? =
S

und daher ist nach der Energiebilanz
K| = e} — b = |e1 — e -
Aus der Impulserhaltung folgt mit mgcs = mycy + moco

/ /
MsCs = M1Cy + M2Cy

/ / /
c] + ¢y ] — Gy
:(m1+m2) +(m1—m2) 5
/ / /
ci+c k
1 2
=Mg——(0— + (M1 —M2)
S 2 ( )27
also
ate mp —ma k
2 : ms 2
/ /
c —02:5
2 2’
oder
ma. mi ma
Cl—cs+ k, Cs = —C+ —C, Mmg=m1+ma,
ms ms mg
mq .
h=cs——k', K e€R"mit [K|=|c; —
2 m ) 9
S
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was identisch mit der Behauptung ist. Wir fiihren noch die Probe aus.
Nehmen wir diese Formeln an, so folgt daraus die Impulserhaltung

mims momq
mac) + macy = mics + ——K + mocy — k'
Mg ms
= (m1 + ma)cs = mscs = mycy + macy,
und die Energieerhaltung
/19 /19 ma. ,|? mi
mi|ci|® + malch|® = my|cs + —Kk'| +malcs — —
Mg s
o mam3+momi .
= (m1 + ma)|cs|” + —Q\k |
m
S
mq mo |2 mims
= mg|—cC1 + —62’ +
Mg Mg s
2 2
= mqlc1|* + ma|ca]
Dies beendet die Probe. ]

Wir beschrinken uns hier auf eine Gleichung, d.h. eine Wahrscheinlichkeit
f, und nehmen an, dass alle Massen m; gleich sind. Sind dann f(t,z,c;)
und f (¢, x,co) die Wahrscheinlichkeiten fiir Teilchen mit Geschwindigkeit c;
und ¢y, so ist (bis auf einen positiven Faktor)

W(Cl — (2, Cll - 6,2)

die Wahrscheinlichkeit, dass nach der Kollision zwei Geschwindigkeiten ¢}
und ¢, vorhanden sind, dass heifit f(¢,z,¢}) und f(¢,z,c}) zu betrachten
sind, wobei wir 2.4 zu berticksichtigen haben, d.h. es tritt keine Reaktion
auf und die Stofe verlaufen nach den Regeln der Thermodynamik. Wir
haben also

r(t,x,c1) / / ft,z, ) f(t,x, c)
nJo

Ble; —cp (0
—f(t,z,c1) f(t, , @)) : W(c1 — ¢, K)dH" 1 (K) deg (V2.8)
i K’ k' c1+c
WObelC,lzcs“‘?a 6/2203_57 Cs = ! 5 2.

Wenn wir zur Abkiirzung schreiben
r1 =r(t,z,c1)

fi=[ftx,a), fa=f(t,5,c2),

fil=ftz,c1), f3=f(t z,ch)

/

2

k=c —co (esist k' =¢] — ¢

9

)?
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schreibt sich dies als
ry = / / f1f2 f1f2) W(k, k') Hn_l(k/) dez.
" JOBje; —cy (0
Ist dann ¢ € Z(R x R™ x R™) eine Testfunktion und ¢1 = ¢(t, z,c1), so gilt
/gplrl dep = /cp(t, x,c1)r(t,z,c1)de
= / / / ®1 (f{fé — flfg) . W(k, k/) dHn_l(k/) dCQ dCl .
"R JOB|e; ey (0)

Assume that
W(k, k')
Wk, k') =W(—

W (K, k)
¥ for |k| = [K/|. (V2.9)

From these symmetry properties one obtains

2.5 Theorem. Let the probabilities W satisfy (V2.9). Then we have the
following symmetry properties:

(1) For any function (c},ch,c1,c2) — g(cy, ch, 1, c2)

/n /n/a g(ch, ey, e e2) (fifs — fif2) Wik, K)

Bley —cp (0
dH" Y (K') dep dey

- / / / gler, en, S (FLF — Fuf2) Wk, K)
" JR™ JOB|¢; —eq((0)

dH" 1 (K') deg dey

- / / / 0, iy e en) (FLFS — Fufa) W (k,K')
n JR™ 6B|cl —cg |(0)
dH" Y (K') dep dey .

(2) If the collision term r satisfies (V2.8), then it follows for any test function
© that

/@(tvwacl)r(t,ZE,Cl)dCl
1
:4/" /n /6B|C1 o (w1 + 92— 01 — b)) (fifs — frfo) W(k k')

dH" 1 (K') dey dey
Here ¢1 = ¢(t, 2z, c1) and similar ¢, ¢}, ¢, like above.
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Proof (1). In the integrals there is
c = %(cl +co+k), &= %(cl +co— k),
which is due to the fact that
Atdy=ci+cy, K= -, k:i=c —oco,
therefore

1 1
a=z@a+a+k), c=g(d+dh-k).

Thus the two variables

1
s = §(Cl+62), k=c1— co,

satisfy
degdep = dkds
and with r = |¢; — co| = |} — &b
dk = dH" }(k)L_9B,.(0) dr,
so that

dH" ! (K')LL0Bj¢, ¢, (0) dez dey
= dH"}(K')L9B,.(0) dH" ! (k)LdB,(0) drds,

which shows that the measure is symmetric in (¢1,¢2) and (¢}, c5) and also
in (c1,c2) and (cg,c1). O

Proof (2). This follows from (1). O
2.6 Property. If the collision term r satisfies (V2.8) with (V2.9) then
/(,O(t7 z,c)r(t,z,c)de =0
for the so-called summational invariants
Jef?

o(t,z,c) =1, p(t,z,c)=c, @(t,z,c)="—

Proof. This follows from 2.5(2) since @1 + g2 = ¢} + ¢, for the summational
invariants follows from the fact that the collisions satify conservation of
mass, momentum, and kinetic energy. O
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3 Die Chapman-Enskog Hierarchie

Wir gehen aus von der Boltzmann Gleichung (V2.1), was eine Differential-
gleichung fiir eine Wahrscheinlichkeitsdichte

(t,xz,c) — f(t,z,c)
darstellt. Wir definieren zu dieser Grofie die hoheren Momente.

3.1 Héhere Momente. Fiir ky,...,ky € {0,...,n} ist
Fip ey (t ) = mey, - - .ngf(t, x,c)de
R'!L

wobei m die Partikelmasse ist und ¢ := (1, ¢), also

c=(co,c) = (co,c1y...,¢), co:=1.

Bemerkung: Diese Definition kann fiir verschiedene Indices die gleiche Funk-
tion ergeben, z.B. ist Fjg = F}.

Wenn man nun annimmt, dass f die Boltzmann Gleichung (V2.1) erfiillt
und fiir |¢| — oo stark genug abfallt, ist fiir diese hoheren Momente folgende
Differentialgleichung in den Variablen (¢, z) erfiillt:

Gleichung fiir die héheren Momente:

Fiir d1,...,in € {0,...,n} gilt

n
atFih---,iN + Z 8Iiﬂl7-~-,iNi = Rilv--aiN + Gih---,iN
—

)

Fy, ... ky Wiein 3.1 gegeben und (V3.1)
R, in(t,x) = me;, - -giNr(t, x,c)de
Giy iyt x) =

Zi: - mg;(t, z,c)0c, (¢, --~gl-N)f(t,a:,c) de

We prove this with the help of a general test function (¢,z,c) — @(t, z,c)
and integrating the Boltzmann equation over the velocity ¢ € R™.

3.2 Theorem. For all functions (¢, x,c) — ¢(t,x,c) it follows from (V2.1)

that
O </cpfdc> +Zaxi (/cmfdc)

:/cprdc+/<8t90+20i8xig0+2gi(‘)cigp>fdc,

provided all c-integrals exist.
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Proof. The only nontrivial term is

/i @ ilgfé)ﬁ,-, fde=— i i@,;i(pgj)j' de = — Z /gia,;,;g& - fde,

. i= J = i
since div.g = 0. O
We take the test function

QD(t,.CC, C) = inl G

TN C
Then 3.2 gives the equation (V3.1) with

Ril,---viN = /R" Pr de = /]R" mgﬁ o 'QiNr(tv x, C) de

and, since ¢ does not depend on ¢ and =z,
Giy,iy = / <at90 + 2 ciOnp+ 3. gﬁq@) fde
n i i

= Zgi(acigo)fdc = Z mgi(t,x, c)aci(gil o 'QiN)f(tﬂ x7c) de.
R™ ¢ i JR™

If g depends linearly on ¢ (this means affine linear) then this integral is a
linear combination of the functions F}, . ;. plus an absolute term. Such a
form of g is related to the general rule (V2.4), see also 3.5.

References: See [Wikipedia: Chapman-Enskog theory|] and Chapman &
Cowling [81] (in an issue of 1990 with a foreword of C.Cercignani).

We see that the first moments give mass, momentum, and energy. To obtain
the equations we take the Oth and the 1st moments and perform the trace
of the 2nd moment. The variables under the time derivative are denoted by
o, ov, and 2e.

3.3 Klassische Momente. Let us define (if ¢ is positive)

0= mf de = FO 9
Rn
ov = A mfcdc = (Fi)i:17...,n J
1I := mf(C_U) (C_U)T dC,
Rn

0 12 m
€:5+2|U\2:2i_21Fii=/RnQ\CPdev
5::/ m]c—v|2fdc,

n 2
q::/ mfle —v|*(c —v)dec,

R

f.= mfgdc.
Rn
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Then
Oro + div(pv) =0,

0y (ov) + div(ovv® +1I) = f, (V3.2)
dre + div(ev + T v + q) = g + vef

where due to the special structure II is symmetric with
1 n
e==>I and g= / mge(c —v)fde (V3.3)
2 =1 R™
are objective scalars. Here the special properties of the collision term in

(V2.8) is used (see 2.6).

We remark that the differential equations in (V3.2) coincide with those in
section II1.2, although they are very special because of (V3.3).

Proof. The collision part is zero for the required equations. The reason is
that a single collision respects conservation of mass, momentum, and energy.
This results in the equations 2.6

7

n
R():O, R¢:0f0ri:1,...,n, R”‘:O.
=1

Therefore it follows from (V3.1) that

OFy+ >0, Fi=Ro+Go=0,

since Fy; = F;, which is the mass conservation. In the following we shall use
that the definition of v implies

| flc=v)de=0. (V3.4)
Rn

Now we get from (V3.1) for k=1,...,n

Ol + Eaxlez =Ry + G =Gy .
Itis Fp = ovp and fori=1,...,n
F/ﬂ-:/ mfcrc; de
—vkvi/ mfdc—i—/ mf(cpe; — vpv;) de

= ouRV; + mf(c—v)v;de+ mfug(c —v);de
R'n R'n

+ | mf(c—v)p(c—v);de
R‘Il

= ovgv; + Iy ,
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where we have used (V3.4). And from (V3.1)
Gr=>_ [ mgiOcy fde
7 Rn

=> mg;id; . fdec = mgfde= 1.

Thus the momentum balance is shown. For the energy we obtain from (V3.1)
by taking the sum of the equation for Fyp for k=1,...,n

8t<zk:Fkk:) + Zz: 030(%:1%1) = > (R + Gri) = Xk: G -

k
We have to compute the single terms. It is

2e:=> Frp=>, meger f de
k k JR™

:/ m|c|2fdc:/ m(|c —v* +2(c — v)ev + |v]?) f de
n R’ﬂ

:/ m|c—v\2fdc+2vo/ mf(c—wv)de+ |v]? mf de
= 2¢ + olv|?,

where we have used (V3.4). This clarifies the energy. Next we consider the
energy flux

ZFkki:/ mf\c]QCidc

k R"

= mfc|2dcvi—|—/ mflc/*(c — v); de
R™ R"

= 2ev); —i—/ mfle|*(c —v); de.
RTL

Now

[l (c = )i = [v|*(c = )i + (le* = [vo]*)(c = v);

— [ol(c — v); + 2(ve(c — v))(e — )i + e — vf2(c — v);.
Integrating over ¢ the first term vanishes by (V3.4), and therefore

mflc|*(c —v);de

R

=2 [ mf(c—v)k(c—v);dcvy + mflc —v|?(c —v);de
) Rn

=2) Myvp + | mfle—vf*(c—v)ide,
k R"
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therefore

37 Fp = 2ev; + 25 v + / mfle —v*(c —v);de
k k JR"™
= 261)1' + 2(HT U)i +q;.

This gives the terms of the formula in the assertion. What is left is the
energy production

> Gre= ) mg;Oe, (cxe) fde
=1 kel JR7

:22 mgkckfdc—Q/ mgec f dc
k=1JR" n

n

=2 mge(c —v)fde+ 2fev = 2g + 2fev,
R’ﬂ

g = mge(c —v)fde.
R

If we are an observer for which g is independent of ¢, then g vanishes. In
general, g is an objective scalar. We show this by using the transformation
rule (V2.4) for an acceleration

gt @, c) = X(t*,2%) + 2Q(t")c* + Q(t")g* (t*, 2", ¢*). (V3.5)
We obtain (not writing the arguments), since ¢ — v = Q(c* — v*),
golc —v) = QYT (R(E,2) + 2Q(")v")o(c" — v*)
+2(c" = v)e Q) Q) (" — v) + (Q(H)g")eQ(H) (¢ — 1)

The first term vanishes after integration since Q(#*)" (X (¢*, 2*) 4 2Q(¢*)v*)
is independent of ¢*, and the second term vanishes since Q(t*)” Q(t*) is
antisymmetric. Hence

/go(cv)fdc: /g*.(c* — o) et

O

Dieses Resultat verstérkt uns in der Annahme, dass die Gleichungen héherer
Ordnung, die ja auch eine gewisse Realitét widerspiegeln, von Nutzen in den
Anwendungen sind, auf jeden Fall, wenn es sich um Gase handelt.

Transformationsverhalten
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Wir lernen jetzt noch eine effiziente Methode kennen, um die Transfor-
mationsregel fiir Gleichungen hoherer Momente zu beschreiben. Dies ist
wichtig, da wir diese Gleichungen unabhangig von der Boltzmann Gleichung
nehmen wollen zur Beschreibung verschiedener Materialien. Indem wir die
Koordinaten y = (t,z) nennen, schreibt sich die Differentialgleichung in
(V3.1) auch als

n
Z akuil,...,iNk = R’il,.A.,iN + Gil,...,iN . (V36)
k=0
Wir nehmen diese Gleichungen nun fir alle iy,...,ixy € {0,1,...,n} als

gegeben an. Sie enthalten dann alle Differentialgleichungen fiir Momente
der Ordnung kleiner oder gleich N. Fiir diese Differentialgleichungen gilt
die folgende Regel bei Beobachtertransformationen.

3.4 Transformationsregel. Es gilt fir k,...,ky € {0,...,n}

n
—_ .. - B _
Fioy .k 0Y _ Z Yk1’k1 YlekM k1,....kar (V3.7)
ki,....kar=0

Note: This is because the indices run from 0.

Proof. Es ergibt sich aus 3.1 die folgende Identitét (V3.7) fiir

o ([E]) L) o[ 8]

und mit dem Integrationswechsel ¢ = X (t*,2*) + Q(¢*)c*, wenn wir dies
schreiben als

[N W 1 0 1] . 1
oo 3 o)A [ dee]
Also ist wegen f(t,z,c) = f*(t*,z*, c¥)
Fiy o kn(tx) = / mey, - - .gka(t,x,c) de

n

_/ mey, - C fU (5, 2", ") de”
n

_ = */ = */ * *
= ./” nL(klzjo Y, %€ El) <k§:0 Yy EnC EN)f de (V3.8)

n
o o -~ */ */ * *
= Z Yo Yen meg ...c Mf de
n
1, k=0 JR"
n
_ .. _ E* _
T Z Ylfl "k1 ml\"”“’NFkla-uskN '
k1,....kn=0

O]

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



V.3 Die Chapman-Enskog Hierarchie 498

In den einzelnen Termen ausgeschrieben kann diese Transformationsregel
sehr kompliziert aussehen, deshalb ist die allgemeine Beschreibung dieser
Regel die am leichtesten merkbare. Auflerdem steht diese Transformation-
sregel im Zusammenhang mit der generellen Formel (I5.3) in dieser Vor-
lesung.

3.5 Bemerkung. Die physikalischen Eigenschaften der Grofien in (V3.1)
sind dadurch gegeben, dass in der schwachen Version von (V3.1) die Test-
funktionen

Cil'"iN S CSO(R X Rn) fir 41,...,ix € {0,1,.. .,n}

das Transformationsverhalten

n
* — - e e - . .
CilgN - E }/til i1 Y;N ’iNC'Ll"'ZNOY
i1,...,0 =0
fiir 41,...,ix € {0,1,...,n} besitzen.

Proof. Wir haben also das Transformationsverhalten ¢* = Z% (oY, wobei

Zinin)Grrin) = Yir i Yig vig -
Nach (I5.3) ist die Transformationsformel erfiillt, falls mit F,...; 0 := Fj, ...in
gilt
n
Fipigk©Y = 30 2 i) i) Ve w G T (V3.9)
1 yeesin k=0
und wenn mit g;,..iy = Rijin + Gijoin
n
Gir-in Y = ) Z, (Z(il,4..,7',N)(€1,...72N))/EF{?..{NE
etk (V3.10)
+—, > Z(il,----,iJ\*)(gl-,--ﬁN)g;1-~~¥N'

Die Gleichung (V3.9) ist dquivalent zu (V3.7) fir M = N + 1, was schon
bewiesen wurde. Es bleibt also noch (V3.10) zu beweisen. Anstatt dessen
beweisen wir die Aussage mit Hilfe von Testfunktionen. O

Proof (iiber Testfunktionen). Since div.g = 0 the Boltzmann equation can
be written as divergence equation

n

n
Of + > On(cif)+ 3 Oci(gif) =r.
i=1 i=1
If we introduce y = (t,z) and ¢ = (1,¢) we can write this as
n n

> Oy erf) + 1(% (gif)=r.

k=0 =
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Clearly we can write this with test functions (y, ¢) — ¢(y, ¢) (they need not
have compact support with respect to ¢)

/ / ( ayk¢'2kf+Zacitp-gif+<,0~r)dcdy:0,
Rn+1 n o k=0 i=1

We set

n

o(y,c) = > Cil---iN(y)sz‘l"‘QiN

i1yeeyin=0
and obtain, that this integral equals

0= % 0y Givin Fiik + v (G + Riy.iy)) dy.

015N =0

( n
Rr+l N =

Waéhle nun ¢* und ¢ geméfl der Formulierung im Satz. Da dann

n

n
i f— . . . - ee e - —_
y% 5151\[ . Z < Z (aykcll"'zN)OY 1/1'1 11 Y;N /iNYk’k
i1t ny=0 k=0
i oY By (Vi Yoy
wird das *-Integral zu
n
. . :k _ 7* o *
0= _ Z, ntl 83/%(1‘1...%‘1\,1:;1‘.41\,]6 dy
i15ein k=0 /R
n
* * * *
+ Z Cgl.‘.gN (Ggl.‘.gN + Rgl...gN) dy
i1yeyiy=0/ROFL
n
— . . . - ... - e * —_— *
- Z (akall""LN)oY 1/1'1 11 Y;N /iNYk/kFgl...sz dy
i, in,k, VRO
Uy INy K
=0
n
* *
+ > Cirig ©Y - Oy (Y i3 -+ Y, g F 5 2 dy
- = = Rn+1 k 1N
U, iN, K
il, e ,iN =0
n
.. . o ko *
+ - ZT /]Rn+1 CZlmZNOY ’ Yil "1 YiN "N (anN + RZlZN) dy”.
i1,...,N,
i1,...,iN =0
For the first term we use
n
* — . .
Z }/;1’51 ."-}/;NIENY]{:/EF%:["'ENE - El"‘lNkOY7

i1 yeenin k=0
which is (V3.7) (this has been proved above), and we see that it equals to
the integral

n
Z (akail“'iN)OY : Fil-uz’NkOY dy*

01,0 N, k=0 Rn+1

n
= > Oy, Giy i Fiy iy dy -

i14erin k=0 JRH1
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The last term is

n
Z /n+1 CilmiNOY )/;1 g T }/;N /gNRf EN dy*

_ _ i1
21,-+-5UN;
i1,...,0n =0
n
*
= Z Cil---iNOY : Ril---iNOY dy
01,001y =0 JRNF1
n
= Z Czl 7'NR 11- ZN dy
i1,e.,iny =0 J RN+
since
* _— . .
}/;1 /21 Y }/Z'N /'L'NR;y--zN - R“.“’LNOY’

which follows immediately from the definition of R;,..;,. Thus we have to
show that

n
*
zi Cil"'iNOY : ay (Y;l T Y;N '5N> i1-ink Yy
- - o Rn+l
i1yt N, k=0
n
_ * *
+, Z n+1 CHWZNOY Y;l g Y;N 'iNGir"iN dy
i1,..in=07R

N / +1 Cil'“iNOY ’ Gil'“iNoYdy* )
R”

or
n

z (Za (}/“121"‘1/;1\,/;1\])17—.* ivk

- = E i1iN
i1t n=0 k=0

+Y. - - Y. - GF iN) = GiyiyoY,

1’01 INTIN T g

and this is really what we have to show. Now, considering the c-integrals
which give these quantities we see that it is enough to show

n

(3 Oenler, i )er) oYm
k=1
2 L * !

= X (Do Yy )E e

n %/ * *
3 Vi, Yoy e lel L et )
This is satisfied, if form=1,..., N

(Z ckCiyy, gk>OYB

n
Py */ *
> ( Z Y i G T 22 Vi, 06 'gg) :

im=0 k=1
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This is true, if for i,, > 1

n n

gim/ OYB - Xi’” + 2 Z Qi'ln ,E(:% + Z j:;l,Eg%7
k=1 k=1
which is equivalent to the equation (V2.4). O

Wir sehen, dass die Objektivitdt von Gleichungen, welche aus den Boltz-
mann Gleichungen abgeleitet werden, stark mit der Transformationsformel
zusammenhéngt, die an g in Analogon zur Kraft gestellt wurde. Insofern
ist diese Transformationsformel fiir g eindeutig bestimmt.

4 Grad’s 13-Momente Gleichung

Wir betrachten in diesem Abschnitt das System aus 13-Momenten von Grad.
Es leitet sich aus der Chapman-Enskog Hierarchie her, und zwar aus der 0-
ten, den 1-ten und 2-ten Momenten, sowie aus einer Spur der 3-ten Momente.
Zusammen sind dies bei einer Symmetrie der 2-ten Momente

1+ 3+ 6+ 3 = 13 Gleichungen (bei n = 3).

Wir werden dieses Differentialgleichungssystem aufstellen, und dann im néchsten
Abschnitt als unabhéngiges System betrachten und das Entropieprinzip fiir
eine geeignete Entropie betrachten.

Referenzen: Wir verweisen auf den Originalartikel von Grad [108]. Desweit-
eren sei auf die Biicher von Miiller [88] und Jou & Casas-Vazquez & Lebon

[82] hingewiesen, die im Zusammenhang der “Extended Thermodynamics”

erschienen sind.

Die Boltzmann Gleichung war ein Erhaltungssatz fiir die Wahrscheinlichkeit
(t,z,c) — f(t,z,c) von Partikeln mit einer Geschwindigkeit ¢. Daraus haben
wir in 3.3 die folgenden Gleichungen fiir die héheren Momente

Fkh--.,kM (t7 x) = mc;ﬂ e 'c;ng(ta z, C) de
R'I’L

fir k1, ..., kp € {0,...,n}

sukzessive in N > 0 hergeleitet:

n
OtFhy ko + 2 Oui Frey o kini = e
1 N = x 1 N1 1 N (V4.1)

fir k1,...,kny €40,...,n}.
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Hierbei ist
fr ok = Riyiv +Gip i s

L / /
R, . iy = me;, -+ ¢ vt x,c)de,

R (V4.2)

Gt 7= 2 A mgi(t, z, )0, (c;, - ¢ ) f(t,z,¢)de,
i Jrn
wobei g die externe Beschleunigung und r der Kollisionsteil der Boltzmann
Gleichung ist. (Beide Funktionen, g und r, hingen von ¢ wesentlich ab!) Es
sei nochmal bemerkt, dass die Gleichungen (V4.1) fiir N die Gleichungen
fir N — 1 und kleinere Ordnungen enthalten, da kq,...,ky von 0 an laufen
und da wegen ¢j = 1 gilt

Fkhu-,ki—lOki,u-,kM - Fkl:-~~7kM :

Mit dieser Identitét ist auch zu verstehen, dass in (V4.1) die Gleichungen
niedrigerer Momente dabei auch mehrfach auftreten konnen.

Von den unendlich vielen Gleichungen in (V4.1) betrachten wir in Grad’s
Theorie nur die Differentialgleichungen

n
OtFo + > 05, F; =1y,
i=1

O Fy, + ZaxiFki:fk fur k=1,...,n,
o (V4.3)

n
O Fy + Z 8xiFkli =fy furk,l=1,...,n,
=1

n
O Fpm + Z 6miFklmi = fyy fur k,Im=1,...,n.
i=1
Hier wird von der letzten Gleichungserie nur eine Gleichung bendtigt, wir
bleiben zunéchst aber bei den Gleichungen (V4.3). Wie in 3.3 definieren wir

0:= mfde=Fy>0,
Rn

ov = mfede = (F;)
Rn

i=1,....,n ?

und dazu die objektiven Tensoren (siehe dazu 3.4)

Flgh---,kM (t,z) := / m(c—v)g, ...(c—v), f(t,z,c)dc

fir k1,...,kpy=1,...,n.

Damit haben wir folgende Darstellung fiir die Groflen Fj, . x,,: Die Dif-
ferenz Fi, . gy — Fl?h-..,kM lasst sich als Linearkombination von Termen
schreiben, die zu einer geringeren Ordnung gehéren. Mit obiger Definition
von p und v gilt das folgende
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4.1 Lemma. Definiere Fkll,.,.,ch = Fy ok — F,g also

N IVE
Froyrdors = Fyons F Flrens -
Dann gilt fir k,l,m=1,...,n
Fl=ovw, F =0,
Fl, = ovpvy, FY ist der Drucktensor,
Fl = ovpvivg + (Fovm + F2 o + Fo o)
Filimi = QUkOIUm Ui+
H(Fvmvi + F2 opvi + FR vw; + FO opvy + Flogvm + Fvvm)
+(FQvi + FL ok + Fovp + Flivm) -
Es sind also die Funktionen mit oberem Index 1 Polynome in v mit ob-

jektiven Koeffizientenfunktionen und diese sind die Funktionen mit oberem
Index 0.

Proof. Die Darstellung von F}, ergibt sich aus obiger Definition. Zur Darstel-
lung von Fy; gilt fir ¢ € R”

ey = vgvp + vp(c — o)+ (e =)o + (¢ — v)g(c —v);,

also ergibt Integration iiber ¢
Fy = / megc f de

= VR mfchrvk/

R”

7n(cv)lfdc+vl/ m(c—v),fde

n n

+ / m(c—v)k(c—v) fde

= ovkvy + / m(c—v)g(c—v)fde
= ovpuy + F) .
Fiir die Darstellung von F},, bemerke, dass

CLCICm — CLCLVm = CkCl(C — V)m
= (’ukvl +vg(c —v);+ (¢ —v)gv + (¢ — v)g(c — v)l)(c — V)
= vpv(c — V) + V(e —v) (e — V), +vi(c — V)p(c — V)

+(c—v)g(c—v)i(c—v)m,

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



V.4 Grad’s 13-Momente Gleichung 504

also ergibt die Integration iiber ¢ dhnlich wie vorher

Frim — Fljvm, = mcegcey(c —v), f de
Rn

:vkvl/ m(c—v),fde
—i—vk/ m(c—v)l(c—v)mfdc—i-vl/ m(c—v)g(c—v)m,fde

n

+ [ me= o= vl o)mfdo
- Uk‘Fl?n + vlFISm + Fl?lm
und damit
Fim = Fiam — Fim = Frvm + Foyux + Fiu
= oup0ym + (FQum + FRLok + F2ov) .
Schliellich gilt fiir die Darstellung von Fy;,,; wegen
crciem — (¢ = v)p(c —v)i(c — v)m
= VRV + VEU1(C = V) + VUM (€ — V) + Vo (e — V)
+ogp(c—v)i(c = v)m +vi(c —v)p(c — V)m + v (c — v)g(c — v);
die Identitét
CLCICMCi — CLCICmV; = CpCICm (€ — V);
= VRV (c — v);

+ogv(c = v)m(c —v

und daraus durch Integration (wobei das erste Integral wegfallt),

Fiimi — Frimvi = mcgciem(c — )i f de
]Rn

0 0 0 0 0 0 0
= VU Fy; + OkOm Ep; 4 0ivm Fiyy + Ok Fpp + 01 F i + Um Fig + Frgp, -
Und damit ist
1 L . 0
Fklmi e Fklmz o Fklmi
= Frmv; + F2 vpvp + Foogvn, + Fovpvm + FO v + FO o+ F2
klmVi mi VkYl i VkUm kiVlUm ImiYk kma Yl kliYm
0 0 0 0
= (ovkvivm + Fiyvm + Fip, vk + Fipvr + Figp, )vi

0 0 0 0 0 0
+Fmi'l)kvl -+ F‘livkvm + Fki'l)l'l)m + F‘lmivk + kai'l)l + Fklivm .
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Das ist die Behauptung. O

Die Differentialgleichungen (V4.3) werden also mit 4.1 zu

Oo+ Y O, (0v;) =1y,
=1

1

O (ovk) + 3 Ox, (ovivi + Fy) = £,
=

" (V4.4)
Or(ourvr + Fiy) + > On (Bl + i) = T,
i=1
n
at (Fkllm + F/?lm) + Zl aﬂﬁz (Fk}lmz + Flglmi) = fklm
1=
fur k,I,m = 1,...,n, wobei die Groflen mit Index 1 in 4.1 definiert sind.

Es besteht natiirlich die Moglichkeit, die Differentialgleichungen auch als
Gleichungen fiir ¢, v, F, 0, FY,, zu schreiben, siehe [108, (5.17)]. Hierbei ist
h = (9th + veVh.

Wir haben es also mit den “abgeschnittenen” Gleichungen der unendlichen
Hierarchie in Abschnitt 3 zu tun. Dieses endliche Gleichungssystem ist un-
terbestimmt, da es keine konstitutiven Gleichungen gibt, z.B. fiir den objek-
tiven 4-Tensor F) ,?lmi. Die Frage ist also, wie das System “abzuschlielen” ist.
Das reduzierte Gleichungssystem kommt dadurch zustande, dass die Spur

1
i = s (Sm0kt + Sk0im + Si6km)

mit einem Wérmefluss S betrachtet wird, siehe [108, Section 5]. Hierdurch
wird das System auf 13 Gleichungen reduziert.

An Weiterem wird noch gearbeitet.
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VI Speed of light

Die Geschwindigkeit des Lichtes wurde mit
¢ = 2.99792458 - 105
s

gemessen (c celeritas (lat)), d.h. dies ist der Wert im “Vakuum”, d.h. ohne
die Storung von irgendeiner Materie. Sie liegt also bei ca. 300000 Kilometer
pro Sekunde. Die Lichtgeschwindigkeit in einem Medium ist kleiner. Das
mag man sich mit der Partikelvorstellung am besten klarmachen. Photonen
stoflen in einem Medium mit den vorhandenen Partikeln zusammen und
werden so gebremst. Die Messergebnisse sagen, dass in bodennaher Luft die
Lichtgeschwindigkeit ca. 299710’%’1 betragt, in Wasser ca. 225000%” und in
Glasern mit hoher optischer Dichte ca. 160000%”.

[Wikipedia: Lichtgeschwindigkeit]: Seit 1983 wird das Meter iiber die-
jenige Entfernung definiert, die Licht im 299792458-ten Bruchteil einer Se-
kunde zuriicklegt. Prazise Entfernungsmessungen werden heute direkt auf
die Lichtgeschwindigkeit bezogen, z.B. bei Laserentfernungsmessern oder
beim GPS (Global Positioning System).

Das Licht braucht also ca. 8 Minuten von der Sonne zur Erde, denn die
Entfernung der Erde zur Sonne ist ca. 149,6 Millionen Kilometer, genauer
zwischen 147,1 Mkm und 152,1 Mkm [Wikipedia: Sonne]. Bei einer Ent-
fernung der Erde von durchschnittlich 149,6 Mkm von der Sonne ist die
Geschwindigkeit der Erde (bei in Ruhe befindlicher Sonne) etwa

27 -149,6 Mk 27 -149,6 - 105 k k k
- 149,6 ' m _ 2w 9,6 07m2297797m%307m'
365,25 dies 365,25 - 86400 s S S

Das ergibt einmal eine Bewegung von einer weit entfernten Lichtquelle weg
und nach einem halben Jahr auf diese Lichtquelle zu, also insgesamt 0,02%
der Lichtgeschwindigkeit. In Fig. 1, siche [Wikipedia: Ather (Physik)], wurde
dies in Verbindung mit einem “Ather” gebracht. Allerdings wurde exper-
imentell immer dieselbe Lichtgeschwindigkeit gemessen, was ein Problem
darstellte. In [Wikipedia: Michelson-Morley-Experiment] heifit es: “Diese
Problematik konnte erst durch die Spezielle Relativitétstheorie gelost wer-
den, in der auf ein bevorzugtes Bezugssystem wie den Ather verzichtet wird.
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Deswegen gilt es als eines der bedeutendsten Experimente in der Geschichte
der Physik.” Dies hat das physikalische Weltbild grundlegend verandert.
Tests der speziellen Relativitatstheorie werden bis heute durchgefiihrt. Sie
waren fiir die Entwicklung und Akzeptanz der Theorie von entscheidender
Bedeutung, wobei moderne Experimente in Ubereinstimmung mit der The-
orie sind. “Die Starke der Theorie liegt vielmehr darin, dass sie die einzige

Atherwind
Erde \ e -

sm/./

Fig. 1L “Wenn elektromagnetische ~Wellen an einen ruhen-
den Ather gebunden wiren, miisste man die Eigenbewegung
von FErde und Sonne als Atherwind messen konnen”  aus
[Wikipedia: Michelson-Morley-Experiment].

ist, die mehrere grundverschiedene Experimente widerspruchsfrei erkléaren
kann. Mogliche Abweichungen, die im Giiltigkeitsbereich der speziellen Re-
lativitatstheorie liegen, konnen nur noch im experimentell schwer zugénglichen
Bereich der Planck-Skala oder im Neutrino-Sektor liegen.” Soweit der Ab-
schnit aus [Wikipedia: Tests der speziellen Relativitédtstheorie].

Die auf dem EinsteINschen Relativitdtsprinzip (das wir kurz Relativitits-
prinzip nennen werden) basierende Mechanik heiBt relativistische Mechanik. In
dem Grenzfall, in dem die Geschwindigkeiten der bewegten Korper klein gegen-
iiber der Lichtgeschwindigkeit sind, kann der Einfluf der endlichen Wirkungs-
geschwindigkeit auf die Bewegung vernachlissigt werden. Dann geht die rela-
tivistische Mechanik in die gewdhnliche Mechanik iiber, die die Annahme einer
sofortigen Wirkungsausbreitung enthélt. Diese gew6hnliche Mechanik wird auch
als NEwroNsche oder klassische Mechanik bezeichnet. Der Grenziibergang von
der relativistischen zur klassischen Mechanik erfolgt formal dadurch, daf wir
in den Formeln der ersteren ¢ — oo gehen lassen.

Fig. 2: Aus Landau & Lifschitz [34, II Seite 2]

Dass die Physik, in der mit endlicher Lichtgeschwindigkeit gearbeitet wird,
anders ist als die klassische Physik, driickt sich darin aus, dass statt der New-
ton’schen Beobachtertransformationen nun allgemeinere Transformationen
erforderlich sind. Dabei werden insbesondere Lorentz-Transformationen als
linere Transformationen benutzt. Dies hat Auswirkungen auf physikalische
Gesetze, sie miissen objektiv sein und das hangt von den zugrundegelegten
Transformationen ab. Nun enthalten die Lorentz-Transformationen die Zahl
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¢, wobei man die klassische Physik erhalt, wenn man den Limes ¢ — oo be-
trachtet. Nun ist es aber so, dass die Lorentz-Transformationen nicht die
gesamte nichtklassische Physik reprasentieren konnen, sie generieren nur lin-
eare Beobachtertransformationen (siehe [23, Section I1.4]). Deswegen haben
wir es mit allgemeineren Transformationen zu tun, und in der Tat werden
die Erhaltungssétze in einer Form présentiert, die invariant unter beliebigen
Beobachtertransformationen sind.

1 Observer transformations

Wir bezeichnen die Koordinaten, die ein Beobachter in der Raumzeit R*
benutzt, mit y € R*. Dariiberhinaus hat jeder Beobachter B eine Matrix
G:R* — R**4. Sind B und B* zwei Beobachter, dann ist die Beobachter-

transformationen y = Y (y*) definiert durch folgende Transformationsformel
GoY =DYG*(DY)" | (VI1.1)

was in Koordinaten geschrieben heif3t

3
GapoY = 3 Yo, Ypi5Gl; fiir o, 8 =0,1,...,3.
v,6=0

Die Matrizen G und G* sind also die Matrizen fiir die beiden Beobachter
B und B*, und sie sind Bestandteil der physikalischen Gesetze, die die
Beobachter aufstellen. Wir nehmen ohne Einschrankung an, dass sie sym-
metrisch sind. Und wie bisher nehmen wir an, dass die Determinante von
Beobachtertransformationen gleich 1 ist.

Im Grunde liegt der Unterschied zur klassischen Physik darin, dass fiir rel-
ativistischen Beobachtertransformationen die Matrix G invertierbar ist wie
die Standardmatrix 1
-—— 0
C2 )
0 Id

wobei ¢ > 0 die wesentliche Konstante ist. Im Limes ¢ — oo wir erhalten
die klassische Matrix (siehe Aufgabe 6.1)

0 0
G =g 1l

In Standardbeispielen wird im relativistischen Fall immer G = G, gewéhlt,
das heiflt im Lorentzfall:

1.1 Lorentzfall. Beim Lorentzfall meinen wir einen Beobachter mit Ma-
trix G = G und Variablen y = (¢,z) € R*, wobei ¢ die Zeitvariable ist und
wobei z = (x1, x2, x3) die Raumvariablen sind. Bemerkung: Diese Definition
betrifft nur einen einzigen Beobachter, es ist hier nicht von Beobachtertrans-
formationen die Rede.
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1.2 Notation. A contravariant m-tensor 1" = (T, ..k,, ), . 1, is defined by

Tiykmo¥ = 20 Yo, Vi, T3, 5, (VIL1.2)
Fioin 20

and the definition of a covariant m-tensor T' = (Thy..k,, )y, . &

m

Bk = . Xkl Lo T Y B Tl O (VI1.3)
1seesRm =

Here y = Y (y*) is the observer transformation.

A 4-vector qis

contravariant if ~ goY = DY¢",
covariant if q = DY" qoY,

and a 4-matrix M is

contravariant if ~ MoY =DYM*DYT |
covariant if M*=DYT MoYDY .

It is clear that G eine contravariante Matrix.
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2 Maxwell equations

Die Maxwell-Gleichungen sind im Allgemeinen gegeben durch eine Erhal-
tungsgleichung, das Ampére’sche “Durchflutungsgesetz” (en: “Ampére’s cir-
cuital law”). Sie wird durch eine konstitutive Annahme vervollstandigt, fiir
die das Faraday’sche “Induktionsgesetz” (en: “Faraday’s law of induction”)
gilt. Dieser Abschnitt gliedert sich somit in

e “Ampére’s circuital law”: divy$ =j
In Lorentz frame:

0 D1 D2 D3 o
g |0 0 H —H| i

—-Dy —Hz 0 Hy |’ j2 |’

-D3 Hy —-H;y O J3

H magnetische Feldstiarke, D elektrische Flussdichte,
j elektrische Stromdichte ,

div,D = o, Y
—0¢D + rot, H = j

e Consequence: divyj =0

1 1
e Electrical quantities: $ = —GEGT — P, e = —
Ho c

In Lorentz frame:

0 —-FE1 —-FEy —EFj

E1 0 Bg —BQ

Ey —Bs 0 By

Es By —-B; 0

FE elektrische Feldstarke, B magnetische Flussdichte.

¢ =

1
D=¢E+P, H=—DB-M
Ho

e “Faraday’s law of induction”: E;r/; + Eyr; + € =0
In Lorentz frame:

div,B =0,
0B + rot, E =0

Die eingerahmten Gleichungen sind die “Maxwell-Hertz’schen Gleichungen”.
Referenzen: [Wikipedia: Maxwell-Gleichungen| und die englische Seite
[Wikipedia: Maxwell’s equations], sowie [Wikipedia: Electromagnetism],
also [Wikipedia: Mathematical descriptions of the electromagnetic field).

"'We write “rot” instead of “curl”
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Die Erhaltungsgleichung von Ampére ist das

Durchflutungsgesetz (en: Ampére’s circuital law):
divy$H =3,
$:R* — R* schiefsymmetrisch, (VI2.1)

und die Testfunktionen ( sind ein kovarianter Vektor:

¢* = DY ¢oY mit der Beobachtertransformation Y

d.h. fiir Testfunktionen y > ((y) € R* ist

/ (Zale Dk + ZCkik) dL* = 0. (VI2.2)
R\ R k

Die Schiefsymmetrie von $) hat folgende Konsequenz:

2.1 Lemma. Es folgt
divyj =0

und diese Gleichung ist eine skalare Gleichung, d.h. es gilt
/ S 0yen i dLt =0
R* k
fiir Testfunktionen n, welche sich geméafl n* = noY transformieren.

Proof. Wir setzen (i := On mit einer skalaren Funktion n (aus n* = noY
folgt dann die an ¢ geforderte Transformation). Dann ist

0= / (Zazck -l + chjk) dr*
JR4 N Rl %

= / ( On - Hwr + > 01 - Jk) dL*.
R4 N kI k

Da ($k1),; eine schiefsymmetrische und (9j;n),, eine symmetrische Matrix
ist, verschwindet der erste Summand. Wir haben also

,/R/,1 (Ek: Ok - ]k) dL* =0,

die Behauptung. O

In (VI2.1) wurde eine Aussage iiber die physikalische Bedeutung gemacht,
nédmlich dass die Testfunktion sich wie ein kovarianter Vektor verhalt. Es
folgt nach (I5.8), dass dies erfiillt ist, wenn fiir alle Beobachtertransforma-
tionen Y gilt:

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23



VI.2 Maxwell equations 512

oY = > YVipYiihg, (VI2.3)
R0
koY = 37 Yirpg$p, + 20 Yanil
P,q=0 >0

und da Y}, symmetrisch in p und ¢ ist, wohingegen $);, in p und ¢ asym-
metrisch ist, verschwindet dieser Term, also ist

koY = > Yy iy (VI2.4)
>0

Die Bedeutung von $ und j wird klarer, wenn man die Gleichungen im
Lorentzfall hinschreibt. Zur Definition des Lorentzfalls siche 1.1.

2.2 Speziell. Betrachte den Lorentz Fall, siehe 1.1, also y = (¢,x). Die
Antisymmetrie von $) kann geschrieben werden als

0 D1 D2 D3 /]

5= -Dy 0 Hs —Hs j— J
—Dy —Hz 0 Hy |’ J2

-D3 Hy —Hy 0 J3

Dann ist die Differentialgleichung in (VI2.1) &quivalent zu

div,D = p,
—0¢D + rot, H = j

H magnetische Feldstéarke, (VI2.5)
D elektrische Flussdichte,
j elektrische Stromdichte

o0 Ladungsdichte

(Diese Gleichungen werden in der Literatur, z.B. [81, §30], auch als die
“zweite Gruppe der Maxwell-Gleichungen” bezeichnet, und in [19, Drittes
Buch VII §1] als die “erste Hauptgleichung des elektromagnetischen Feldes”.)
Folgerung: Aus diesen Gleichungen folgt (siehe 2.1)

B0+ divej=0. (VI2.6)

Wir definieren noch fiir jeden 3-Vektor ¢

0 a3 —q
R@=|-g 0 a |, (VI2.7)
@ —q O
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d.h. R(q) ist diejenige Matrix, die
R(q)z = z x ¢ fiir alle z € R? (VI2.8)
und fiir eine Vektorfeld ¢:R x R3 — R3
div,R(q) = rot,q (VI2.9)

erfiillt. Man kann nun die generellen Transformationsformeln in (VI2.3)
fir $ und j umschreiben und erhélt fiir den Lorentzfall die entsprechenden
Transformationsregeln fiir D, H, p und j, siehe dazu 3.1.

Proof. Die Koordinaten sind y = (¢, x). Daher ist

0 D1 D2 D’%
—Dy 0 H; —Hs

divy$ = divy, Dy _H, 0 oA
-Ds  Hy —H; 0
0 Dy Do D3
o *Dl 0 H% \ *HQ
- at _D2 + 811 _HS + 0:1;2 0 + 013 Hl
—Ds Hy —Hy 0
6:].’1 Dl + aZCQDQ + a:L'gDS
- —&ng + 8T2H3 — @I:‘HQ - diVID
| =0;Dy — O, H3 + (9I3H1 | =0:D + rot, H
_8tD3 + a:zleZ — a:l:zHl
(siehe auch (VI2.9)), und div,j = 0,0 + div,]. O

Proof der Folgerung. Man kann die letzte Gleichung natiirlich auch aus den
Differentialgleichungen in (¢, x) herleiten. Es ist

0o = Oy div, D = div, (0 D) = div,(rot, H — j) = —div,j,

da div, rot, = 0. ]

Die Differentialgleichung (VI2.1) gilt im Allgemeinen natiirlich auch im Dis-
tributionssinn, d.h. fiir $; und j in 2'(R*) gilt das Gesetz (VI2.1) von
Ampére in der gleichen Form

div,$ =j in Z'(R%RY). (VI2.10)

Wir geben einige wichtige Beispiele an, und zwar betrachten wir die Situ-
ation in 2.2. Wir behandeln das elektrische Feld D bei einer Punktladung
und dann das magnetische Feld H um einen elektrischen Leiter.
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2.3 Beispiel. Wir betrachten jetzt distributionelle Losungen von (VI2.5),
und zwar zunédchst nur einen einzelnen Beobachter. Der betrachte den sta-
tiondren Fall, also D € L} (R x R%R3) und p € Z'(R x R3;R) zeitunab-
héngig sowie H = 0 und j = 0. Sie seien Losungen von

div,[D] =p in Z'(R x R%R), (VI2.11)

und trivialerweise der zweiten Differentialgleichung von (VI2.5). Gegeben
sei nun die Punktladung mit Ladung Q € R im Punkte 0 € R3. Dann ist

Q =z
D(x) = ——— = = t,0)dt
(.CC) An ’1"37 o QKo , <C7ﬂ'0> /]RC(7 ) )
eine Distributionslésung von (VI2.11).
Zusatz: Auch das Faraday’sche Induktionsgesetz ist erfiillt (ohne Polarisa-
tion und Magnetisierung) da rot;[D] = 0.
Bemerkung: p, ist also das eindimensionale Maf auf R x {0} c R*.

Fiir einen anderen Beobachter ist dieselbe Ladung natiirlich in Bewegung,
und deshalb kann dann $, also D und H, mit Hilfe von (VI2.3) berechnet
werden, siehe dazu 3.2.

Proof. Es ist im R3

o(z) = 4:’1: , Vgzp= _4(3r|.LLL$ —Azfp] = Qdo
so dass also [D] = V.[—¢] = —[V.¢] in R x R? und damit
dive [D] = diveVe[—¢] = —As[e] = Qug
in 7'(R x R3; R). O

Proof Zusatz. Es ist [D] = Vg [—¢| und damit ist E, mit [D] = gg[E], ein
Gradient (siehe 2.13). Alle anderen Groflen sind 0. O

2.4 Superposition. Es gilt hier das Gesetz der Superposition (en: su-
perposition principle). Sind Ladungen Q(x,,) an den Punkten x,, gegeben,
so ist die stationdre Losung von (VI2.11) gegeben durch

D({B):ZQ(xa) T — Tq Q:ZQ(xa):u'wa'

ol o L

Beachte, dass D nur in LlloC liegt. Bei einer kontinuierlichen Ladungsvertei-
lung iiber eine Menge A C R3 mit einem Mafl A auf A erhilt man

D(x):/AQ(x')m_x/,’gd)\(x’), 0=0Q\.

A | —x
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Es ist

D= ~Vilel, olz) = /A

In allen Féllen gilt div,[D] = p.

Q) ; dA(2") .

Ar|x — x

Wir betrachten nun das Magnetfeld um einen Strom in einem Leiter.

2.5 Beispiel. Wir betrachten distributionelle Losungen von (VI2.5), und
zwar zundchst nur einen einzelnen Beobachter. Der betrachte den sta-
tiondiren Fall, also sei H € L} (R x R?;R?) und j € 2'(R x R3;R?) zeitun-

loc
abhéngig und Losung von

rot,[H] =j in 2'(R x R%R3). (V12.12)

Fin Beispiel fiir eine solche Distribution tritt dann auf, wenn wir einen
elektrischen Leiter als eindimensionales Objekt I' im R? auffassen. Ist dieser
Leiter eine Gerade, also etwa

I''={se3; seR}, ((,pr) ::/R/Rg(t,seg)dsdt,

und ist 1 € R ein konstanter “Strom” in Richtung es, so ist

I Tr1€2 — xr2€q

H(x)zi ) j:Ie3ﬂ'1"7
27 x%—l—x%

eine Losung von rot,[H] = j. Es gilt auch div,j = 0.
Bemerkung: Uber D und j wird hier nichts gesagt.

Zusatz: Auch das Faraday’sche Induktionsgesetz ist erfiillt (ohne Polarisa-
tion und Magnetisierung), denn div ,[H| = 0.

o=

-V

Fig. 3: Aus Wikipedia
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Fiir einen anderen Beobachter ist der Leiter natiirlich in Bewegung, und
deshalb kann dann H und auch D, also $), mit Hilfe von (VI2.3) berechnet
werden, siehe dazu 3.4.

Proof. Ohne Einschréankung sei 1 = 1. Dann ist also
(—x2,+21,0) e3x T
2m (23 +22)  2m|(x1,22) |

j:e?)ll'f" H(T):

fiir x # 0, somit

H(z) = (Jupp(21, 2), =02y (21, 72), 0)

1 1
p(x1,72) 1= 5-log ——— .
( 2m \/x% + J’%
Nun ist ¢ die zweidimensionale Fundamentallésung des negativen Laplace-
operators, d.h. es gilt

_A(m,xz){@] =4p in D'(RQ) somit — A(m@_’m)[@] = pr in D’(RS) .
Also gilt in D'(R?)
[H} = Oy, [99} e — Oy, [@} €2,
roty [H] = (Oy, [H2| — Oz, [H1])es = —Azfples = espr =j.
Das ist die Behauptung an H. Da j = esur und I' die Gerade in Richtung
es ist, folgt div,j = 0 in D'(R?). O
Proof des Zusatzes. Es ist

[H] = 02[¢] 1 — O1[¢] €2 = rota(—[ples),

und damit, mit B = poH, ist B eine Rotation (siehe 2.13). O

Wie die Felder fiir eine bewegte Ladung aussehen, wird im Abschnitt 3
untersucht.

Fiir $ mogen die folgenden konstitutiven Gleichungen gelten, welche die
Einfithrung der elektrischen Groflen € und der magnetischen Gréflen 3 er-
fordert,

1
H = M—G eGT — P, €& P schiefsymmetrisch, (VI2.13)
0

in Komponentenschreibweise

1
m=— > GGy g — B
HO 7 7>0

Die Transformationsformeln (VI2.3) schreiben sich wie folgt um.
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2.6 Lemma. Ist (VI2.13) erfiillt mit einem objektiven Skalar ;9 und hat 3
dieselbe Transformationformel wie $) (d.h. ist es ein kontravarianter Tensor),

so folgt
¢ =DYT ¢oY DY, (VI2.14)

also ist & ein kovarianter Tensor.

Proof. Es ist € eingefiihrt durch £+ = iGQﬁGT, also gilt
1

(H+P)oY = GoY €oY (GoY)T
pooY
1
= DYG*(DYTeoyDY)G*'DY ™.
pooY

Da $ und ¥ kontravariante Tensoren sind, ist die linke Seite gleich
(H+P)oY =DY(H* +F*)DY T
= %DYG*Q;*G*TDYT,
Ho
also muss &* = DY T€oY DY sein. O

Die Bedeutung von ¢ und 8 wird wiederum klar, wenn man die Gleichungen
im Lorentzfall hinschreibt.

2.7 Speziell. Betrachte den Lorentz-Fall, also ist G = G¢ und die Koordi-
naten sind y = (¢, ) € R x R3. Dann schreibe

0 —F —Ey —E3 0 —P1 —P2 —P3
e_ |BL 0 By —B - P 0 My —M
Ey, -B; 0 B |’ P, —M; 0 M
Es By —-B; 0 Py My, —M; 0

und 9 wie in 2.2, so ist die Darstellung (VI2.13) &quivalent zu

1
D =¢FE+ P, H=—B-M
Ho
1
60H0=§

E elektrische Feldstarke

B magnetische Flussdichte

po = const Permeabilitét (in Vakuum)
g9 = const Permitivitét (in Vakuum)

P elektrische Polarisation

M Magnetisierung
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Proof. Es ist

- -

— 1 .

{0 D }+{0 P ]ZYH‘B:NGCQEGCI
2]

—-D R(H) P R(M)
L7
1 _lz 0 {0 ET} _iz 0| 1 0 oF
= — ¢ C = —
w | 0 1| LE RB)]| 0 1| o 7%]; R(B)
(¢
also folgt die Behauptung, denn eguoc? = 1. ]

The constants €9 and pg are measured as:

electric permittivity (in vacuum or free space):
F
g0 = 8.854187817 - 10— (F=farad),
m

_As  (As)r/s
(F_V_ kg (7

magnetic permeability (in vacuum or free space):

2
) , A:ampere),
m

(VI2.15)

H
po = 4m-1077— (H:henry),
m
H N kgm
(E =1 N=newton, N = 2 ),
speed of light (in vacuum or free space):

1
VEoHo
References: See the page [Wikipedia: Permeability (electromagnetism)]

and [Wikipedia: Vacuum permittivity| and for a list of units see [130, Elec-
tromagnetism).

c=co= 29975;»2.458’%m -

Die Maxwell-Gleichungen werden komplettiert durch das Faraday’sche “In-
duktionsgesetz” (en: “Faraday’s law of induction”). (Die Gleichungen dieses
Gesetzes werden in der Literatur, z.B. [84, §26 (26,5)], als die “erste Gruppe
der Maxwell-Gleichungen” bezeichnet, und z.B. in [19, Drittes Buch VI §1]
als die “zweite Hauptgleichung des elektromagnetischen Feldes”.) Es gilt
das

Induktionsgesetz (en: Faraday’s law of induction):

Eipnn+ Crpri + € =0 far 4, k,1=0,...,3

Da € schiefsymmetrisch, nur fiir (VI2.16)

verschiedene Indizes nichttrivial, d.h. fir

{i, k,1} gleich {0,1,2}, {0,1,3}, {0,2,3}, {1,2,3}

Wir zeigen nun, dass dieses Gesetz bei Beobachterwechsel gleich bleibt.
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2.8 Theorem. Let F:R* — R**% be a field satifying

Fign+ Fyri + Fiyne =0 for ik, 1 =0,...,3,

(VI2.17)
Fy+ Fy=0for k,1=0,...,3.

If it transforms like
Fj = ;Yk'iY'ijZOY,

i.e. if it is a covariant tensor, then (VI2.17) is objective.
Proof. 1t is

* * *
Fion + Frn+ Frig

= (LY YiuFgoY), +<ZYk,k1/l,lF oY),
ik k.l '

+(ZYiYiFpoY) |
&

= Z(Y Vo) 1FgoY + 3 (YY) iFgoY
k]
+Z(YZ'ZY§%)’1€FROY
i
+ 20 YV YooY + 20 Y Y Yy aoY

= \

i,k,l ki
+ VY, Yy Fr oY
ik
:Z(Y Vi) ’l+(YMYM)'@‘+(Y%/1YM)”<>F%°Y
ik
Zﬁ Y Yin (Fpg + Fr + Frg) oY
i,k,l
= 3 Y3, Yeu Y (Figp + Figiy + Fiyg) oY
i,k,l

since F' is antisymmetric and

YY)+ (Y Yi) i+ (Y, Yz
=YY + YoV + Yo Yo Yo Yo T YouYe Y Y

symmetric in 7 and k. O

2.9 Speziell. Betrachte den Lorentz-Fall, also G = G, und die Koordinaten
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sind y = (¢,x). Dann ist das Induktionsgesetz (VI2.16) dquivalent zu

div,B =0,
OB + rot, E =0

FE elektrische Feldstarke,
B magnetische Flussdichte.

Proof. Es sind nur vier Gleichungen des Induktionsgesetzes nichttrivial und
unabhéngig voneinander, und zwar fiir (4, k, [) gleich (0, 1, 2), (0, 1, 3), (0, 2, 3),
(1,2,3). Wir erhalten

0,1,2):

0,1,3):

)i =B+ B3+ By =0,
)
)
)

—Fq1/3—Boryg+ E3r; =0,
—FEs3+ Big+ E39 =0,
B:%/g +B1/1 +B2/2 p— 0.

(
(
(0,2,3) :
(1,2,3) :

O

Insgesamt sind die elektrischen Maxwell-Hertz-Gleichungen im Lorentzfall
gleich

Maxwell-Gleichungen im Lorentzfall:
divy,D =p, —0;D+ rot,H =j,

1 1
D=eE+P, H=—B-M -
oy + £, 1o ,  E0MO 2’ (\21218)

div,B=0, 0B+ rot,E=0

Folgerung: 90 + div,j=0.

Es gibt eine Methode, das Faraday’sche Induktionsgesetz zu erfiillen, und die
ist € durch Ableitungen auszudriicken. Dies folgt aus den Voraussetzungen
von Faraday, indem man das Lemma von Poincaré anwendet,

2.10 Lemma von Poincaré. ? “Auf einem einfach zusammenhingenden
Gebiet U im RY ist jede geschlossene Differentialform, d.h. w mit dw = 0,
eine exakte Form, d.h. es gibt eine Differentialform A mit dA = w.”
Hinweis: X\ ist nicht eindeutig definiert.

Wir nehmen nun N = 4 und es sind die folgenden Beispiele von Bedeutung.

2 Wir setzen elementare Kenntnisse iiber Differentialformen voraus.
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(1) Es sei F = (Fg)pso:U — R* mit d(Zkzodeyk> = 0. Dann gibt es
eine Funktion ¢:U — R mit F = —V¢, d.h.

dg = — >~ Fdyy.
k>0
(2) Es sei € = (Ej)yn0:U — R mit d(zk’lzoEkldyk A dyl) = 0 und
Ej + Ey, = 0 fiir alle k,1 > 0. Dann gibt es ein A = (Ap);>0:U — R* mit
1
d( > Akdyk) =5 2 Eudys Ady,
k>0 k,i>0

d.h. Ekl = 8kAl — alAk fur k,l 2 0.

Proof Hinweis. Jedes X mit d\ = w ist ebenfalls eine Losung. Also gilt: Ist
' mit dp’ =0 so ist X := XA + i eine weitere Losung. Es sei verwiesen auf
[21, Poincaré Lemmal. Siehe auch [Wikipedia: Poincaré-Lemma). O

Proof (1). Die Vorausstzung ist

0= d( > deyk> = > OlFpdy ANdyr = > (01 Fy — OpF7)dy; A dyy.
k>0 kIS0 i<l

also OjFy — O F; = 0 fiir k < [. As Folgerung haben wir

— > Frdyr, = do = > Opodyy

k>0 k>0

also —F}), = Op¢, oder F' = —V¢. O
Proof (2). Die Voraussetzung sagt, dass

0=d< > Ekldyk/\dyl) = >

GjEkl dyj A dyk, AN dyl
k,1>0 G120

1
=3 > (0jEw + OpEyj + O Ej) dy; A dyx A dy
7,k,01>0
=2 3 (0B + 0pEyj + 01Ej) dy; A dyy Ady;
J<k<l
also 0jEy + Op By + 01, = 0 fiir 0 < j < k <1 < 3. Und die Konklusion
besagt, dass

23 Endyy ANdyr = Y Ewdyp Ady; = 2d( Y Ap dys)

k<l k>0 k>0
=2 > O Apdy Ndyg =2 3 (Op A1 — 0, Ag) dy A dy,
k>0 k<l
was Ey = 0pA; — 0, A, fur k < [ also auch fiir k,1 > 0 bedeutet. O
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2.11 4-Vektorpotential. Die Voraussetzung (VI2.16) impliziert nach dem
Lemma von Poincaré, dass

QEik:Ak;’i_Ai’k fur i,kZO,...,g (VI219)

mit A:R* — R* Wenn A gegeben ist, so erfiillt A* = DY T AcY ebenfalls die
Eigenschaft (VI2.19) mit €*. Warnings: Die Existenz von A ist nur fiir ein
einfach zusammenhéngendes Gebiet in der Raumzeit gesichert. Und: Falls
A durch eine Integralformel mittels € dargestellt wird, fithrt die Nichtein-
deutigkeit von A auch dazu, dass A* nicht durch dieselbe Integralformel,
natiirlich auf " angewandt, dargestellt wird.

Also ist im Folgenden immer vorausgesetzt, dass das Gebiet einfach zusam-
menhéngend ist, was z.B. erfillt ist, wenn der ganze Raum betrachtet wird.
Die Darstellung (VI2.19) ist in der Marixschreibweise

¢=(DA)T —DA. (VI2.20)

Proof. Die Faraday’sche Voraussetzung (VI2.16) an € ist dquivalent, siehe
den Beweis von 2.10(2), zu der Voraussetzung in 2.10(2). Die Konklusion
von 2.10(2) sagt aus, dass €y = OpA; — A, = A, — Ay Aus dieser
Darstellung folgt natiirlich, dass € antisymmetrisch ist und das Faraday’sche
Induktionsgesetz (VI2.16) erfiillt. Wenn wir dann

Af = S 1Y;, AroY (VI2.21)

definieren, also durch die Transformationsformel fiir kovariante Vektoren A,
so folgt durch Bildung der Ableitungen

ki = 2 Yo L YiAg oY + ZYk’sz oy.
z i

Da Y7, symmetrisch in k& und 4 ist, folgt, wenn € := Ay, — A5,

* *
ik — A4 A'k*E Y (Ap s — Ay )oY = Z wkYii oY,
was die Transformationsformel fir & ist. O

Das Vektorpotential ist, wie beim Lemma von Poincaré schon gesagt, nicht
eindeutig definiert, es gilt die

2.12 Gauge invariance. Ist f irgendeine skalare Funktion und wird in
2.11 das Vektorpotential A durch

A=A+Vf

ersetzt, so andert sich dadurch & nicht. Bemerkung: Ist [ ein objektiver
Skalar, so ist V f kovariant, also mit A auch A’ ein kovarianter Vektor.
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Proof. Folgt unmittelbar aus (VI2.19), siche auch Aufgabe 6.5. O

2.13 Speziell. Im Lorentz Fall 2.7 gilt mit A =: (—®, A1, Ay, A3)

E; = —0,,® — 0, A, fiir i = 1,2,3,
B = I‘OtzA wobei A = (Al, AQ, Ag) y

also

E=-V,®-0,A, B = rot;A.

Die Eichinvarianz lautet dann, dass fiir eine skalare Funktion f gilt, dass
® :=®—-0,f und A :=A4+V,f
dieselben Felder F und B ergeben.

Proof. Dies folgt als Spezialfall aus der Eichinvarianz 2.12, kann aber auch
diekt eingesehen werden:

—E=V,®+0,A= VT(I)/ + Vlﬁtf + é)f,A’ — &gV;Lf = VT(I)/ + 8tA',

B = 1ot A = rot, (A" — V. f) = rot, A" — rot,V,f = rot, A’

Damit erhalten wir im allgemeinen Fall

2.14 Maxwell Gleichungen ohne Polarisation. In Abwesenheit von 3
gilt

> 3j( > (GG — Gilij)alAkz> = o Ji
Jj=>0 k#l

fiir alle 7. Das sind also die gesamten Maxwell-Gleichungen ohne Polarisation
und Magnetisierung, d.h. 5 = 0.

Proof. Es gilt, da 8 = 0 ist, das Ampére’sche Durchflutungsgesetz

j = divh = — div(GEGT) = — div(G(DA — DAT)GT)
Ho Ko

und andererseits ist das Faraday’sche Induktionsgesetz wegen der Einfiih-
rung des 4er-Vektorpotentials A erfiillt. O

Die Abwesenheit von B bedeutet, dass die Gleichung

ﬁzieﬂﬂ
Ho
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erfiillt ist. Im Lorentz-Fall G = G¢ und y = (¢, x) folgt damit, dass div$) =
aquivalent ist zu

i — o
divk = ol

(VI2.22)
—c%atE + rotB = poj.

Daraus folgt, siehe [18, (6.10) and (6.11)], dass die Maxwell-Gleichungen zu
den folgenden Differentialgleichungen &quivalent sind.

2.15 Speziell. Betrachte den Lorentz-Fall, also G = G, und y = (¢, ).
Dann sind die Maxwell-Gleichungen ohne Polarisation 2.14 dquivalent zu

“AD— 9, diva=2 |
€0

1 1
SOPA— DA+ v(ga@ + divA) = 1oj.

Proof. Wenn 8 = 0 ist, also keine Polarisation P und keine Magnetisierung
M présent ist, so sind sie Maxwell-Gleichungen dquivalent zu (VI2.22) und
den Gleichungen in 2.13

E=-V®—-0A, B=rotA.

Einsetzen dieser Gleichungen in (VI2.22) ergibt die Behauptung, wobei die
Gleichung rotrotA = —AA + VdivA gilt, siche Ubung 6.4. O

We bring this system in a simpler version by using the gauge invariance.
This is the Lorenz gauge.®

Referenzen: For the Lorenz gauge see [Wikipedia: Lorenz gauge condition].,
sowie Jackson [48, 6.3 Gauge Transformations, Lorenz Gauge, Coulomb
Gauge]. Es sei auch verwiesen auf das Originalpaper von Lorenz [115].

2.16 Lorenz condition (L. Lorenz 1867). Assume the Lorentz frame
G = G¢ and y = (t,z). Then by a certain gauge transformation one can
assume’

1
g&@ + div,A=0. (VI2.23)
Remark: This condition is observer independent if written div(GA) = 0.

Proof. If A is the original quantity we switch to A’ = A + Vf. We want
that div(GA’) = 0 which means

div(~GVf) = div(GA).

3Two persons, the Danish physicist and mathematician Ludwig Lorenz (1829-1891)
and the Dutch physicist Hendrik Antoon Lorentz (1853-1928)
“see [84, §46], specially the correct second comment in this paragraph
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Given A this differential equation has a solution f. The solution f is
unique under certain given boundary values in spacetime (that is, the cor-
rect initial and boundary values). Hence the new vector A" has the property
div(GA’) = 0. In the Lorentz case one has

1
div(-GVf) = 50,f = Af
and with A" = (—®', A}, A}, A})
0= div(GA) = 5,8 + divA’.
C
0

Proof Remark. By (VI2.21) A is a covariant vector and therefore GA a
contravariant vector so that div(GA) is an objevtive scalar. O

With this we obtain the wave equations in electrodynamics.

2.17 Electromagnetic waves. By choosing the Lorenz condition 2.16 the
Maxwell equations without polarization 2.15 read

1
C—Zafq)—mp ==,

e
€0

1 .5 .

gatA_ AA = Kol

1

— 0P+ divA = 0.

c
These are two wave equations with a differential equation coupling them.

This you will find in [48, (6.14)—(6.16)].
Proof. Insert the identity (VI2.23) into the equations in 2.15. O

In the general case where G = const these equations read as follows.

2.18 General electromagnetic waves. If G = const then Maxwell equa-
tions without polarization 2.15 read

%8]1 <Gjl<§GikAk)> = ppj; fiir alle i >0,
520 (X Giedy ) = 0.
J k

Proof. Nach 2.14 ist, da G konstant ist,

110 ji = 27: 9; ( kZ; (GikGji — Gquk)alAk)
= jzlj A (Gﬂ ; GikAk) - zlj o) (G,ﬂ %: 9; ( ; ijAk> ) ;
1 1

=0
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where the second summand is zero. O

Remark: Es wird noch die Aussendung von Licht behandelt.
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3 Moving charges

Hier untersuchen wir, wie die Felder bei zeitabhingigen Ladungen ausse-
hen, wobei wir die Maxwell-Gleichungen fiir Distributionen, sieche (VI2.10),
benutzen miissen, wie das auch schon in den Beispielen einer Punktladung
in 2.3 und eines Leiters in 2.5 der Fall war. Wie dort betrachten wir den
Lorentz-Fall, also ist G = G¢ und y = (t,z) € R x R3 sind die Koordi-
naten. Die Distrubutionslésungen sind dann die entsprechenden Losungen
von (VI2.5).

Referenzen: Fiir eine gleichformige bewegte Ladung siehe [84, Kap. V
§38], fiir das Feld einer allgemein bewegten Ladung siehe [84, Kap. VIII].

Aus den generellen Transformationsformeln in (VI2.3) fiir $ und j folgen
folgende Transformationsformeln fir D, H, p und j, und zwar im Spezialfall
einer linearen Beobachtertransformation.

3.1 Spezielle Transformationsformel. Wir betrachten zwei Beobachter,
die im Lorentz-Fall wie in 2.2 sind. Dann gilt fiir die Transformationsformeln
(VI2.3) und (VI2.4), wenn die Beobachtertransformation Y speziell eine
Lorentz-Transformation mit DY = L¢(V, @) ist, wobei V' und @ Konstanten
sind,
DoY =~B(V) QD" — LB(V)(Vx QH"),
c (VI3.1)
HoY =y Vx (B(V)QD*) ++B(V)"'QH",

sowie .
eoY =7e" + 5Ve(QJ),
joY =40V + B(V)Qj*.
Beachte: Diese Formeln gelten nur fiir Funktionen, die Dichten des Le-
besgue-Mafles in der Raumzeit sind.

(VI3.2)

Proof. Die Transformationsformeln (VI2.3) und (VI2.4) besagen

0 DT v ZVTQI[ o DT 2} Wt
= c? . * Y T T
—-D R(H) AV BW)Q | L-D" R(HY) gQ V. Q B(V)
und 5
I y,T *
[?]OY: 7 c2v @ {g*}
J vV B(V)Q | LJ
Ausrechnen ergibt nun wegen B(V) — C%VVT = B(V)"! und wenn wir

B := B(V) schreiben
DoY =~vB~'QD* — %BQR(H*)QTv,
R(H)oY =~ (V& (BQD*) — (BQD*)®V) + BQR(H*)Q" B,
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sowie die behaupteten Formeln (VI3.2) fiir g and j. Nun gilt fiir 21, 2o € R3
unter Benutzung von (VI2.8) und wegen der Symmetrie der Matrix B

200(BQR(H*)QTB") 21 = (QTBzy)e(R(H*)QT Bz1)
= (Q"Bz)e((QTBz1) x H¥) (VI3.3)
= H*o((QTBz2) x (Q"Bz1)) = (QH*)e((Bz2) x (Bz1))

Since this is equal

= (Bzg)e((B21)x (QH*)) = z00B((Bz1) x (QH*))

we obtain

BQR(H*)Q Bz = B((Bz1)xQH*).
Now 2 := B~ TV gives
BQR(H*)Q"V = B(V x (QH™))
and we obtain for the field D

DoY =~B~1QD* — %B(V x QH)

This is the first statement. Now to the above equation for R(H). Using
(VI2.8) we see that for zq, 29 € R?

(HoY)e(zax z1) = z90(21 X (HoY)) = z96(R(H )oY )z,
= 7200 (V& (BQD*) — (BQD*)®V )21 + 220(BQR(H*)QTBT)z2; .
The first term equals
= 7(z0V - 210(BQD*) — 208(BQD*) - z18V)
= (VX (BQD"))e(22x 21)

hence it is a vector times z2 X z;. The second term equals, as computed in
(VI3.3),

= (QH*)o((Bz2)x (B21)) = v(QH*)eB™ (22 x 21)
= (YBT'QH")e(22% 21)
since (see the exercise 6.8)
(B(V)z2) x (B(V)z1) = yB(V) ™} (z2x21),

hence the second term of is also a vector times zox21. Thus we have proved
that
HoY =~(Vx(BQD")) +yB 'QH*

This is the second statement. O
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Wir geben nun vor, dass der *-Beobachter die Situation von 2.3 vorfindet,
also die Ladung Q im Punkt 0 beobachtet, d.h.

_ Q&
A |3’

Q*::QMF*7 j*:()v

D*(t*, z%) H* =0,

mit der Punktladung
I* = {(t*,0); t* €R}, () =0firt eR

wobei - das eindimensionale Lebesgue-Mafl auf R x {0} ist. Ein sich bewe-
genden Beobachter sieht die Punktladung, wie sie sich bewegt. Wir betra-
chten beide Beobachter im Lorentz-Fall, und die Beobachtertransformation
Y sei linear und bestehe aus einer Lorentz-Transformation DY = L¢(V, Q)
wie in 3.1, das heifit

t=nt* + C%VTQx* ,

(VI3.4)
=~V +B(V)Qz*.

Deshalb ist die Ladung jetzt am Punkt £(¢) wenn (¢,£(t)) = Y (¢*,£*(t"))
wobei £*(t*) = 0, also ist £(¢) = tV. Eine beliebige Bewegung ¢ — £(t) € R3
wird im Beispiel von Liénhard-Wiechert 3.6 weiter unten behandelt.

3.2 Gleichférmig bewegte Ladung. Es sei V € R? und die Ladung Q
befinde sich an einer sich bewegenden Stelle £(¢) = tV. Dann ist eine Losung

in 2'(R x R3) von

divﬂﬁ [D] = QMr,
—9y[D] + rot . [H] = oV,

wobei D und H gegeben sind durch

¥Q x—tV
D = —
(t2) = B(V)(z — V)3’

H(t,x) ==V xD(t, x).

Hier ist I' := {(¢t,z); x = &(t)} und das MaB pp ist

(Copp) = /RC(t,f(t))dt.

Zusatz: Auch das Faraday’sche Induktionsgesetz ist erfiillt (ohne Magnetisierung
und Polarization).

Bei einer Bewegung auf die Ladung zu oder von der Ladung weg tritt somit
ein magnetisches Feld H auf.
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Proof 1. Version. Die Transformationsformeln in 3.1 liefern, d.h. (VI3.1) mit
H* =0,

DoY =~B(V)'QD*, HoY =~V x (B(V)QD*), (VI3.5)
es sind also beide Groflen D und H nichtnull. Nun ist wegen (VI3.4)
_ * g T *
x—tV =B(V)Qz" — g(V Qz")V

g * - *
= (B(V) — gVVT)Qx =B(V) 'Qx
since B(V)™' = B(V) — ZVVT. Also erhalten wir fiir D

_E ‘x*’fi

D(t,2) = /B(V)'QD* (z*) = —

EE

und |z*| = |Qx*| sowie Qz* = B(V)(x —tV), also

QY x—tV
Do) = BV @ - P

Jetzt zum Vektorfeld H. Nach (VI3.5) gilt
HoY =~V x(B(V)QD")
= VxB(V)?(yB(V)'QD*) = VxB(V)?(DoY)

or

H=VxBV)?’D=VxId+ (> -1)VV)D=vxD.

Nun zur rechten Seite. Wire j* eine glatte Funktion, so gilt nach (VI2.4) die
Identitét joY = DYj*, wobei y = Y (y*) die Beobachtertransformation ist.
Daraus folgt fiir Testfunktionen ¢, die kovariante Vektoren ¢* = DY T¢oY
sind,

("oj* = (DY (oY )ej" = (CoY)e(DY]") = (Coj)oY ,

und damit

- / (Co)oY dLA(y") = / CojdLAy) = (¢, 1) o -

Also gilt das auch fiir j* € 2'(R* R3), das heiBt fiir kovariantes ¢ und da
auch j € Z'(RY; R3)

(¢ i) amy = (¢, 1) gms) - (VI3.6)
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Diese Gleichung ersetzt (VI2.4), d.h. ist allgemeiner. Nun gilt

V5T
It I i | E R B
0 0 14 B(V)Q 0 14V
also
(¢ ) g(may :/C*(t*70)° [q} dt
:/COY(t*,O [ ] dt* = /COY (t*,0 { ] de*
R qV
= / C(t,tV)e [ } dt (wegen t = 4t* fiir z* = 0)
R qV
q q .
- d - ) - 9 7 )
Jol ] e [0, =
wenn
A
Da die Gleichungen invariant unter Beobachterwechsel sind, ist damit die
Behauptung bewiesen. O

Proof 2.Version. Wir konnen auch, als Probe zum ersten Beweis, die Dif-
ferentialgleichungen explizit nachpriifen. Es gilt aulerhalb {(¢,2); x =tV}
fiir das angegebene

~ ~ ~ Q7
Dann gilt mit B := B(V)

QY 7 V 3z; _
divyD = s g, 22 ( ~ag,B)
v ar & BB T 4x Bap o BT

5ok g

4r i>1 ]>1

Qv / 3
- E(|Bg7|3 |Bx\5 2, (B2); ) =0

Nun zur Differentialgleichung div,[D] = Qup im ganzen Raum. Fiir skalare
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Testfunktionen ( ist mit K. := {z; |Bz| < ¢}
(¢, diva[D]) = — (V.c, [D]) = _/R [ 9.c(t.0)eD(t,0) dat
=— / Va((t, T +tV)eD(7) d7 dt
R JR3

= lim / C(t, T + tV )k (%)eD(T) dH?(F) dt
R JOK,

e—0

QY . _ Vi (Z)8T | o
=21 + V) 0T g
ym /Rgm% - C(t,x +tV) B dH*(z) dt

=9 [ i L T z ~\ A2 (5
— 471_/]1{;1_{% 2 /GKE (C(t,x—i-tV)E)oVKE(a;)dH (af)dt

- %Z /R i /Ml (C(t 2 +1V)2)ovi, (2) dH2(2) dt  (mit & = ez)

e—0

= Z;/Rg(t’ﬂ/)</8[<l zovk, (2) dH2(2)> dt
:Q/Rg(t,tV)dt:/Cczdﬂpz (¢, aqur)
da

4 1
/ zevp, (z) dH%(2) = / divedL3(z) = S8L3(K)) =3—~ 1.1~ = —
0K, K 3 Yoy

denn K ist ein Ellipsoid mit den Hauptachsen 1, 1, und %

Jetzt zum Vektorfeld H. Da D von der Zeit abhéngt und —0,[D] + rot ,[H]
auflerhalb der Singularitét 0 ergeben muss, folgt dass H # 0. In der Tat ist
H = V x D, und wir berechnen —d;[D] + rot ,[H] in 2'(R*) fiir dieses H.
Fiir eine vektorwertige Testfunktion ¢ definiere

C(t,z) = ((t,z) firz = —tV

so dass B B B
0 =0, — (VeVz)(, V(= V(.

Damit folgt
(¢, =0[D] +rot.[H]) = (0:C, [D]) + (rot ¢, [H])

_ / (8:CoD + rot ,Co(V x D)) d(t, z)
R4
= / (0 — V xrot ,¢)eD d(t, x)
R4
- /R4 (8,C — (VeV3z)( — V xrot z)eD d(t, F) .
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By a general rule, see exercise 6.3, we have

(VeV:)C + Vxrotz( = 3 V;Vz(G = Vz(Ve()

i>1

since V = const. Therefore the integral is
= [ @ VaVed)eD (e, )
R

= [ ([ acar)ebas —(vave). D))

I
=0

= (VeC, VD] ) = (VeC, aur) = (¢, Vpr) -
O

Proof Zusatz. Nach der 1.Version des Beweises ist das Problem mittels einer
Beobachtertransformation auf 2.3 zuriickgefithrt. Da das Faraday’sche In-
duktionsprizip beobachterunabhangig ist, muss es, da es in 2.3 gilt, auch
hier erfiillt sein. O

Wir berechnen nun die Felder um einen Strom in einem Leiter. In 2.5 the
magnetic field H has been computed. But there is also a corresponding
independent electric displacement field D.

3.3 Beispiel. Sei  eine konstante Ladungsdichte auf dem Leiter I' von 2.5.
Dann ist eine zugehorige elektrische Flussdichte D, die

div,[D] = 0:= Qur in 2'(R x R* R?) (VI3.7)
erfiillt, gegeben durch

;22,0 .
D(z) = 9 (a:12 2 2) =9 _Tie1 € fr w% +x% > 0.
21 7 + 5 27 |z1e1 + z2eo?

Da die Losung stationdr ist, gilt natiirlich 0,0 = 0. Zusatz: Auch das
Faraday’sche Induktionsgesetz ist erfiillt (ohne Magnetisierung und Polar-
ization), denn rot ,[D] = 0.

Da die Situation stationéar ist, sind die in 2.5 und 3.3 vorkommenden 1 und
Q nicht gekoppelt, es gilt ja hier auch 9,0 = 0 und div,j = 0.

Proof. Zur Differentialgleichung (VI3.7) im ganzen Raum ist zu sagen, dass
der Beweis dhnlich verlauft wie fiir H im Beweis von 2.5. Wenn wir ¢ wie
dort definieren, ist fiir z # 0

D(QZ’) — —Q(agjlgﬁ(ﬂfl,lg),81299(.171,.’132),0) .
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Dann ist fiir ¢ € 2(R3)
(¢, divg[D]) = =Q(C, (02,02, ] + 02, [02,0]) )
= Q(<611C [011¢]> + <0I2<7 [(I)IZQ‘Q} >>
— 01 , X9, T (’)r T1.x 1L3
Q'/RS (i:ZLQ C(z1, w2, 3) M(Jbl,m)) dL?(z)

= Q/R (Vgr2((e,z3), [Vr2e]) (1L1(:173)
_ _q / (C(or23), Agelp]) dL3(zs)
_ Q/C (0,0, 25) dL3(z3) = (¢, Qur) -

O]

Wir betrachten nun einen bewegten Leiter. Der *-Beobachter finde die Sit-
uation von 2.5 vor mit der Vervollstandigung in 3.3, also

Q (21,23,0)
2m |27 |2 + [23)?
I (_l‘;a ‘/Eiv 0)
2 |22 + [ag [

D*(t*,2") = 0" =Qpr-

H*(t*,2%) = i = lespp.

wobei
" ={(t",se3); t*,s € R},

(C, pr+) // t se3 dsdt

Zu dem bewegten Beobachter bestehe eine Lorentz-Transformation
(t,z) =Y (t",2") := Le(V, Q) (t*, 2¥) , also DY = L¢(V, Q)
wie in 3.1. In dieser Situation erhalten wir folgende Gleichungen.

3.4 Bewegter Leiter. Betrachte obige Situation von 2.5 und 3.3. Sei der
Leiter nun mit Geschwindigkeit V € R3 bewegt, also

L:=Y(T*) ={(ttV+sB(V) 'Qes); s,t € R}.
Die Differentialgleichungen lauten in 2'(R x R3)
div,[D] = ¢ := (Q + éV-Qes)ﬂr :
—0,[D] + rot o [H] = j = (QV + %B(V)Qeg)ur,
wobei

(¢, pup) // C(t,tV + sB(V) 'Qes) dsdt*.
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Die Losung D und H dieses Problems findet sich in (VI3.10).

Wir betrachten nun die Spezialfille, dass ) = Id und V einerseits parallel
und andererseits orthogonal zum unbewegten Leiter I'* = {(t*, se3); s € R}
liegt.

(1) Im Fall V || eg ist

D(t,x) = (o — éVoeg)Do(:L‘),
H(f,l‘) = (Q Vee; + I) 83XDO(£B) .

(2) Im Fall V Les ist
D(t,z) = (QId — é e3®V) Dy(z — tV)
H(t,z) = B(V)™ ((Q V + 1es) x (B(V)Dy(z — tV))) .

Dabei ist

Vla(2)
D =
" S BVLGIE
wobei Ia(z) := z — zeeg e3 die Projektion auf die Ebene ist, die senkrecht

zum Leiter steht. Im Falle (1): Es gilt B(V)Iy = Iy und dariiberhinaus
Io(x — tV) = Ia(z), also Do(z — tV') = Dy(z).

The function D satifies

—A[Dg] =H'LTy, Ty:=Rez={se3cR3; scR}.

Proof by reduction to 2.5. We prove this by an observer transformation to
the stationary case in 2.5 and 3.3. Using the abbreviation B := B(V') this
is

* Tyt
{t}_Lc(V,Id)[t*}’ DY = L¢(V,1d) = =i
x x 214 B
hence
t=t" + %VT:L’* , x=7t"V + Ba", (VI3.8)

which in particular implies (see exercise 6.7 for B — LVVT = B™1)
x—tV =(B - C%VVT)[L'* therefore 2" = B(z —tV). (VI3.9)
With this transformation we apply the transformation rules in (VI3.1)

DoY =+B7'D* — LBV x H),
C

HoY =~V x (BD*)+~yB 'H*,
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where labeled with a star D* and H* are the quantities in 3.3 and 2.5,

Q (ﬂ’ff,ﬁ;,()) _Q [pa*

D* * [ [
(I ) m x»{2 + 17;2 T |H21’*’2 )
. 1 (—x%,27,0) 1 egx(z},25,0) I Iyx*
H('r):i *22 1*2 ~ 5 *21 32 =5-e3x *]|2 "
21 a3t + ah 2T xt 4l 27 |Toz*|
With :
~ B'I,Bz
D =
0(2) = 5 LB

the fields D and H become for z* = B(x —tV)
— k[ % 1 PR
D(t,z) = B~ (yD"(a")) = 3 B(V x(yH" (z")))
I
= QDg(x —tV) — C—QB(VX (e3x (B Do(z —tV)))),

H(t,z) = Vx (B(yD*(z*))) + B~ (yH* ("))
= QV x(B*Dy(z —tV)) + 1B (e3 x (B Dy(z — tV))),

therefore we have the formulas

D(t,z) = QDo(z —tV)
_%B(V)(Vx (e3x (B(V) Do(z —tV))))

(VI3.10)
H(t,z) = QV x(B(V)?Dy(x — tV))
+1B(V)  (e3x (B(V) Do(z — tV))).
We consider two cases. In both cases
I,B* = BFI,,
so that Dy above coincides with the definition in the statement. O

Proof of right side. We prove this by an observer transformation of Lorentz
type y = Le(V, Q)y™, which is

t =yt + C%VTQx* . 2=V +B(V)Qa". (VI3.11)

For the right-hand side of the equation div$) = j we have proved in (VI3.6)
the following identity for j with covariant test functions

Now with Q,1 € R and I'* := {(t*,2*) € R*; z* = s*e3, s* € R}

=2 et = [ e senasar
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(70" ) gmay :/R/RC*@*,S*G:&% ng] ds dt*
=/R(/R<(Y(t*,se3))-(DY L‘;] )dt*) ds.

Now, (t,z) =Y (t*, ses) is equivalent to

hence

t=t" + LVeQes,
C
x =tV +5(Qes — gVOQeg V) =tV + sB(V) ' Qes,

hence dt =y dt* for given s. Thus the above integral equals

// (t,tV + sB(V) ' Qes)e(= DY[(;])dsdt:(g Do -

D:=Y(T*) ={(ttV+sB(V) 'Qes); s,t R},
(n, pr) = / / t tV + sB( )71Qe3) dsdt,
Q-+ Ver3

j e DY[ }uz M-
teg | ™" QV+§B( )Qes |

O

Proof case (1). Welet V = Vzes. Then Bly =[sB =13 and [y (z—tV) = s

hence
v Iz

o [Ioz|?

which means Dg(z) € I2(R3). This implies B¥Dg(z) = Do(x). Therefore

Do(z —tV) = Do(z) =

H = QV xDy(x) + 1B (e3x Dy(x)).
and by exercise 6.8 and since V = Veez ez and BV = 7‘7
B~ (esx Do()) = i(3e3) « B Dy(x)) = e3x Do(z) |
which gives the stated expression for H. By a general formula
B(V x(e3xDo(z))) = B(VeDy(z) e3 — Vees Dy(x)) = —Vees Dy()
since VeDg(x) = 0. This gives the expression for D. O

Proof case (2). We let V = Vie; + Vses.
.......................................................... O
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Proof directly. ..............c.......... O

Referenzen: Fiir eine gleichformige bewegte Ladung siehe [84, Kap. V
§38], fiir das Feld allgemeiner bewegter Ladungen siche [84, Kap. VIII]. —
weitere referenzen—— For the Liénhard-Wiechert potential siehe J.D.Jackson
[48, 12.11 and 14.1].

Siehe auch [Wikipedia: Liénhard-Wiechert potentiall.

Wir kommen nun zuriick zu der Ladung in einem Punkte. Das Liénhard-
Wiechert Potential ist eine Losung des elektromagnetischen Systems in 2.17.
Wir benétigen hier eine Version des Fundamentallemmas fiir die Wellengle-
ichung, wobei wir von einem sich bewegenden Punkt ¢ — £(t) ausgehen,
dessen Geschwindigkeit ¢ nicht {iberschreitet, der also

£ < c (VI3.13)

erfiillt.

3.5 Theorem. Sei ¢t — &(t) mit (VI3.13) und ¢ — m(t) eine gegebene
Funktion. Dann ist eine Losung ¢ von

0716] — Al6] = mpe

with ¢(t,x) — 0 for |x| — oo gegeben durch

3

(s) 1

o(t,x) =
"0, ) o -
an (1= SPezyy ) o =0
with t=s+ W .

Diese Losung ist der Limes von glatten Losungen zu rechten Seiten, die
im Distributionssinn gegen mp, konvergieren. Definition: Das Mal p. ist
definiert durch

(C. e ) = /R C(t.€(1)) dt

Proof. Der Beweis findet sich in [21, Relativistisches Schwerefeld]. Es wird
dabei vorausgesetzt, dass man glatte Funktionen p. hat, die fiir ¢ — 0 im
Distributionssinn konvergieren, also [p¢] — myte. Die Losungen ¢, von

1 .
?Otz [(be} - A[¢e} = Pe

konvergieren dann im Distributionssinn gegen ¢. Hierbei wird wesentlich
benutzt, dass ¢t — £(¢) die Eigenschaft (VI3.13) hat. O
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Es folgt

3.6 Liénhard-Wiechert Potential (1898). Sei ¢ — £(t) die Position des
geladenen Teilchens, sei @ € R dessen Ladung und V(t) := £(t) dessen
Geschwindigkeit, die (VI3.13) erfiillt. Dann ist die Losung (—®, A) von

1 Q
St - A = Lp,
OF1A] — ALA] = oV
Cl—zat[cﬁ] + div[A] =0,
in 2'(R*) gegeben durch
Q 1
@ t7 - b
) 4reg (1 — V((:s)on(s,x)) ‘53 - 5(3)|
At z) = 10Q Vis)
() 477(1 - @011(8,58)) |z —&(s)
mit t=s+ lz = &) _f(s)| , n(s,x):= —é : ggz; .

Remark: In literature s = t,¢ is the “retardet time” (depending on x).
Proof. Definiere Distributionen g := Qu, und j := QVp,, so dass also
dro + divej =0 in 2'(RY),
denn fir Testfunktionen ¢
— (¢, Owo + divzj >_@(R4) = (0,¢, Q>@(R4) +(Va(, j>@(m4)
= (0. e ) + (V20 QVite) = [ QlO1C + V.)€ dt) =0.
Definiere als Approximation fiir ¢ > 0 Funktionen
O = Pe*Q, Jei=Pe*].
Hierbei ist ¢c(y) := Z¢(¥) und ¢ € C§°(R*). Dann folgt
Oro. + divje = 9y(e * @) + div(pe * )
= e x (0 + divj) =0.

Zu den glatten Daten g, und j. gibt es nach dem Theorem 3.5 Funktionen
CI)E und AE = (Ad, AEQ, AEJ) mit

1 0. 1 .
9812(1)6 - Aq)e = % s C*QatQAe - AA& = K0 Je s
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also ist, wenn F' die Fundamentallésung von C%atF — AF ist,

1

<I>e(y):5<ee(y—-), F)y, Ady)=po(jely—-s), F) .

Daraus folgt

1 :
gatq)g (t,z) + divA(t, z)

= 50102 (O ((t,x) =), ') 4 po ( divje((t,z) —o), F')

= Mo <atge((ta x) - ‘) + diVje((t)x) - ') ) F> - 07

also ist auch die Lorenz-Bedingung erfiillt. Nach 3.5 konvergieren diese e-
Losungen gegen die gewiinschte Losung mit der Lorenz-Bedingung. Es ist
also

Q 1
q)(tvx) -
_ &(s) g =E(s) -
g (1 — £e =) |2 = £(5)
10Q€’(s) 1
A(t,l’) - )
€(s) g 2=E(s) —
47?(1— = .|~’L‘—§(5)|) ‘x 5(5){
wobei s = 3(t,2) mit t = s + 1|z — £(s)]. O

Folgerung: Die Losungen fiir F und B sind .......coooooviiiiiiii
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4 The limit towards MHD

“Magnetohydrodynamics (MHD) couples Maxwells equations of electromag-
netism with hydrodynamics to describe the macroscopic behavior of con-
ducting fluids such as plasmas.” [Introduction_to_MHD.pdf]

References: The equations of MHD you find in Priest [59, 2 The Basis
Equations of MHD]. “The basic theory of magnetohydrodynamics (MHD)
is summarised by Cowling in his book on the subject.” See Cowling [104].

Wir betrachten zunédchst den Limes ¢ — oo fiir Losungen der Elektro-
dynamik, und zwar untersuchen wir nur den elektrischen Fall ohne Mag-
netisierung und erhalten so den elektrischen Teil der Magnetohydrodynamik.
Auflerdem benutzen wir als Approximation des klassischen Falles nur den
Lorentz-Fall (en: Lorentz frame), d.h. G = G¢ und die Koordinaten y =
(t,z). Es gilt die fundamentale Gleichung

1
80:“’02072_>05

die im Limes gegen 0 konvergiert, wobei o im Limes positiv bleibt. Also
wird der Fall betrachtet, dass auch g — 0. Da E einen Grenzwert besitzt,
folgt somit D = egF — 0. Auflerdem ist B = ugH, wobei also die Konstante
o im Limes bleibt. Daraus folgt, siehe 4.1, dass

o = é und  j% = poj (VI4.1)

einen Limes besitzen. Wir erhalten also Folgendes im Limes ¢ — co.

4.1 Ampére’s circuital law. Es gilt im Limes
div,E = 0%, rot,B=j.

und es ist div,j® = 0. Hinweis: Wihrend o und j in (VI4.1) die Grofen
fiir ¢ < oo sind, sind hier die Groéflen im Limes ¢ = oo zu verstehen.

Proof. Wegen D = ¢gF und B = pgH lauten die Gleichungen
div,(eoF) = 0,

1
—0(eo ) + rot ,,;(—B) =]
Mo

Dann ist mit ¢® und j¢ von (VI4.1)

div, F = @ =: o,

E(

(en)

> . ‘ 1
j(‘[ = o) = —()L(IU()E()E) + rot xB = O(C72) + rot lB
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und damit im Limes die behaupteten Differentialgleichungen fiir £ und B.

AuBerdem gilt
1
el el
. [moe] _ [moeoe™ ]| _ | 0
= . | = . =|c ,
o) |:M0.]:| |: Jel :| [ jel ] )

also

1 . e
0 = podivyj = gatgl'l + div,]j & ,

also im Limes div,j¢ = 0. Die folgt auch aus der bewiesenen Differential-
gleichung fir B
div,j? = div, rot, B =0

wegen div,rot, = 0. O
The Faraday’s law in the original version is used.
4.2 Faraday’s induction law. These laws are

div,B=0, B+ rot,F =0,

and they stay in the classical limit. Also the equivalence of these equations
with the 4-vector field A = (—®, A) satisfying

E=-V,®—-0A, B=rot,A

in a simply connected domain, remains the same in the limit. Remark: The
Lorenz condition becomes div,A = 0.

Proof Remark. By 2.16 the Lorenz condition is C%&,(I) + div, A = 0. Since
® and A have limits we get in the limit ¢ — oo that div, A = 0. O

Altogether Maxwell equations become

Maxwell equations in MHD:
div,E = 0%, rot,B =j%
lexB = 0, 8tB -+ rot xE =0 (VI42)

E electric field, B magnetic flux density,

o electric charge, j® = uoj electric current.

In Termen von A = (—®, A) we obtain the result in 6.9.

Referenzen: See Davidson [33, 2 The Governing Equations of Electrody-
namics.

As transformation rule we take a Lorentz transformation as in 3.1 and insert
the definition of F and B. One obtains
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4.3 Transformation rule. The transformation rules for E and B and for
0 and j¢ are, if Y is a Newton transformation and writing V = X,

EoY = QE* —Vx QB* 7 QeloY _ Qel* + V.Qjel* + (QTQ):R(B*) ’
BOYZQB*, jEl:de*-

This we show, if V' = const, as a consequence of 3.1 where in the limit the
Lorentz transformation becomes a Galilei transformation.

Proof by 3.1. The equations in 3.1
DoY =4B(V)'QD* — %B(V)(Vx QH"),
HoY =~V x (B(V)QD") ++B(V)™'QH",
become with D = ¢gF and B = poH

coBoY = ey B(V) QE* — MVCQB(V)(VX QB"),
0

1 1
—BoY = &gy Vx (B(V)QE") + —yB(V)"'QB",
Ho Ho

also wegen egpoc?® = 1
EoY =yB(V)'QE" —yB(V)(V x QB"),
BoY = %Vx (B(V)QE*) ++B(V) 'QB*.

Nun konnen wir zum Limes ¢ — oo iibergehen, wobei natiirlich gilt, dass
v — 1 und B(V) — Id. Weiter gilt in 3.1

oY =yo" + %V-(Qj*) ;

(VI4.3)
joY =740V + B(V)Qj*.
Wenn man nun g = 9o und j = % j¢! schreibt, erhilt man
o oY = 70" + ——Ve(Qj"),
EopoC
j" oY = eoporye™V + B(V)Qi"
und daraus mit eguoc? = 1 im Limes die Behauptung. O

Proof gneral case. Wir haben kein Analogon zu 3.1 fiir variables V' bewiesen,
das wird noch nachgetragen, ggf. in [21]. Eigentlich kommt (VI4.3) aus der
Transformationsformel (VI2.4), die lautet joY = DYj* und im Lorentz-Fall,
also fiir DY = const,
H
j* )

or-or ]
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oder mit (VI4.1), d.h. @ = g¢0® und j = %jd,

1 el elx 1
1 — @ o0 €00 1 el
— 2% |oy=|1 ,]oY=DY| 1, |=—Dy|c2? |.
1o jel %J % 1o jel*
Indem wir diese Gleichung mit der Matrix
2 0
Holo 1d
von links multiplizieren, also
Qel by c2 0 by %Qel* B f},’y nyTQ Qel*
1% T 1o 1d “ae | T2V BMQ| L]
ergibt sich daraus im Limes ¢ — oo
el elx T
[J?el]oyzz [fl] . 7= [(1) VQQ] . (VI4.4)

Da V und @ konstant sind, ist diese Identitdt mit der Behauptung identisch.

Wir werden nun beliebige Newton-Transformationen Y zulassen und definieren
Z mit Hilfe von V = X und Q = D,-X. Es folgt ein Beweis des Satzes, der
sich auf das Ergebnis in (I5.11) stiitzt. Hierzu schreiben wir die Ampére’schen
Differentialgleichungen der MHD als System

el = | avin] =[5 Vi)

oder als schwache Gleichung fiir Testfunktionen (¢, ()

o]\, ol E e, Qd] 4_
o ([0 [0 i = [ ] ] et 0
mit der Mafigabe, dass die Testfunktionen mit der Regel
O T K
&]=2 (¢

transformieren. Nach (I5.11) ist also (VI4.5) objektiv, falls die folgenden
Transformationsregeln (es ist J = det Dy« X =1 und u = 0)

qioY =3 QijZq;, roY =3 Ziprq; + Zr”
J J

q@":[méﬂi)k]’ “Z[fj}’ . [(1) V;Q}
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gelten. Since

0 V/JJ,*.TQ T ' T -
Zigz = | ) v Viey Qe =20 Vs Que = 32 QiQu = (@7 Qi

we get
QEZOY _ (QlQ):R(B*) + Qel* + VlQJ(l* 7 jelOY — Qjel* 7
and the assertions for F and R(B). O

Soweit der Limes in dem elektrischen Teil. Dariiberhinaus verlangt die MHD
die Kopplung mit den {iiblichen Gleichungen von Masse und Impuls, und
diese Kopplung geschieht in dem Kraftterm. Da wir hier im klassischen Fall
sind, besteht die Verbindung in der

4.4 Newton- und Lorentz-Kraft. Es wird angenommen, dass der Kraft-
term gegeben ist durch

f =ffice + 90V +jxB.

Dabei ist r = 0 und fy; ist die Scheinkraft, die vom Beobachter abhingig
ist, und als objektive Vektoren

o goV¢ die Newton-Kraft, die von der Gravitationsgleichung —A¢ = o
induziert wird.

e jx B die Lorenz-Kraft, die von dem Ampére’schen Durchflutungsge-
setz unter Weglassen der Polarisation induziert wird.

Da hier Ubergangskoeffizienten g und 1 bendtigt werden, beweisen wir zunéchst
folgendes allgemeine Theorem.

4.5 Dimensionstheorem. Ein allgemeines System, das erfiillt ist fiir Test-
funktionen, die einen kovarianten Vektor darstellen, ist im klassischen Fall
(und auch im Lorentz-Fall)

(k) + dive(a | S7]) = [7]
o (o [*Tm] ) + div, (D {*:;2] )=0D [*S—T] )

Da 9; mit der Dimension [%] und div, mit der Dimension [%] versehen wird,

ist das System konsistent bei jeder festen Wahl von []. Wird in dem System
eine Grofle 0 mit Mafeinheiten angegeben, so sind damit die Mafleinheiten
aller Groflen O festgelegt.
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Beim Masse-Impulssystem

at(g [*}) + div, (gv [*?m] ) r E} ,

*m X * m2 *1Mm (VM‘G)
8t(gv [?} ) + dlvx((gva +10) 52] ) =f [ST]
setzen wir L L
*:m—%, also g[m%}, v[%],
und damit ist gegeben
kg _ kg kg
r [77135] s II = (pId — S) |:’)’n‘92:| s f |:m252:| .
Bei Ampére’s Durchflutungsgesetz
. * *
b0b1) + 2] =o[']
N . 12 e (VI4.7)
(=D [SF]) + aiw (e [T ]) =i [F]

setzen wir

und damit ist gegeben

Py i N Ec B N
m? m m?
Der einzige Unterschied bei den Massendichten besteht darin, dass bei Ampére
As (Ampére-Sekunden) statt bei Masse-Impuls kg benutzt werden.

Wenden wir dies auf die MHD-Gleichungen an, so ergibt sich, wenn wir pg
aus (VI2.15) nehmen,

kgm A kg
B = poH hat das Maf 2 A2
A kg kg

jx B hat das Maf ooy e

also hat jx B dasselbe Maf} wie die Kraftdichte f in der Masse-Impuls Gle-

ichung, deshalb ist der Faktor 1 zuldssig. Nun zu der Schwerkraft. Die
Gravitationsgleichung ist
i * M *
0(0[x]) + div( = Vugp || ) = | ] (VI4.8)
und von oben haben wir

0 [k%] , also x= ki;, somit V¢ [k%} ,
m m m
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und damit hat
k:g2
oVy¢ das Mal —,
m

also hat, mit g = 47G von (13.13),

3 2
m kg kg
das gleiche Mafl wie wie die Kraftdichte f in der Masse-Impuls Gleichung,
daher ist der Faktor g der richtige. Dies rechtfertigt die Aussage in 4.4. Mit
den Masse-Impuls Gleichungen von Abschnitt 11.3 sind die Magnetohydro-
dynamik-Gleichungen im Fall r = 0 gleich

Magnetohydrodynamics:
0o+ divy(ov) =0,
i(0v) + divy(ovo' + 1) = g0V + jx B + frict
—A¢ =, (VI4.9)
rot,B = ppj, divy,B =0,
div,F = Qd, OB + rot, E =0

j satisfies e.g. Ohm’s law

Es fehlt Energiegleichung und Entropieprinzip

Zum Ohm’schen Gesetz siche den nachsten Abschnitt. Dann lassen sich
nach 5.2 die Gleichungen der MHD mit Ohm’schen Gesetz schreiben als

Oro + divz(pv) =0,
1
O(ov) + divx(gva +1II) = goVe + AT( rot,; B) x B + ffict ,
0

_A¢ =0,
1
HOOOhm

(VI4.10)

OB — roty(vxB) — A;B=0, div,B=0.

Die Gleichung div,E = ¢ und auch rot,B = pugj bleibt hierbei un-
berticksichtigt. Zusammen mit dem Ohm’schen Gesetz j = oopm(F +vxB),
was ja in (VI4.10) auch nicht als Gleichung auftritt, lassen sich aus B und
v die GréBen E, o und juoj berechnen.
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Fiir die Gleichungen der Magentohydrodynamik gibt es im Wesentlichen
zwel Anwendungen, einmal ist dies die Untersuchung der Materiestrome am
Rande der heiflen Sonne, zum anderen die Kernverschmelzung, die auf der
Erde international betrieben wird.

Approx. size of Earth —== &

Fig. 4: Die Sonne nach ’'Ingrid Science’

Im Weltall ist natiirlich die Massenanziehung, so wie sie in den Gleichungen
formuliert ist, wesentlich.

Auf der Erdoberflaiche wird gV¢ ~ gVo .4 ® —JErde = —9Erde€ genom-
men (siche Ende des Abschnittes 1.4), wobei e die nach auflen zeigende
Einheitsnormale und gg,4. der Betrag der Erdanziehungskraft ist. Dies de-
shalb, weil ¢ ~ @, 4., Wobei @p,4. das nur durch die Erde hervorgerufene
Anziehungspotential ist. Aulerdem ist oft r = 0, und f}; ist vernachlassigbar
(oder ein Teil ist in der Anziehungskraft der Erde enthalten, die ja ohne-
hin nur als Konstante genommen wird). Diese Gleichungen werden zum
Beispiel gebraucht bei der Berechnung der Lésung in einem Tokamak,
siche [Wikipedia: Tokamak] “Das Wort ist eine Transliteration des russis-
chen tokamak, eine Abkiirzung fiir Topoumananaja KaMepa B MATHUTHLIY
rkarycukau (toroidalnaja kamera w magnitnych katuschkach) tibersetzt
"Toroidale Kammer in Magnetspulen’. Auch verweist die Silbe Tor auf
Strom und damit den Stromfluss im Plasma, die entscheidende Besonder-
heit dieses Einschlusskonzepts.”

author: HW. Alt title: Continuum Mechanics time: 2019 Feb 23


https://de.wikipedia.org/wiki/Tokamak

V1.4 The limit towards MHD 549

Transformator-
spulen

Vertikal-
feldspulen

Plasmastrom

Plasma Toroidal-

Magnetfeldlinie feldspulen

Fig. 5:  “Das Spulensystem und Magnetfeld eines Tokamaks” (Q)IPP
“Das Max-Planck-Institut fiir Plasmaphysik ist das einzige Fusionszentrum
weltweit, das beide Experimentiertypen untersucht - in Garching den Toka-
mak ASDEX Upgrade, in Greifswald den Stellarator Wendelstein 7-X. Dies
ermoglicht den direkten Vergleich.” IPP [www.ipp.mpg.de]

A
>
5

.
(R R0
\\7\“‘_}&“ (3
\js_:.
R | A

30
R
435

Fig. 6: “Spulensystem des ersten optimierten Stellarators” IPP
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5 Ohm’s law

Referenzen: Zur Geschichte siehe [Wikipedia: Ohmsches Gesetz], and see
[Wikipedia: Ohm’s Law]. See Davidson [33, 2.2 Ohm’s Law and the Volu-
metric Lorentz force].

Large resistance  Small resistance Diode Battery

| 1% b, il
v A v ‘ % ‘ I %
Fig. 7: “The IV curves of four devices: Two resistors, a diode, and a
battery. The two resistors follow Ohm’s law: The plot is a straight line

through the origin. The other two devices do not follow Ohm’s law.” Aus
Wikipedia

Fiir eine ruhende Probe ist das Ohm’sche Gesetz

U
j=oconmkFE (in Schaltkreisnotation I = = ),

ein Gesetz, das z.B. bei einem Strom in Leitungen mit einer Konstanten
oonm erfillt ist, wobei der Kehrwert den Widerstand (en: Resistance)
darstellt (in Fig. 7 ist V' die Spannung U). Da aber nur E + v x B (siehe

5.1), wobei v eine Geschwindigkeit ist, wie j ein objektiver Vektor ist, ist

j=0omm(E +vxB), (VI5.1)

wobei gop, ein objektiver Skalar ist, eine giiltige konstitutive Gleichung fiir
alle Beobachter nach Abschnitt I1.4. Es ist v die Geschwindigkeit, mit der
sich die Probe bewegt, und diese Geschwindigkeit ist auch vom Beobachter
abhangig.

5.1 Lemma. Wenn v eine Geschwindigkeit ist,
sind E+ouxB, B, j% objektive Vektoren,
und 0% — vej! — DwSR(B) ist objektiver Skalar.

Proof. Dass B und j°* = 19j objektive Vektoren sind, wurde in 4.3 gezeigt.
Ist v eine Geschwindigkeit, also voY =V + Qu*, so folgt aus 4.3, dass
(E4+vxB)oY =QE"—VxQB*+ (V+ Qu*)x QB*
=QE"+ (Qv*)x QB* = Q(E* +v*x B*),
also ist '+ vx B ein objektiver Vektor. Nun ist nach 4.3
ooY = o™ + VeQJ + (QTQ)IR(B")
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und es gilt (voj‘ff)oY = Vej¥ + (Qu*)e(Qj) = Ve Qj* + v*ej* sowie
wegen DvoY = QQT +QDv*QT und R(B)oY = QR(B*)QT gilt insgesamt,
dass ¢° — vej® — DusR(B) ein objektiver Skalar ist. O

Ohm’s law implies that the formula 9;B + rot,FE = 0 as part of Maxwell
equations can be written in terms of B only.

5.2 Evolution equation for B. The law of Ohm implies

1
OB — roty(vxB) — ——A,;B =0
H0OTOhm
in Maxwell equations.
Proof. Write Ohm’s law (VI5.1) as
1 1
E+vxB= j= rot, B

OOhm HOTOhm

by Ampéres law rot, B = pgj. Then from Faraday’s law

1
OB = —rot, F = rot,(vx B) — ————rot, rot, B,
HOTOhm
that is .
OB — roty(vx B) + ———— rot,rot, B =0.
HOOOhm
Since by 6.4 we have rot,rot,B = —A,B + V,div,B and div,B = 0 also
by Faraday’s law. Therefore we get the assertion. O

will be continued

6 Exercises

Observer transformations

6.1 Klassische Beobachter. Fiir eine klassische (siehe Abschnitt I1.1) Beobachtertrans-
formation gilt Geo = DY GooDY'T.

Solution. Wir kénnen die Ableitung von Y schreiben als

1 0
ov=y g

woraus die Behauptung folgt. O
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Maxwell equations

6.2 Konstanten. Bestimme Konstanten ¢7" € {~1,0,1}, so dass fiir jedes Vektorfeld
B:R® — R? )
rot B = > El]kaiBjek )
,5,k=1,2,3
Hinweis: Es ist £ =1 und (V")

ijk=123 antisymmetrisch in allen zwei Argumenten.

6.3 Lemma. For v,w:R?® — R?

vxrotw + (veV)w = (Vw)v ( = Zvivwi) )

k3

—

although @x (bx &) + (aeb)é = (ded)b for vectors @, b, € R®.
Remark: Vw is defined as in the Remark to 1.1.2(5).

Solution. We compute

U1 Orwsz — O3ws V2 (3171}2 - 82101) - U:s(a:suh - 31103)
vxrotw = | vy | X | Qswy — 1wz | = | v3(Dows — Ozwz) — v1(O1we — Dawr)
V3 Orwa — Oawy v1(O3w1 — Orws) — v2(G2ws — Dzws)
w1 101w + V201Wwa + v301Ww3
= —(veV) | w2 | + | v202w2 + v302w3 + v1dowr | = —(veV)w + > v;Vw; ,
w3 v303w3 + v103w1 + v203Ww2 i

-

hence the assertion. For vectors @x (bx &) + (deb)é = (b®@)é = ba' ¢ would be the
corresponding formula. O

6.4 Lemma. For u:R® — R?

rotrotu = —Au + Vdivu,

and for any test function ¢:R® — R®

/ rot Cerot u dL® = / (V¢3Vu — dive - divu) dL®.
R3 R3

Solution. The differential equation follows from the integral relation with integration by
parts. For the integrand one computes

. 1 .
rot Cerotu = 3 (8;Gi — 9i¢;)(Qjui — Oiug) = 5 5 (805G — 9i¢;)(9jui — dyu;)
i<j 4,3
= 5 2(9;Gi0jui + 8i¢;0iu; — 0;Cidiu; — DiG;05ui)
2,7

= Zajgzajul — Zajcq(‘)luj = VC:VU — Z@Q&uﬂ
1,7 2,7 1,7

and
Z 8](161"11,]' dL3 = Z/ 016J<1 s Uj dL3
i,7 R3 i, R3
=/ 8;0:¢-u; dL* =3 | 0:¢idju; AL® = / div¢ - dive dL? |
i, R3 i, R3 R3
which gives the result. O
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6.5 Eichinvarianz. Beweise mit Hilfe von Differentialformen die Eichinvarianz 2.12.

Solution. Fur F = Zk7l>0Ekldyk A dy; ist die Voraussetzung dE = 0, siche den Beweis
von 2.10(2). Daraus folgt nach dem Poincaré-Lemma, dass es ein A = Zk>0Akdyk gibt
mit dA = E. Gibt es jetzt noch ein anderes A’ mit dA’ = E, so folgt d(A’ — A) = 0.
Also gibt es nach dem Poincaré-Lemma eine Funktion f mit df = A" — A. Daher ist
A" = A+ df wie in 2.12 gesagt. O

Moving charges
Now some properties about the boost operator.

6.6 Iterated boost operator. For any V € R® with V # 0 and k € Z

B(V)! =1d+ (* —1)VVT.

Solution. Let V # 0 and let V be the unit vector in direction V and define
Bo:=1Id+ (a— 1DVVT foracR.
Then
B.By = (Id+ (a — )VVH)(Id+ (b —1)VVT)
=Id+ ((a—D+0b-1)+(@a—-1)b-1)VVT =1d+ (ab— NVV" = Bay,

that is, Bo By = Bap. Then inductively Bi = B« for k € N and B, ' = By ,. O

6.7 Inverse boost operator. For any V € R?

B(V) — %VVT =B(V) .

Solution. We have for V # 0

1

2
LA v v N (2 -)vvT

c2

B(V) — ClzvvT =Td+ (y—1

using exercise 6.6. O

6.8 Boost operator and cross product. For all z;, 20 € R?

(B(V)z2) x (B(V)21) = vB(V) " (z2x21) .

Solution. In section I1.2 we had defined B(V) = Id+ (y—1)V V™. And here we start with
the general well knowm formula

(@xb)x &= (ded) b — (bed)
which implies for V' # 0 letting V the unit vector in the direction of V', and for z := zoxX21
with 21,20 € R®

(Vx2)xV =2—20VV and z2xV = (z20V)z1 — (z10V)22,

hence o N R R
29X 21 — (22 X Zl).V V = ((Z1‘V)ZQ — (ZQ.V)Zl) xV.
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Then we compute

(B(V)22) X (B(V)21) = (22 + (7 — 1)(Veza)V) x (21 + (7 — 1)(Ve2)7)
=zoxz1+ (y— 1)((17022)\7><21 + (‘7.21)22 X‘A/)

= zoxz1 + (7 — 1)((z10V)22 — (220V)21) x V

=zoxz1+ (y— 1) (22X 21 — (22X z1)0V ‘7)

where B(V) ™! is from 6.6. O

The limit towards MHD
6.9 Maxwell equations in MHD. Under Lorenz conditions we obtain

AP =", —AA=j" div,A=0.

Solution. This follows from 2.17 in the limit ¢ — co. It follows also from (VI4.2), since

divy B = —divy (V@ + 0:A) = —AP — 9y div, A = —AD,
rot, B = rotyrot, A = —-AA+V,div,A=—-AA.

see 6.4. O
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Figures

Fig. IT11 ”” Fig. I12 ”Classical observers” Fig. IV3 “Tides on the surface of the Earth”
Copyright by HW.Alt & G.Witterstein

Fig. I1 “Gas and solid” 7777777

Fig. I2 from A.H. Zemanian [79, Preface]

Fig. I4 from [Wikipedia: Atmosphere of earth]

Fig. I5 from A.H. Zemanian [79, Introduction]

Fig. I8 from [Wikipedia: Gravity of Earth]

Fig. 116 “Interface of water and air”

Fig. I19 “Parabolic shape of the surface”

Fig. 120 “Wasserbehélter auf rotierender Oberflache” from
[vlex.physik.uni-oldenburg.de/download /mqc_rotierendesfluid.pdf]

Fig. I21 Left: from [Wikipedia: Sonne|. Right: 2.1.2013 (Photo by Thorsten Edelmann)
from Sterne und Weltraum 3|2013

Fig. IT14 “Geschichtetes Material” from the book [1] by Eck & Garcke & Knabner

Fig. IT13 Thermometer from “Grimsehl’s Lehrbuch der Physik”.

Fig. IV1 “Tide” from [Wikipedia: Tide]
[www.wattwandern-johann.de/watt-lernen/ebbe-und-flut /]

Fig. IV2 “Distribution of Tidal Phases” from [Wikipedia: Tide]

Fig. IV3 “Tides on the surface of the Earth” Copyright by H-W.Alt & G.Witterstein
Fig. IV4 “Tide on Earth” from [Wikipedia: Gezeiten]

Fig. IV5 “Der Zusammenhang zwischen Masse, Stoffmenge, Volumen und Teilchenanzahl”
from [Wikipedia: Molare Masse] author Johannes Schneider

Fig. IV12

Fig. TV20

Fig. IV19

Fig. IV24 “A waterspout near the Florida Keys in 1969” from [Wikipedia: Tornado]
author Dr. Joseph Golden, NOAA, Image ID: wea00308, Historic NWS Collection

Fig. IV35
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